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PREFACE . 


Tuts book aims to present a course suitable for students in 
the first year of our colleges, universities, and technical schools. 
It presupposes on the part of the student only the usual mini- 
mum entrance requirements in elementary algebra and plane 
geometry. 

The book has been written’ with the hope of contributing 
something toward the solution of the problem of increasing 
the value and significance of our freshman courses. The 
recent widespread discussion of this problem has led to the 
general acceptance on the part of many teachers of certain 
principles governing the selection and arrangement of mate- 
rial and the point of view from which it is to be presented. 
Among such principles, which have guided us in the prepara 
tion ‘of this text, are the following. 

1. More emphasis should be placed on insight and under- 
standing of fundamental conceptions and modes of thought, 
less emphasis on algebraic technique and facility of manipula- 
tion. The development of proficiency in algebraic manipulation 
as such we believe has little general educational value. It is 


. valuable only as a means to an end, not as an end in itself. A 


certain amount of skill in algebraic reduction is, of course, 
essential to any effective understanding of mathematical pro- 
cesses, and this minimum of skill the student must secure. 
But it seems undesirable in the first year to emphasize the 
formal aspects of mathematics beyond what is necessary for 
the understanding of mathematical thought. This is espe- 
cially true for that great majority of students who do not 


continue their study of mathematics beyond their freshman 
v 
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year and who study mathematics for general cultural and dis- 
ciplinary purposes. It seems to us altogether probable, how- 
ever, that even in the case of students who expect to use 
mathematics in their later life work (as scientists, engineers, 
ete.) greater power will be gained in the same length of time, 
if their first year in college is devoted primarily to the gain- 
ing of insight and appreciation, rather than technical facility. 
Experience has shown only too conclusively that in many cases 
the emphasis usually placed on formal manipulation effectually 
prevents the development of amy adequate sort of independent 
power. 

2. The reference above to the general cultural and disciplin- 
ary aims of mathematical study at once raises the question as 
to the selection of the material that is to form the content of 
the course. The cultural motive for the study of mathematics 
is found in the fact that mathematics has played and contin- 
ues to play in increasing measure an important rdle in human 
progress. An educated man or woman should haye some con- 
ception of what mathematics has done and is doing for man- 
kind and some appreciation of its power and beauty. To this 
end our introductory courses should cover as broad a range of 
mathematical concepts and processes as possible. In particu- 
lar, they must not confine themselves to ancient and medieval 
mathematics, but must give due consideration to more modern 
mathematical disciplines. The fundamental conceptions of 
the calculus must be introduced as early as is feasible in view 
of the essential réle they have played in the progress of 
civilization. . 

‘If this broad cultural aim is een as one of the fama 
ee principles in the selection of material, we shall readily 
agree that much that is now generally considered necessary 
can and should be eliminated from our general courses in 
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mathematics. Almost all of the conventional course in solid 
geometry would fall in this category, as well as much of what 
is now taught as college algebra, all of the more specialized 
portions of analytic geometry, etc. The time thus gained could 
then be used for topics that are culturally more significant. 

3. The disciplinary motive for the study of mathematics 
is the one most often emphasized and need not be elaborated 
here. In spite of much recent criticism of the doctrine of 
formal discipline in education and in spite of the fact that 
some of this criticism.as applied to mathematics seems to us 
justified, we firmly believe that faith in the disciplinary value 
of mathematics is fundamentally sound. Teachers of mathe- 
maties need, however, to formulate with precision their aims 
and purposes in this direction and make their practice conform 
to this formulation. The disciplinary value of mathematics 
is to be sought primarily in the domain of thinking, reasoning, 
reflection, analysis; not in the field of memory, nor of skill 
in a highly specialized form of activity. We come back here 
to the conflict between insight and technique discussed earlier 
in this preface. Suffice it to remark here that the purpose 
of technical facility is to economize thought, rather than to 
stimulate it. If our primary purpose is to stimulate thought, 
we must place the major emphasis on the mathematical formu- 
lation of a problem and on the interpretation of the final re- 
sult, rather than on the formal manipulation which forms the 
necessary intermediate step; on the derivation of a formula 
rather than merely on its formal application; on the general 
significance of a concept rather than on its specialized function 
in a purely mathematical relation. 

If we desire to enhance the general disciplinary value of 


_mathematics, we will seek out and emphasize especially those 


conceptions and those modes of thought of our subject which 
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are most general in their application to the problems of our 
everyday life. It is fortunate for our purpose—and it is 
probably more than a mere coincidence — that the conceptions 
and processes of mathematics which most readily suggest 
themselves in this connection are the same that are suggested 
by the cultural motive discussed earlier. The concept of func- 
tionality and the mathematical processes developed for the 
' study of functions are precisely the things in mathematics 
that have most effectively contributed to human progress in 
more modern times; and the thinking stimulated by this 
concept and these processes is fundamentally similar to the 
thought which we are continually applying to our daily prob- 
lems. “Functional thinking,” to use Klein’s famous phrase, 
is universal. It comes into play when we make the simplest 
purchase, as well as when we attempt to analyze the most 
complicated interplay of causes and effects. 

In the preparation of this text, we have sought to give an 
introduction to the elementary mathematical functions, the 
concepts connected therewith, the processes necessary to their 
study, and their applications. By making the concept of a 
function fundamental throughout we believe we have gained 
a measure of unity impossible when the year is split up among 
several different subjects. The arrangement of this material 
is exhibited in the table of contents and the text proper, and 
need not be discussed here. We would merely call attention 
briefly to some features which seem to require emphasis or 
explanation. , 

The change in the value of a function due to a change in 
the value of a variable is emphasized from the very beginning. 
The change ratio A y/A @ is introduced in Chapter III for the 
linear function, and the derivative is introduced as the slope 
of the graph of a quadratic function in Chapter IV, although 
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the word “derivative” is not introduced until Chapter XIX. 


' Derivatives are used in Chapters IV, V, X, XII, XIII, and XIX. 


We have discussed rather more fully than is customary 
those topics which involve new and important concepts, and 
have been correspondingly brief where we felt the student 
ought to be able to supply the argument himself. We have 
tried throughout to place the emphasis on an understanding 
of the general bearing of the principles, and have consistently 
tried to minimize difficulties of mere algebraic technique. It 
seems quite likely that customary classroom procedure will, 
therefore, need to be modified in the direction of lessening the 
time given to formal recitations and increasing the opportuni- 
ties for informal: discussion, A number of questions have 
been inserted among the exercises which it is hoped will 
stimulate such discussion; this is the purpose also of a num- 
ber of the “ Why’s ” scattered throughout the text. 

The lists of “Miscellaneous Exercises” found at the end 
of chapters beginning with Chapter XI contain some exercises 
too difficult for assignment in an average class. These may 
be used to advantage, we hope, in so-called “honor sections” 
consisting of men who have shown exceptional ability in 
mathematics. 

A word regarding our conception as to how the text may 
be applied to meet the varying mathematical preparation of 
students will not be out of place. At Dartmouth College we 
propose to distinguish in this connection only two kinds of 
freshmen: those who enter without trigonometry, and those 


who have passed a course in trigonometry in their secondary 


school. The former will cover the first fifteen chapters of © 
this text in a course meeting three hours per week throughout 
the year (about ninety assignments). These men will have 
all the necessary preliminary training for the usual courses 
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in the calculus. Those students who enter with trigonometry 
will cover the first nineteen chapters in a course meeting three 
hours per week throughout the year, covering the material of 
Chapters VI, VII, VIII, and IX (which for them is largely 
review) in about three weeks. 

In a course meeting five times per week throughout the 
year, there should be ample time also for a thorough study 
of the important topics of Chapter XX (Determinants) and 
Chapters XXI-XXII (Functions of two independent variables ; 
analytic geometry of space). 

So much has been said in recent years in favor of a unified 
course in mathematics for freshmen that it seems desirable 
actually to try it out in practice. For this purpose a text- 
book is necessary. We do not believe that this text will 
solve the problem; the most we can hope for is that we have 
secured a first approximation. It is for this reason that we 
urgently request users of this text to communicate to us any 
criticisms or suggestions that occur to them looking to the 
improvement of possible later editions. In particular, we 
should like advice and counsel as to the possible desirability 
of increasing the amount of calculus included in the first year. 
This could be done by devoting less space to the purely geo- 
metric aspects of analytic geometry. On theoretical grounds 
we believe this to be desirable. We felt, however, that we 
ought to be conservative in case of an innovation of this sort, 
with a view of seeing how the introduction to this limited 
extent of the notion of the derivative in the first year fares. 
If the results are satisfactory, we could then ee the next step — 


with confidence. 
J. W. YOUNG. 
F. M. MORGAN. 
Hanover, N. H., 
April, 1917. 
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PART I. INTRODUCTORY CONCEPTIONS 


CHAPTER I 
FUNCTIONS AND THEIR REPRESENTATION 


1. The General Idea of a Function. Our daily activities 
continually furnish us with examples of things that are related 
to one another, of quantities which depend on certain other 
quantities, which change when certain other quantities change. 
Thus, a man’s health is related to the food he eats, the exer- 
cise he takes, and to many other things. The price of any 
manufactured article depends on the cost of production, while 
the latter cost in turn depends on the cost of the raw ma- 
terial, the cost of labor, etc. The weather depends on a 
variety of conditions. These are complicated examples of 
dependence. There are very simple examples. Thus the 
price paid for a certain quantity of sugar depends on the num- 
ber of pounds bought and the price per pound; the area of a 
square depends on the length of one of its sides; and so forth. 

In all such cases, where some quantity depends on some 
other quantity or quantities, we say that the former is a func- 
tion of the latter. Thus the price of an article is a function of 
the cost of production, the area of a square is a function of the. 


length of one of its sides, etc. . _ 
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2. General Laws. Many problems of science consist in 
expressing as accurately as possible one quantity in terms of 
another quantity on which the first depends. The statements, 
“The area of a square is equal to the square of the length of 
one side,” and “The speed of a body falling from rest is pro- 
portional to the time it has fallen” are simple examples. 

At the basis of this idea of dependence or functionality is 
the notion of a general law which the quantities in question 
obey. Most of the problems of civilized life are concerned, 
directly or indirectly, with the investigation of such laws. 
Thus medical science seeks to discover the laws governing 
health, economics investigates the laws governing the produc- 
tion and distribution of wealth, the business man studies the 
conditions which influence his business and his profits. In 
every case the investigation of the law in question involves 
finding out how something is related to, depends on, changes 
with, something else; i.e. the study of a function of some kind. 

The ability to think clearly about such relationships is of 
the highest importance to every one. This course in mathe- 


matics is primarily concerned with the study of certain of the — 


simpler kinds of functions and their applications. 


3. Numbers and Quantities. We shall confine ourselves 
in general to the study of relations between things which can 
be measured. We can then always speak of the amownt of one 


of them. Such an amount is expressed, in terms of a suitable — 


unit of measure, by means of a number. Anything that can be 
represented by means of a number we shall call a quantity. 


A function expressing the relation of one such quantity to 


another gives rise toa relation between numbers. A very-power- 
ful aid in studying functions is their geometric representation, 


which we shall discuss presently. We must consider first, 


however, the geometric representation of a single quantity. 


| 
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4, The Arithmetic Scale. The distinction between two of 
the simplest kinds of quantities can be illustrated by reference 
to their geometric or graphic representation. Every one is 
familiar with the so-called arithmetic scale (Fig. 1), of which the 


0 sd 2 3 4 5 6 
Fig. 1 
yard stick and tape measure are examples. The divisions of 
the scale in these cases represent lengths. Another example 
is the beam on a certain kind of balance; here the divisions of 
the scale represent weights. 

A characteristic feature of an arithmetic scale is that it 
begins at some point O and extends from O in one direction. 
The quantities represented by such a scale are expressed by 
means of the numbers of arithmetic. These in turn represent 
simply the magnitude, or the size, or the amount, of something 

(as 12 yd. of cloth, 96 lb. of sugar, etc.). 


5. The Algebraic Scale. Hardly less familiar nowadays is 
the so-called algebraic scale (Fig. 2). The most familiar ex- 
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ample is probably the scale on an ordinary thermometer. 
Every one knows the meaning of + 10° or — 5°. 

Such an algebraic scale extends in two opposite directions 
from some arbitrary point (marked 0) of the scale. The quan- 
tities represented by the points of such a scale are expressed 
by means of the so-called real numbers of algebra, such as: 


vay es —v12, — 8, ae 4 0, +4, + v3 
Such a number represents not merely a magnitude, but 
rather a magnitude and one of two opposite directions or 
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senses. These two opposite “senses” are of various kinds 
according to the quantities considered. They are often ex- 
pressed by such phrases as: “to the right of ” and “to the 
left of,” “above” and “below,” “greater than” and “less 
than,” “before” and “after,” ete, Thus + 10° of temperature 
means a temperature 10° greater than the arbitrary temperature 
which we have agreed to indicate by 0°; whereas — 5° means 


a temperature 5° less than the temperature indicated by 0°. 
It should be noted that 0° of temperature does not mean the 


absence of temperature. 

6. Magnitudes and Directed Quantities. We have seen 
in the last two sections that a number may represent simply a 
magnitude; or, that a number may represent a magnitude and 
one of two opposite directions. The numbers of arithmetic serve 


the former purpose, the positive and negative numbers of ~ 


algebra serve the latter. Thus the number 5 represents 
simply a magnitude, such as a distance of five miles between 
_ two stations or a period of time of five hours.- The numbers 
+5 and —5 also represent magnitudes of five units; but 
they represent more than this. They may tell us, for example, 
that a station is five miles east of a certain place denoted by O 
and that another station is five miles west of the place denoted 
by O, respectively ; or that an event took place five hours after 
or five hours before a certain event. 

We may then distinguish tWo kinds of quantities: (1) mag- 
nitudes, and (2) so-called directed quantities. Examples of the 
former are: the length of a board, the weight of a barrel of 


flour, the duration of a period of time, the price of a loaf 


of bread, etc. Examples of the latter are: the temperature (a 
certain number of degrees above or below zero), the distance 
and direction of some point A on a line from some other 
point B on the line, the time at which a certain event 


i 


I, § 7] REPRESENTATION OF FUNCTIONS ~ 5 


occurred (a certain number of hours before or after a given 
instant) ; ete.* 

Geometrically, the distinction between directed quantities 
and mere magnitudes corresponds to the fact that, on the one 
hand, we may think of the line segment AB as drawn from A to 
B or from B to A, and, on the other hand, we 


5 
may choose to consider only the length of 
such a segment, irrespective of its direction. Mets 
% . . . . . pee aU 
- Figure 3 exhibits the geometric representation Fe 
ie. 3 


of 5, +5, and —5. A segment whose direc- 
tion is definitely taken account of is called a directed segment. 
The magnitude of a directed quantity is called its absolute 
value. Thus the absolute value of — 5 (and also of + 5) is 5. 


7. Further Remarks concerning Scales. Scales, both arith- 
metic and algebraic, occur in practice in a variety of forms. We have 
hitherto considered only the simplest form, in which the scale is con- 
structed on a straight line and in which the subdivisions corresponding 
to the numbers 1, 2, 3, --- (and in case of the algebraic scale also those 
corresponding to the numbers — 1, — 2, —3, ---) are at equal intervals. 
Neither of these two conditions is essential. A scale may be constructed 
on a curved line (a circle, for example, in which case it is sometimes 
called a dial). Scales are also used in which the intervals between the 
points representing the whole numbers are not equal. Such a scale is 
called a non-wniform scale. The scales on some forms of thermometers, 
on a slide rule (see p. 252), on certain types of ammeters and pressure 
gauges, etc., may serve as examples of non-uniform scales. The scales 
discussed in §§ 4, 5 are then to be described more fully as rectilinear and 
uniform. In the future, unless specifically stated otherwise, a scale will 
always mean a uniform scale. 


* Weare here considering only magnitudes in one of two opposite directions 

It is also possible to consider as quantities magnitudes taken in any direction 
in a plane or in space. Thus a foree has a certain magnitude 

and is exerted in a certain direction; it could be completely 

5 - represented by a line segment whose length represents the 


magnitude of the force and whose direction (shown by arrow- 


head) represents the direction in which it acts.. Such quantities are called 


vectors. We shall have occasion to refer to them again (Chap. XVIII). 
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8. Use of Line Segments to Represent Quantities. Statis- 
tical Data. A common use of line segments to represent 
quantities is in connection with the graphic representation of 
statistical data. The table below, for example, gives the areas 
of the New England States; the adjacent figure represents 
these areas by means of line segments. 


AREA OF New ENGLAND STATES 


: New Massa- | Connec- | Rhode 
States a Hampshire] chusetts | ticut | Island 


Square Miles | 33,040 | 9,565 9,305 8,315 |. 4,990 | 1,250 


Maine 
Vermont ETRVEa 
New Hamp. BEEC CREED 
Massachusetts eel area 
' Connecticut eae 
Rhode Island 
: : EY ie a 25 30 Thous.sq.miles 


Fig. 4 


The method of constructing such a graphic representation 
should be clear without further comment. 


The above areas could also be represented by areas, as in the following 


figure. 
Me. : | 
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In general, this method of representation is not so serviceable. Why? — 
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EXERCISES 


1. From the following table represent graphically by means of line 
segments the enrolment in Dartmouth College during the years 1901-1916: 


01-02 02-08 = 03—"04 04-05 05-06 = 0607 ‘07-08 = 08-09 
686 709 802 857 927 1058 1181 1186 
09-10 10-11 11-12 12-18 13-14 4415 1516 
1197 1165 1242 1246 1284 1336 1422 

Use a convenient unit to represent 100 students (say } in.). Can you 


then represent the data with complete accuracy ? Why ? 


2. Represent graphically the size of the libraries of the following 


institutions : 

No. of Volumes No. of Volumes 
Harvard 1,180,000 Williams 80,000 
Yale . 1,000,000 Amherst 110,000 
Dartmouth . 130,000 Wesleyan 100,000 
Brown 115,000 Univ. of Vermont 91,000 


_an algebraic scale ? 


3. Take the edge of a sheet of paper and mark on ita point A. Place 
this edge along the segment representing the area of Vt. in Fig. 4, the 
point A coinciding with the left-hand extremity of the segment. Mark 
the right-hand extremity by a point B on the paper. Do the same with 
the segment representing N. H., placing the point B at the left-hand 
extremity, however, and obtaining a new point C, corresponding to the 
right-hand extremity. Continue this process for the states Mass., Conn., 
and R.I. The total segment represents the sum ofthe areas. Show that 
Me. has an area almost as great as that of the other N. E. states com- 
bined. The process just described in the above exercise is known as 
graphic addition. 

4. Describe a similar process for graphic subtraction. 


5. Show that the distance between two points of an arithmetic scale 
can always be found by subtraction. 
What is the meaning of the sign of the difference ? 

6. Two algebraic scales intersect at right angles, the point of intersec- 
tion being the point 0 of each scale, and the units on both scales being 
the same. Show how to find the distance from any point on one scale to 
any point on the other. Would your method still be applicable, if the 
units on the two scales were different ? Explain your answer. 

7. In constructing Fig. 5 what theorem of plane geometry regarding 
the areas of similar figures is used ? Could the result of Ex. 3 have been 
readily obtained from the representation in Fig. 5? 


Is the same true for the points of. 
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9. The Investigation of Functions. We are now ready 
to consider in some detail a few special examples of func- 
tions, in order to familiarize ourselves with certain gen- 
eral characteristics a function may possess, with certain 
methods for the representation and study of functions, and 
with the terminology. This is desirable before taking up the 

- more systematic study of general types of functions. 


10. Example 1. The temperature as a function of the time. 
The temperature at a given place is a function of the time of 
day. At any given time we can determine the temperature by 
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simply reading an ordinary thermometer. For the meteorolo- 
gist, however, the actual temperature at any instant is of less 
importance than the changes in the temperature that take place 
during a period of time (such as a day, a month, etc.). To, 
trace these changes he must know the harenenieie at every 


= a 
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instant. For this purpose he makes use of a self-recording 
thermometer. A portion of a record of such a thermometer is 


given in Fig. 6. 


The way in which such an instrument works is briefly as follows. 
The pivoted lever shown in the figure (Fig. 7) carries a pencil point. The 
mechanism of the instrument causes the pencil end of the lever to rise or 
fall as the temperature rises or falls, so that if a vertical thermometer 
scale* were adjusted behind the pencil point we could read off the 


temperature on this scale. The pencil point rests against a strip of paper, 
ruled as in Fig. 6, which is mounted on a drum, Clockwork causes this 
drum to rotate uniformly at the proper speed. The rulings on the strip 


_ of paper now explain themselves. The distance between two successive 


horizontal lines corresponds to 2° of temperature. The distance between 
two successive vertical ares corresponds to two hours. The temperature 
at any instant can then be read from the record on the strip of paper. 


The way in which such a record may be used is illustrated 
by the following questions, which refer to the record of Fig. 6. 


* Since the pencil moves on an are of a circle, this vertical scale is con- 
veniently constructed on such an are, rather than on a straight line. 
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1. What was the temperature at noon on each of the three days given ? 

2. What was the temperature at midnight between Wednesday and 
Thursday ? At 6 v.m. on Friday ? 

8. What was the maximum and the minimum temperature on each of 
the three days, and at what times did it occur ? 

4, When was the temperature 50°? During what periods was it above 
50°? 

5. How would a stationary temperature be recorded? A rapidly 
rising temperature ? A rapidly falling temperature ? 

6. By how many degrees did the temperature change on Wednesday 
from noon to 2 p.m.? Was this change a rise or a fall ? 

7. During what two hours on these three days did the greatest rise in 
temperature occur ? 

8. When did the most rapid rise in temperature occur? When the 
most rapid fall ? 

9. What was the average rate of increase (in degrees per hour) in the 
temperature from the minimum on Thursday to the maximum om Thurs- 
day? ‘The average rate of decrease from the maximum on Wednesday to 
the following minimum ? 


11. Graphic Representation. In the preceding example we 
exhibited the temperature as a function of the time by means 
of a curve drawn with reference toa time scale and a tempera- 
ture scale. Such a curve is called a graph of the function in 
question. Such a graphic representation gives a vivid picture 
of the function; but it is limited in accuracy. Why? Cana 
change in temperature of 0.1° be distinguished on this graph ? 


12. Example 2. Speed in terms of the time. Readings of 
the speedometer of an automobile taken every five seconds 
from a standing start are given in the following table: 


Number of seconds after start 5 10 15 20 25 30 35 
Speed in miles per hour 2 6 t 15 21 28) 36a 


We proceed to construct a graph of the function thus ob- 
tained, as follows. We take a piece of square-ruled paper and 
on one of the horizontal lines (which for convenience we draw 
more heavily) construct a uniform scale to represent the time 


Se UCC 
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(Fig. 8). On the vertical lines through the points representing 
5, 10, 15, 20, . . . seconds we lay off segments to represent the 
speeds at the respective instants. This is most conveniently 
done by constructing on the vertical line through O a scale 
representing speed in miles per hour. Thus, by reference to 
the scale indicated in the figure, the point A represents the 
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corresponding values: 15 seconds and 7 miles per hour. The 
other points indicated in the figure are now readily located, or 
“ plotted,” in similar fashion. The final step in constructing the 
figure consists in drawing a “smooth curve ” through the points. 

The curve thus obtained may be used as was the tempera- 
ture curve discussed in the previous example. We might, for 
example, conclude from this figure that the speed of the car at 
the end of 23 seconds was probably about 18} miles per hour. 
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The necessity of saying “probably”, however, exhibits an 
essential difference between this example and the former one. 
In case of the temperature record the temperature at every 
instant was automatically recorded; any point of the curve in 
that example was as significant as any other point. In the 
present example the only speeds actually measured are those 
specifically listed in the above table. And yet the conclusion 
stated above regarding the speed of the car at the end of 23 
seconds is justified. Why? 


1. What was the probable speed of the car at the end of 27 seconds ? 
2. How long did it take the car to pick up from 0 to 80 miles per hour ? 


8. The driver probably shifted gears between the 10th and 15th seconds. 
What can be said of the reliability of the curve during this interval ? 

4. How is the steepness of the curve related to the rate at which the 
speed is increasing ? 

5. Is it possible to calculate, by the use of this figure, approximately 
how far the car traveled during the first 35 seconds ? 


13. Variables. It is desirable to introduce at this point a 
certain terminology. In the preceding examples we have 
considered temperature and speed as functions of (i.e. de- 
pendent on) the time. We have considered several different 
instants of time and the corresponding values of the tem- 
perature and the speed. Whenever, in a given discussion, 
we consider a number of different values of a quantity, 
such as time, or temperature, or distance, or weight, etc., 
we call such a quantity a variable. In the above examples, 
the time and the temperature and the speed are all varia- 
bles; and, since in the first example we have thought of 
the temperature as depending on the time, we may speak 
of the temperature as the dependent variable, of the time 
as the independent variable. ‘It is often more convenient, 
however, to call the dependent variable simply the function — 


i rae i iol se 
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and, the independent variable the variable. Thus, in the 
second example, the speed was the function and the time 
was the variable. 


14. Tabular Representation. Interpolation. In the second 
example we secured data concerning a function by measurement 
and exhibited the corresponding values of variable and function 
by means of a table of values. Such a table is called a tabular 
representation of the function. The accuracy of such a repre- 
sentation is limited only by the precision of measurement. 
Such a table, however, gives an incomplete description of the — 
function. Why? The process of obtaining values of the 
function for values of the variable that lie between the re- 
corded values stated in the ‘table is called interpolation. 
When the interpolated values are read from a graph of the 
function, the process is known as graphic interpolation. The 
answers to the first two questions at the end of §12 were 
obtained by graphic interpolation. 

15. Example 3. Volume of water as a function of the tem- 
perature. When 1000 ce. of water at 0° centigrade is heated, 
it is found that the volume of the water changes according to 
the following table. 


Degrees Centigrade 0 2 4 6 hos 
Cubic Centimeters 1000.00 999.90 | 999.87] 999.90} 999.98 


Degrees Centigrade qk 12 14 16 20 
Cubic Centimeters | 1000.12 | 1000.32 | 1000.57 | 1000.86 | 1001.61 


It requires a rather careful examination of this table to learn 
that as the temperature (the variable) is increased from 0° 
the volume of the water (the function) decreases and then in- 
creases. A graphic representation of this function, analogous 
to the examples already considered in §$10, 12, would have’ 
yielded this result at a glance. It is our next concern to 
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see how such a representation can be constructed, in, this 
case. : 

To this end we a take a piece of square-ruled paper and on 
one of the horizontal lines construct a uniform scale to repre- 
sent temperatures. At the points representing 0°, 2°, 4°, 6°, 
--, we would then lay off on the vertical lines distances that are 


0 2 0 Fit. 9 20 Degrees Centigrade , 


to represent the volumes in which we are interested. 
However, at this point a difficulty presents itself. The 
numbers representing the volumes in question are so large, and | 
the differences between the volumes for the various tempera- 
tures so small, that, if we choose the unit on the vertical 
scale small enough to represent these volumes ona sheet of. 
paper of convenient size, it would be a practical impossibility 
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to represent the volumes with sufficient accuracy to make the 
differences in the volumes distinguishable. It is precisely 
these variations in volume, however, in which we are primarily 
interested. 

To overcome this difficulty, we adopt the expedient of ex- 
hibiting merely that portion of the graphic representation in 
which we are primarily interested, and are then able to use a 
largely magnified scale. That is, we observe that all the 
volumes in which we are interested lie between 999.00 cc. and 
1001.00 ce. We may then assume that the points on the line 
on which we constructed the temperature scale are at a height 
representing 999.00 cc. (Fig. 9). In other words we suppose 
the zero point of the vertical volume scale to be a great dis- 
tance below the point at which we are working. We construct 
a portion of the volume scale on the vertical line through O, 
marking the latter point 999.0 and choosing the unit on this 
seale sufficiently large to meet our requirements. In the 
figure, as drawn, each of the vertical divisions represents 
0.1 ec. The construction of the points P, Q, R,+-is then 
readily made. A smooth curve drawn through the points thus 
plotted then gives the graph of the function. 

Here, again, the points in the curve between the points 
given by the table are uncertain; but the regularity with 
which the given points are arranged together with the nature 
of the phenomenon we are considering leaves little room for 
doubt that, if the volumes for 1°, 3°, 5°, -- should be measured 
and the resulting volumes plotted, the resulting points would 
be located upon (or at least very near to) the curve drawn. 


1. What is the volume of water at 7°? at 19°? 

2. What is the minimum volume, and at what temperature does it 
occur ? 

8, At what temperature besides 0° is the volume 1000.00 cc.? 
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EXERCISES 


1. The following temperatures were observed at Hanover, N.H., on a 
certain day in February, 1914: 


Midnight — 12°F. 


5 P.M. 
6 P.M. 
7 P.M. 
8 P.M. 
9 P.M. 
10 P.M. 
11 P.M. 
Midnight — 


Plot the corresponding points on square-ruled paper, and draw an 
approximate graph of the function. Assuming this graph to be correct, 
what was the temperature at 6.30 a.m.? At 630 p.m.? What was the 
total range (the difference between the maximum and the minimum) 
of temperature during the day? How long did it take the temperature 
to rise from its minimum to its maximum? At what average rate in 
degrees per hour did the temperature rise during this period ? 


2. A stiff wirespring under tension is found experimentally to stretch an 
amount d under a tension T as follows’: 


T in lb. 


d in thousandths of in. . 


Plot the above data. What would the stretch be when the tension is 
12 lb.? 27 1b.? 28 Ib.? ‘ 


3. The intercollegiate track records are as follows, where d is the dis- 
tance run and ¢ is the time : . 


d|100 yd. | 220 yd. |440 yd.| 880 yd. | 1mile 2 miles 


t | 94 sec. | 214 sec. 48 sec. | 1m. 532 sec. | 4 m. 142 sec. | 9 m, 234 sec. | 


, oa wae we 


I, § 15] REPRESENTATION OF FUNCTIONS 17 


Plot these records by points in a plane, and draw a smooth curve through 
them. Are the points of this curve significant? Why? What would 


you expect the record for 600 yd. to be? For 1500 yd.? For1000 yd.? ~ 


Compare the results of these interpolations with the actual records for 


_ these distances. 


4. The following table shows the distance at which objects at sea- 
level are visible from certain elevations : 


ELEVATION DisTaNCE ELEVATION DistTaANcE ELEVATION DisTANoOE 
Fret MILES Frer MILES FEET MILEs 


1.3 8.4 200 18.7 


3.0 9.3 300 22.9 
4.2 13.2 500 29.6 
5.9 16.2 33.4 


Plot the graph of this function. Use a different scale for elevation for 
values from 100 to 1000 ft. from that used from 1 to 50 ft. Why ? 


5. The following is an extract of the mortality table prescribed by 
statute in most states.as the basis on which the reserves of life insurance 
companies shall be computed: 


NuMBER NUMBER NUMBER 
Livine Livine Livine 


tal 
100,000 78,106 38,569 
96,285 74,173 26,237 


92,637 69,804 14,474 
89,032 64,563 5,485 
85,441 57,917 847 
81,822 49,341 3 


Draw the mortality curve. Of 100,000 living at the age of 10 years 
approximately how many would be alive at 32 years? At 57 years? 
How would you represent on the graph the number dying during any 
given period of five years? 

c 
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16. Empirical Functions and Arbitrary Functions. The 
examples of functions we have hitherto considered have been 
taken from observed measurements of relations existing in 
nature and life about us. Such functions are called empirical. 
Another type of functions may now engage our attention. 
They may be called arbitrary or artificial. 'The following will 
serve as an example. 

17. Example 4. Letter postage. According to the postal 
regulations the postage on letters is fixed at two cents per 


12 
10 
6 
4 
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ounce or fraction thereof. The graph showing the relation 
between the amount of postage and the weight of the letter 
is then given by Figure 10. 

18. Constant Functions. Continuous and Discontinuous 
Functions. The graph just referred to exhibits two peculiar- 
ities that we have not yet had occasion to observe in connection 
with a function. 

_ (1) The value of the function may make a sudden jump as 
the variable passes through certain values (in this case when 
the weight passes through the values 1 oz., 2 0z., etc.) without 
taking on the intermediate values. In the present case, as the 
weight is increased from exactly 1 oz. to the slightest amount 


Eo ane 
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above 1 oz. the postage jumps from 2 cents to 4 cents. A 
function with such breaks, or changes of a definite amount 
for no matter how slight a change in the variable, is said to be 
discontinuous for those values of the variable at which the 
break or jump occurs. 

A function, on the other hand, whose graph is a continuous 
line or curve without such sudden breaks or changes is said to 
be a continuous function.* 

(2) Portions of this graph are horizontal straight lines, which 
means that certain changes in the variable produce no corre- 
sponding change in the value of the function. Thus, the 
postage does not change as the weight of the letter is in- 
creased from slightly more than 1 oz. to 2 oz. In sucha case 
we say that the function is constant (or stationary) for the 
interval of the variable in question. 

We should observe, further, that the graph of the function - 
as drawn does not furnish a unique value for the function at 
the points of discontinuity, i.e. when the weight is 1, 2, 3, «+ 
oz., since there is nothing to indicate whether we should take 
the lower or the higher value. Asa matter of fact the arbi- 
trary definition of the function specifies that the lower value is 
to be taken. 


19. More about Arbitrary Functions. We must not assume, 
of course, from the preceding example that every arbitrary 
function is discontinuous. 

In fact, we should note that if we take any square-ruled 
paper, construct on it a horizontal scale, any number of which 
we will designate by x, and a vertical scale, any number of 


. * The word continuous is used in mathematics in a highly technical sense, 


. the full discussion of which is beyond the scope of an elementary course. 


The definition of the term given above is sufficiently precise for our present ~ 
purposes. Later we shall have more to say of it. 
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which we will call y, and then draw an arbitrary curve across 
the paper, as in Fig. 11, we thereby define a relation between 
the numbers « of the horizontal scale and the numbers y of 
the vertical scale, such that to every value of a corresponds a 
certain value (or possibly a set of values) of y; é.e. we define 
y as a function of #.* The reason for the phrase in paren- 


ite 
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theses in the last sentence is as follows. If the curve we draw 
is such that for any value of «x the corresponding vertical 
line cuts the curve in more than one point, there will be 
associated with such a value of 2 more than one value of y 
(Fig. 12). The variable y is in such a case still a function of 
x, since the values of y are determined by the values of z. 
The distinction between functions of the latter type and those 
_ previously considered is made by the following definitions : 

If to every value of the variable under consideration there 
corresponds a single value of the function, the function is said 
to be single-valued or one-valued. If to any value of the vari- 
able corresponds more than one value of the function, the 
latter is said to be mudtiple-valued. 


*The accuracy with which a function is defined by its graph depends on 
the accuracy with which it is possible to read the two scales of reference and 
the ‘‘ fineness’ of the curve. 
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We shall for the present be concerned primarily with one- 
valued functions only, although one example of a two-valued 
function will oeeir soon. Multiple-valued functions will be 
considered later (Chapter X). 


EXERCISES 


1, From the following data construct a graph showing the cost of 
domestic money orders in the United States : 


AMOUNT OF ORDER Rate Amount oF OrpDER Rave 


Not over $2.50 3 cents || Over $30.00 to $ 40.00 | 15 cents 
Over $ 2.50 to $5.00 5 cents || Over 40.00 to 5000] 18 cents 


Over 5.00 to 10.00 8 cents || Over 50.00 to 60.00 | 20 cents 
Over 10.00 to 20.00 | 10 cents || Over 60.00to 75.00 | 25 cents 
Over 20.00 to 30.00 | 12 cents || Over 75.00 to 100.00 | 80 cents 


2. Draw a figure showing the rates for parcel-post packages for zone 
1; for zone 2; for zone 3. Compare these graphs. 


3. Draw a figure to represent the cost of gas in your own city. Is 
there a different rate for large consumers? If so, will this show clearly 
on the graph? How? 


4. On apiece of square-ruled paper draw graphs of continuous func- 
tions which are rapidly increasing ; rapidly decreasing; slowly increas- 
ing; slowly decreasing. 

5. Draw the graph of an arbitrary function which is increasing and in 
which the rate at which it increases is increasing. Also that of an in- 
creasing function in which the rate of increase is decreasing. 


20. Analytic Representation of Functions. We have 
hitherto considered two methods of representing a function, the 
graphic and the tabular. There is a third method, called the 
analytic, which in its simplest form consists of the expression 
of the function in terms of the variable by means of a formula, 
from which the corresponding values of the variable and the | 
function can be computed. The following will serve as examples. 
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21. Example 5. Capital and interest. The amount A in t years 
of $1000 drawing simple interest of 5 % is given by the formula 
(1) A= 1000 + 50¢. 


. - By substituting for ¢ a suc- 
g cession of values and com- 
ee puting the corresponding 
fea i values of A, we obtain from 
1150 this formula a tabular rep- 
. oe resentation of the function. 
a, 7 4 4 ; t ¢ Years This in turn cam = slat 
Fra. 13 sented graphically. e 
Gy Cars)\inrs as ee 0 1 2 3 4 5 6 
A (dollars) . . .{| 1000 | 1050 | 1100 | 1150 | 1200 1250 1300 
table above and Fig. 13 are the f = 
result.* The points plotted ap- BeBe 
pear to be on a straight line. | saaEe 
Prove that they are. 8 yo LE 
8 -- 
tesa abe) 
22. Example 6. The & —-!- 
area of a square. The area & °CIT 
: : oc als a 
(in square inches) of a square fen 
whose side is # inches long is | 
given by the formula | | 
ae 
ian, 
From this equation, we readily j en : 
compute the following table. Fig. 14 


iin.) 24) 60.841 tne 


y (sq. in.).} O | 0.25] 1.00} 2.25 | 4.00 | 6.25 | 9.00 | 12.25 | 16.00 


* In practice bankers do not take account of fractions of a day in comput- 
ing interest. Strictly speaking, therefore, the graph of the function A, as 
used in practice, is discontinuous. This practice of bankers is, however, dic- 
tated by convenience. It does not alter the fact that the function, as such, is 
continuous. ' 
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Using these values, it is now easy to draw the graph, which is shown 
in Fig. 14.* 


23. Example 7. The function de- 
Jined by a circle. It is often desirable 
to obtain an analytic representation of a 
function, originally given graphically or 
by means of a table. Such an analytic 
representation is sometimes easy to obtain. 
Suppose, for example, that on square-ruled 
paper an x-scale and a y-scale have been 
constructed with the units on the two 
scales equal, and suppose that with the 
common 0-point of the scales as a center 
a circle is drawn with a radius of 2 units (Fig. 15). The functional rela- 
tion between the variables « and y defined by this curve is to be expressed 
by means of a formula. 

If P is any point on the circle, the absolute values of the x and the y of 
this point form the legs of a right-angled triangle of which the hypotenuse 
measures 2 units. By a well-known theorem of geometry we have then 
y? = 4—22 or 


This is the analytic representation sought. It may be noted that we 
have here to do with a two-valued function. 


24. Range of a Variable. We had occasion some time ago 
(§ 13) to introduce the term variable. In the future such a 
quantity will generally be represented by a symbol, such as a, 
or y, or t, etc. Indeed this was done in some of the preceding 
examples. The various values attached to such a symbol 
throughout the discussion are numbers. These numbers con- 
stitute the range of the variable in question. 

The range of a variable is usually determined by the nature 
of the problem under consideration. Often it is very definitely 
restricted. Thus in the case discussed in the last article the 

* When, as here, the only fractional parts of a unit which occur are halves, 


quarters, ete., it is convenient to use a ruled paper on which the larger units 
are subdivided into four or eight parts instead of ten. 
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range of a (as well as that of y) consists of all (real) numbers 
from — 2 to + 2, and no others. For numbers outside this’ 
range, the function in question is not defined. Again, in the 
case of the mortality table considered in Ex. 5, p. 17, the range 
of the dependent variable (the number of persons living at a 
given age) is restricted to whole numbers less than 100,000; 
fractional values of the variable are here meaningless. 


25. Increasing and Decreasing Functions. A function 
which increases when the variable increases is called an in- 
creasing function ; if, on the other hand, the function decreases 
as the variable increases, the function is called decreasing. 
Thus the amount A of capital and interest recently considered 
is an increasing function of the time t, throughout the range of 
the latter. Also, the area of a square is an increasing function 
of the length of one of its sides. On the other hand, the num- 
ber of people living at a given age is a decreasing function of 
the age. A function may be increasing for certain values of 
the variable and decreasing for certain other values. Thus, 
the temperature is during certain portions of the day an 
increasing function, during other portions a decreasing func- 
tion. The volume considered in § 15 is a decreasing function 
of the temperature JT, from T = 0 to J’ =4, and an increasing 
function for values of 7' greater than 4.* 

If the two scales with reference to which the graph of a function is 
constructed are placed in the more usual way, so that the numbers on the 


_ scales increase to the right and upward, respectively, what distinguishes 
the graph of an increasing function from that of a decreasing one ? 


* In the case of the circle discussed in § 23, the function has two “‘ branches ”’ 
in the interval from «= —2 tox=-+ 2, the one consisting of the positive 
values of y, the other of the negative values of y. The function may be con- 
sidered as consisting of two one-valued functions, one of which increases from 
v=—2 to x=0 and decreases from x=0 to x=+2, while the other de- 
creases from « =—2 to «=0 and increases from x =0 to x=+2. 


~ ae ewe |. 
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EXERCISES 
1. If a body falls from rest, its speed v in feet per second at the end 
of ¢ seconds is given by the relation v = 32 ¢. Construct the graph of v as 
a function of ¢. 
2. The charge for printing n hundred circulars of a certain kind is 
p=2n-+10 dollars. Represent the function graphically. 
3. The express rate r on a package is computed from the following 


formula: r= a (p — 30) + 30, where w is the weight of the package in 


pounds and p is the charge per hundred pounds. Draw the graph of r as 
a function of w, for each of the values p = 40, 50, 80, 100. What com- 
ment would you make on this rule for p = 30, or for values of p less than 
30? This is an example in which the range of the variable is arbitrarily 
limited to be not less than a certain amount. The formula in this exer- 
cise really gives r as a function of the two variables w and p. ; 

4. When a body is dropped from a height of 200 ft., its distance s 
from the ground at the end of ¢ sec. is given by s = 200 —16.1#. Draw 
the graph of s as a function of ¢. In how many seconds will the body 
reach the ground? At what time is the speed of the body greatest ? 
Least’? What relation has the steepness of the graph to the speed of 
the body ? Why-? What are the natural limitations on the range of the 
variable ? 

5. In Fig. 13, the beginning of the A-scale does not appear on the 
graph. Why ? 

6. Rate of increase. In the function of § 21, when ¢ = 2, we have 
A=1100. Starting with this initial value of t, let ¢ be increased by 1, by 
2, by 3,--- The corresponding values of A (i.e. the values of A when 
t=2+1=38, 24+2=4, etc.) are respectively 1150, 1200, 1250, ..., and 
the corresponding increases in A over the initial value 1100, are 50, 100, 
150, ---. We see then that for these values the increase in A is always 
equal to 50 times the corresponding increase in ¢.* Show that the same is 
true if we start with a different initial value of t, say ¢=3. Prove, in 
general, that starting with any particular value, say t = t;, of ¢, and any 
increase in ¢, say an increase equal toh, that the resulting increase in A 
is equal to 50h; i.e. that the ratio , 

increase in A 
corresponding increase in ¢ 


= 50; 


* When a change in the value of the variable produces a certain change in 
the value of the function, these two changes correspond to each other. We 
may then speak of either change as corresponding to the other. 
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7. From the result of Ex. 6, show that the graph of the function there 
considered is a straight line. 

8. Make an investigation similar to that in Ex. 6 for the function y=a? 
considered in § 22; i.e. calculate the increase in y due to an increase 
in a, under a variety of conditions. For example, let x = 2 initially, and 
calculate the increases in y resulting from increases of 0.5, 1.0, 1.5, 2.0 in 
x. For each case calculate the ratio : 

increase in y ; 
corresponding increase in « 


Is this ratio constant ? Is the increase in y due to an increase in x of 1.0 
the same when the initial value of x is 8 as it is when the initial value of x 
is2? How is the change in the steepness of the graph related to your 
result ? 

-9. A car begins to move and gradually increases its speed in such a 
way that in # sec. it has traveled y=? ft. Interpret in this new setting 
the ‘‘increase in y due to a certain increase in x,” as computed in the 
preceding exercise. Show in particular that the ‘“‘ increase in y’’ is the 
distance traveled by the car during the interval of time represented by 
the corresponding ‘‘ increase in g,’’ and that the ratio 

increase in ¥ 
corresponding increase in « 


is the average speed of the car during this interval. Does this suggest 
a method for computing approximately the speed of the car at a given 
instant ? 


10. A certain function y has the value 0, when the variable «x is 0, and 
has the value 4, when x = 2. The graph of the function is a straight line. 
Draw the graph and tabulate, from the graph, the values of y when «=1, 
38, 4, 5, 6. What is the algebraic relation between y and a ? 

11. The graph of a certain function is a straight line. Draw this 
graph, knowing that y = 0, when ey =— 1, and that y =4, whenzx=3. 
Discover the equation connecting y and 2. : 


26. Statistical Graphs. One of the most generally familiar 
uses of the graph is in connection with the representation of - 
statistical data. The figure below represents the enrolment in 
Dartmouth College during the years 1905-1915. The method 


of its construction should be clear without further ex- 
planation. © ihe 
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An essential difference between this sort of graph and those 
previously considered must, however, be noted. Strictly speak- 
ing, the graph consists only of the points forming the corners 


Number of Studentsa 


1 | 
1000 G2 DEST 4 SRRER TARTAR eee 
1 { 


CI 
Prieto ri = 

AT POPE eee Co 
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aneerns Co CI 


1905 196 1907 1908 1909 1910 1911 1912 1913 191£ 1915 Years 
Enrolment of Dartmouth College, 1905-1915 
Fie. 16 


of the broken line in the figure. The dates, 1905, 1906, --- refer 
to the beginning of the college year in September of the years 
given, and the points plotted give the enrolment at the begin- 
ning of each such year. The straight lines joining these points 
are drawn merely for convenience, as an aid to the eye in follow- 
ing the changes in the enrolment from year to year. The points 
of these lines between the end points have no significance. The 
range of the variable here consists of the finite number of dates, 
1905, 1906, ---, 1915; and the function considered is discontin- 
uous. In such a graph interpolation is obviously impossible. 


QUESTIONS 


(1) During what periods did the enrolment increase ? decrease ? 

(2) What was the percentage of increase during the 11 years? 

(3) What was the average rate of increase (in students per year) from 
1905 to 1915? 
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(4) If the first point of the graph (1905) be joined to the last point 
(1915) by a straight line (see figure), how is the steepness of this line re- 
lated to the average rate of increase ? 


EXERCISES 


1. The maximum temperatures (in degrees Fahrenheit) at Hanover, 
N.H., on successive days from Oct. 1 to Oct. 15, 1914, were respectively as 
follows : ; 

59.6, 74.8, 79.7, 82.1, 78.9, 66.6, 61.4, 73.7, 82.5, 73.2, 78.9, 66.8, 55.0, 
57.0, 63.5, 

Construct a graph representing these data by a broken line. Is inter- 
polation possible ? Why ? 

2. American shipping statistics give the total iron and steel tonnage 
built in the U.S. for the years 1900-1914 as follows: 


TONNAGE TONNAGE TONNAGE 


196,851 182,640 250,624 
262,699 297,370 201,973 
280,362 348,555 135,881 
258,219 450,017 201,665 
241,080 136,928 202,549 


Draw the graph. Is interpolation possible? Why ? 


27. Summary. As has already been sufficiently indicated, 
the object of our work thus far has been to make clear the con- 
cept of a function. To this end we have considered a variety 
of special functions. Confining ourselves at present to the con- 
ception of what we have had occasion to define as a single- 
valued function of one variable, we have seen that the essential 
characteristic of such a function may be defined as follows: 

A variable y is said to be a function of another variable a, if 
when a value of x is given, the value of y is determined. 

A variable is a quantity which throughout a given discussion 
assumes a number of different values. The values which a 
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variable may assume constitute the range of the variable in 
question. 

The range of a variable may be limited or not according to 
circumstances. 

We have become acquainted with three methods of repre- 
senting a function: the analytic, the tabular, and the graphic. 

We have made a beginning in the classification of functions : 
single-valued and muiltiple-valued functions ; continuous and dis- 
continuous functions; tncreasing and decreasing functions ; 
functions Of one variable and of more than one variable. 

We have had occasion to note some of the questions that may 
arise in the consideration of a function: To determine the 
value of the function when the value of thfe variable is given; 
the converse problem, to determine the value (or values) of the 
variable, corresponding toa given value of the function. Both 
of these problems may involve the process of interpolation. 
The maximum or minimum value of a function (and the 
value of the variable for which this maximum or minimum 
occurs) is often of importance. So also is the rate at which 
a function changes its values. This, we have seen, is in- 
timately connected with the steepness of the graph of the 
function. 


28. Algebra as a Tool. The methods to be used in the 


future for the study of functions and their applications group 


themselves naturally under three headings corresponding to 
the methods of representing a function: graphs, analysis, 
tables. 

The first of these we have already considered. It has the 
advantage of presenting the variation of the function vividly 
to the eye; in this respect it is the superior of either the 
tabular or the analytic method of representation. It lacks 
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precision, however, since any graph drawn on a piece of paper 
is in the nature of the case an approximation.* 

The analytic representation by means of a formula we have 
touched only very briefly. One of its chief advantages is that 
of the utmost precision and conciseness. This very conciseness, 
however, tends to obscure the properties of the function. The 
tools which enable a sufficiently skillful operator to bring out 
the hidden properties inherent in a formula are comprised in 
what is known as mathematical analysis, of which the processes 
of elementary algebra form the foundation. 

The more important functions have been tabulated. Such 
tables are used primarily to facilitate numerical computations. 
We shall have occasion to use tables frequently. 

The next chapter is devoted to a brief discussion of certain 
algebraic processes and of their relation to the graphic rep- 
resentation already discussed. 


QUESTIONS FOR REVIEW AND DISCUSSION 


1, Give examples from your own experience of quantities that are 
functionally related. In each case, state as many properties of the function 
as you can (continuous or discontinuous, increasing or decreasing, etc. ). 

2. State some general laws and discuss the functional relations they 
illustrate. 

3. Would it be desirable to define a function as follows: y is a function 
of x, if y changes its value whenever the value of x changes? Why ? 

4. Give, from your experience, concrete examples of the use of an 
arithmetic scale. Of an algebraic scale. What are the distinguishing 
characteristics of these two scales ? 

5. Describe the three methods of representing a function and discuss 
the advantages and disadvantages of each. ; 

6. If the graph of a function y of x is a straight line, and the value of 
the function is known for «= 4 and for x =5 (say these values are 20 
and 26, respectively), how can the value of the function for x = 4.5 be ~ 
calculated (not read from the graph)? Forz =4.2? Forgz=5.7? — 


* On the other hand, we can conceive, theoretically,.of a graph which is en-. 
tirely accurate. 
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MISCELLANEOUS EXERCISES 


1. The following table gives the pressure of wind in pounds per square 
feet in terms of the velocity of the wind in miles per hour: 


Miles per hour | 5 | 10 | 15 20 | 30 | 40 | 50 


60 | 70 | 80 


Lb. per sq. ft. 0.1 0.5, 1.1) 2.0) 4.4) 7.9] 12.8] 17.7 | 24.1 | 81.5 


Represent the function graphically. Determine approximately the 
velocity which will produce a pressure of 10 lb. per square feet. What 


does the increasing steepness of the curve signify ? 


2. The following table, prepared by the U.S. Weather Bureau, gives 
the average monthly values of relative humidity at the stations given : 


New York 


Chicago 
New Orleans . 
» | San Francisco 


Plot on the same sheet of paper. 


Is interpolation possible? Why ? 


3. The following table gives the average weight of men and women for 


various heights : 


HEIcutT 


WEIGuT IN Le. 


Men 


Women 


HEiGur 


Weieur In Ls. 


Men Women 


5 ft. 


§ ft. 2 in. 
6 ft. 4 in. 
5 ft. 6 in. 


sions that seem reasonable. 


128 
131 
138 
145 


115 
125 
135 
143 


5 ft. 8 in. 
5 ft. 10 in. 
6 ft. 

6 ft. 2 in. 


154 148 
164 160 
175 170 
188 


Represent the two sets of data on the same paper and draw any conclu-— 


Is interpolation possible ? Why ? 


4; The attendance at a base ball park on successive days was as follows: 
a 1002, 1800, 1875, 1375, 1500, 2750, 3520. Represent these data by points 


, inaplane. Is a curve drawn through these points of 


¢ Explain your answer. 


any significance ? 


32 MATHEMATICAL ANALYSIS [I, § 28 


5. The London Economist gives the following table showing the net 
tonnage of steamships and sailing vessels on the register of Great Britain 
and Ireland from 1840 to 1912: 


SAILING 
VESSEL 


SAILING 


VESSEL YEAR STEAMSHIP 


YEAR STEAMSHIP 


1840 87,930 2,680,330 1909 10,284,810 | 1,301,060 


1860 454,330 4,204,360 1910 10,442,719 | 1,112,944 
1880 2,723,470 8,851,040 1911 10,717,511 980,997 
1900 7,207,610 2,096,490 1912 10,992,073 902,718 


Represent these data graphically on the same sheet of paper. What 
fact does this graph vividly portray ? 


6. The temperature drop ¢ below 212° at which water will boil at differ- 
ent elevations and the elevation h in feet above sea level are connected by 
the relation h = ¢? + 517¢. Construct a table of values of h for ¢ = 0, 5, 
10, 15, 20, 25, 30, and draw the graph of hf as a function of ¢. At what 
temperature will water boil on Pike’s Peak, 14,000 feet above sea level ? 
About how high is it necessary to goin order that water will boil at 200°? 


# 
= 


i. es 


=e 


Ree ee “idle, ale 


CHAPTER II 


ALGEBRAIC PRINCIPLES AND THEIR CONNECTION 
WITH GEOMETRY 


29. Numbers and Measurement. We have already had 
occasion to distinguish between two kinds of numbers: 

(a) Numbers each of which represents a magnitude only ; 

(6) Numbers each of which represents a magnitude and one 
of two opposite senses, i.e. the so-called signed numbers. 

It seems desirable at this point to recall the familiar classifi- 
cation of these numbers and the way in which they serve to 
give the measures of magnitudes. We confine ourselves first 
to the numbers of Type (a) above. 

Intecers. The first numbers used were the so-called whole 
numbers or integers, 

1, 2, 3, 4, ak 
which represent the results of counting and answer the ques- 
tion: How many ? They also represent the results of measure- 
ments, when the magnitudes measured are exact multiples of 


the unit. 


Tue Ratrionat Numpers. When the magnitude measured 
is not an exact multiple of the unit of measure, other num- 
bers called fractions must be used. f e 
These numbers are intimately asso- g+—+—.—__,_p 
ciated with the idea of a ratio, P—? 

Thus, in geometry, two line seg- 

ments AB and CD are called commensurable, if there exists 

a third segment PQ of which each of the other two is an 
D 33 
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exact multiple (Fig. 17). PQ is then called a common measure 
of AB and CD. If AB is exactly m times PQ and CD is 
exactly n times PQ, m and n being integers, we say that the 
ratio of AB to CD is m/n, and we write 


ABM 
CD n 
If CD is the unit of length, we have 


m 


the measure of AB = 
/ n 


A number which can be written as a fraction in which the 
numerator and denominator are both integers is called a 
rational number.* 

Such numbers suffice to represent the measure of any magni- 
tude which is commensurable with the unit of measure. 

Tue IRRATIONAL Numpers. If two magnitudes have no 
common measure, they are called incommensurable. Thus we 
know from our study of geometry that 
the diagonal of a square (Fig. 18) is not 
commensurable with one of its sides.y 
apy Hence, the length of the diagonal of a 

square whose side is 1 unit cannot be 


D 6) 


expressed exactly by any rational num- 
ber. To meet this deficiency the so-called 
irrational numbers, such as the V2, were 
introduced. 

It is beyond the scope of this book to treat irrational num-— 
bers fully. But we may note that they serve to express the 


Fie. 18 


* Observe that according to this definition the rational numbers include 
the integers. The number ‘‘zero’’ is also classed among the rational num- 
bers. See § 30. 

jt If AB and AC had a common measure /, such that AB =m x1 and 
AC=nxX Il, where mand n are integers, it would follow that n?=2m2; but 
this relation cannot hold for any integers m and n. Why ? 
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ratio of pairs of incommensurable magnitudes, and, in particular, 
to express the measure of any magnitude which is incommensur- 
able with the unit. ; 

Moreover, any irrational number may be represented approxi- 
mately by a rational number with an error which is as 
small as we please. This follows from the following con- 
siderations. 

It is important to note that the result of any actual direct 
measurement is always a rational number. For example, in 
measuring a distance, we use a foot rule marked into fourths, 
or eighths, or thirty-seconds of an inch, or else some more 
accurate instrument divided into hundredths or thousandths of 
a unit, and we always observe how many of these divisions are 
contained in the length to be measured. The result is, therefore, 
always a rational number m/n where n represents the number 
of parts into which the unit was divided. Any such actual meas- 
urement is, of course, an approximation. The greater the ac- 
curacy of the measurement (and this accuracy depends among 
other things on the number of divisionsof the unit) the closer is 
the approximation. Since we may think of the unit as divided 
into as many divisions as we please, we may conclude that any 
magnitude can be expressed by a rational number to as high a de- 
gree of accuracy as may be desired. Thus, the length of the 
diagonal of a square whose side measures 1 in. is expressed 
approximately (in inches) by the following rational numbers : 
1.4, 1.41, 1.414, 1.4142. These decimals are all rational ap- 
proximations, increasing in accuracy as the number of decimal 
places increases, to the irrational number V2.* 


* Surds, i.e. indicated roots of rational numbers, are not the only irrational 
numbers. The familiar 7 = 3.14159--- is an example of an irrational number — 
which is not expressible by means of any combination of radicals affecting 
rational numbers. 
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30. The Number System of Arithmetic. The (unsigned) 
rational and irrational numbers, together with the number zero 
(which is counted among the rational numbers), constitute the 
number system of arithmetic. 


. 


31. The Number System of Algebra. Corresponding to 
any unsigned number a (except 0) there exist two signed 
numbers +a and —a. The magnitude represented by a 
signed number is called the absolute value of the number, and 
is indicated by placing a vertical line on each side of the 
number. Thus the absolute value of +5 and of —5 is 5; in 
symbols, | + 5| =|—5|= 5. 

The signed numbers are called rational or irrational accord- 
ing as their absolute values are rational or irrational. The 
entire system of positive and negative, rational and irrational, 
numbers and zero* is called the real number system and any 
number of this system is called a real number. These 
numbers are contained in the so-called number system of 
algebra.f 


* Note that zero is neither positive nor negative. It has no sign. 

{ The number system of algebra contains also the so-called imaginary or 
complex numbers, which will be discussed later. It may be noted that the 
words rational, irrational, real, imaginary, are here used in a technical 
sense. The popular meanings of the terms have no significance. V2 is no 
more ‘‘irrational” (i.e. absurd or crazy) than the number 2; and the im- 
aginary numbers are just as ‘‘real’%in the popular use of the term as are the 
(technically) real numbers. Historically, the reason for the use of these 
words is, however, connected with their customary meaning. For, while the 
integers and rational numbers are of great antiquity, the irrational numbers 
were not introduced until about the fifteenth century A.p., although incom- 
Mmensurable ratios were discussed by the ancient Greeks. At that time their 
nature was not thoroughly understood, and it was not unnatural then to- 
designate them as irrational. Similar remarks could be made about the 
introduction of the imaginary numbers toward the end of the eighteenth 
century. We may add that what we now call ‘“negative’’ numbers were in 
the fifteenth century often referred to as “‘ fictitious numbers.” 


Lee 
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32. Geometric Representation. Coordinates on a Line. 
It follows from § 29 that the rational and irrational numbers 
are just sufficient to express the length of any line segment. 
Every segment on a line having one extremity at a given 
point or origin O can be represented by such a number; 
and every such number will determine a definite one of these 
segments, the unit of measure having been previously chosen. 

This leads at once to the idea of an arithmetic scale, if we 
confine ourselves to the numbers of arithmetic, and to the idea 
of an algebraic scale, if we choose one of the directions on the 
line to be positive, and use the real numbers of algebra to 
represent the (now) directed seyments.. In the future we shall 
generally confine our discussion to the algebraic case. No 
confusion need arise from regarding an arithmetic scale as the 
positive half of an algebraic scale, nor from regarding the 
numbers of arithmetic as equivalent to the positive numbers 
(and zero) of the real number system.* 

It is often convenient to regard the number «# which origi- 
nally represented the length and the direction from O toa 


oO 
2 


0 P 
Fia. 19 


point P of the line as representing the point P itself, in which 


case we call x the coordinate of P (Fig. 19). When we have 
chosen a point O as origin, selected a unit of length, and 
specified which of the two directions on the line is positive, we 
say that we have established a system of coordinates on the 
line. When this has been done, every point P of the line is 
represented by a number, and every real number represents a 
definite point of the line. 


* For this reason we shall often omit the + sign in writing a positive 
number ; ¢.g. write simply 5 for +5. The context will always tell whether 
the number in question is signed or not. 
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33. Coordinates in a Plane. We may now give the precise 
mathematical formulation of the process already used (in con- 
nection with the construction of the graphs of functions) for 
“plotting” points ina plane. The essential features of this 
process are as follows (Fig. 20). We locate arbitrarily in the 


2; 


Second quadrant First quadrant 


Third quadrant 


Fourth quadrant 


a 
Fie. 20 

plane two algebraic scales, a horizontal one called the x-amis, 
and a vertical one called the y-axis. These two scales, called 
the axes of reference, intersect in the zero point of each scale ; 
this point is called the origin. The position of any point P in 
the plane is then completely determined if its distance and 
_ direction from each of these axes is known. The units on the 
two scales are arbitrary; they may or may not be equal to 
each other. The distance from either axis must, however, be 
measured in terms of the unit of the other axis, i.e. of the axis 
parallel to which the measurement takes place. Thus, in Fig. 
20, where the units on the axes are different, the point P, is 
determined by the distance « = 3 units from the y-axis (meas- 
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ured in terms of the x-unit) and the distance y = 2 units from 
the a-axis (measured in terms of the y-unit), Similarly, the 
points P:, P;, P, are determined respectively by the directed 
segments OM, and M,P;, OM; and M,P;, OM,and M,P,; the 
numbers representing these directed» segments are signed 
numbers, so that the number gives both the magnitude and the 
direction of the segment. In such a system of rectangular 
codrdinates in a plane, unless specifically agreed on otherwise, 
the positive direction on the a-axis is always to the right; on 
the y-axis, always upward. 

We see, then, that every point in the plane is determined 
uniquely by a pair of numbers, and, conversely, that every 
pair of (real) numbers determines uniquely a point in the 
plane. The two numbers thus associated with any point in 
the plane are called the coérdinates of the point; the number 
x (giving the distance and direction from the y-axis) is called the 
x-coordinate or the abscissa of the point, the number y (giving 
the distance and direction from the a-axis) is called the 
y-coordinate or the ordinate of the point. Any point P in 
the plane may then be represented by a symbol (a, y), where the 
abscissa of P is written first in the symbol and the ordinate of 
P is written last. Thus we may write (Fig. 20) P, =(3, 2) 
P, = (—1, 4), P; = (— v2, — 34), Px =(?, ?). 

The two axes divide the plane into four regions called 
quadrants, numbered as in the figure. The quadrant in which 
a point lies is completely determined by the signs of the 
coérdinates of the point. Thus, the first quadrant is charac- © 
terized by codrdinates (+, +), the second quadrant by 
(—, +), the third by (—, —), and the fourth by (+, —). 

34. Relations between Numbers. If two numbers a and 
b represent two points A and B respectively on an algebraic 
scale, we say that a is less than b (in symbols, a < 6), if a is to 
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the left of b, the scale being horizontal and the positive 
direction being to the right.* The following obvious relations 
are fundamental : 

(1) Ifa +8, then either a < b, orb< a. 

(2) Ifa < band b<e, then a<e. 


EXERCISES 


1. Is the date 1916 a signed number? (Does it represent simply a 
duration of time or does it represent a time after some arbitrary fixed 
time?) Would it be proper to represent the year 50 a.p. by + 50 and 
the year 50 B.c. by — 50? 

2. When we designate the time of day as ‘‘ two o’clock,”’ is ‘‘two”’ a 
signed number ? 

8. Are the (unsigned) integers used for any other purposes than to 
express the result of counting or measuring ? (House numer, catalog 
numbers, ---) 

4. State some theorems of geometry concerning ratios. 

5. Find a rational approximation of V3 accurate to within 0.001. 

6. Why is any actual measurement necessarily an approximation ? 

7. Why is it incorrect to define a rational number as one ‘‘ which does 
not contain radicals ? ” 

8. Why should irrational numbers be used at all, if it is possible to 
represent any such number by a rational number to as high a degree of 
approximation as may be desired ? 

9. Explain from the definition of ratio why 3 in. and ,§ in. represent 
the same magnitude. Why m/n in. and pm/pn in. represent the same 
magnitude. 

10. Two segments measure 3} in. and $in., respectively. Show that 
the ratio of the first to the second according to the definition is 35. (Ob- 
serve that } in. is a common meastre of the two segments. ) 

11. Two segments measure m/n and p/q in. respectively. Prove that 


the ratio of the first to the second is mg/np. (Find a common measure 
of the two segments. ) ; 


12. Given that |a|<]b|, can we conclude that a<b? Why? 
Given that |a| >|6|, can we conclude that a>6? . Why ? 


* Likewise, a is greater than b (in symbols, a >b), if A is to the right of 
B. Obviously, if a<b, then b >a. 
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13. Which is the greater, —3 or —4? —3.lor— 1? 


14. Locate on a line the points whose coirdinates are 2, — 4, 3, — 2, 
5. What is the distance between the last two? What signed number 
represents the directed segment from the point + 5 to the point — 2? 

15. Locate in a plane the points (2, 3), (— 2, 3), (2, — 3), (— 2,— 3), 
referred to a system of rectangular codrdinates, the units on the two axes 
being equal. 

16. If the abscissa of a point is positive and its ordinate is negative, 
in what quadrant is the point? If abscissa and ordinate are both 
negative ? 


17. If the abscissa of a point in a plane is + 2, where is the point ? 
If the ordinate is zero? What characterizes the codrdinates of a point 
on the y-axis ? On the z-axis? What are the codrdinates of the origin ? 


18. The units on the two scales being equal, what is the distance of ~ 
the point (3, 4) from the origin? Of the point (— 1, 7) ? Of the point 
(2, —1)? Of the point (a, b) ? 


35. The Fundamental Operations. We shall now take up 
briefly the fundamental operations of addition, multiplication, 
subtraction, and division, and develop certain geometric inter- 
pretations and applications connected with these operations, 
which are of importance in what follows. 

Appition. We note first that the operation of addition for 
signed numbers has an essentially different meaning from that 
for unsigned numbers. The addition of two unsigned numbers 
expresses simply the addition of magnitudes. Thus, any two 
magnitudes: may be represented geometrically by the lengths 
of two line segments. The segment, whose length represents 
their sum, is obtained by simply placing the segments end to 
end to form a single segment. (Compare the process of graphic 
addition described in Ex. 3, p. 7.) 

A signed number, on the other hand, represents a direction 
as well as a magnitude; it is represented geometrically by a 
directed segment. Consider two signed numbers a and 0. 
They will be represented by two directed segments whose 
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lengths are |a| and |b|, respectively, and whose directions are the 
same or opposite according as the numbers have the same or 
opposite signs. Figure 21 represents the four possible cases. 

The sum a+0 is represented by a directed segment which 
expresses the net result of moving in the direction represented 


a a 
aE i cll ie ce al 
at+b 1 1 a | 
sae) ei a+b! 
! 1 ; 
’ al 1 ; a 
a b——$_<—$_—— 
pe | aaa 
i] { { 
Puen] be $< 
atb a+b 
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by a through a distance equal to |a|, and then moving in the 
direction of 6 through a distance equal to |6|. The segment 
representing a+ is the segment from the initial point of 
these motions to the terminal point. (See Fig. 21.) 

The difference in the meaning of addition in the case of unsigned and 
signed numbers is clearly brought out by considering a simple concrete 
example: Suppose you walk to a place five miles distant and back again. 
The total distance you have walked is 5+5=10 miles. These are un- 
signed numbers. On the other hand, if you represent the trip out by + 5 
and the trip back by — 5, which is entirely proper, the sum (+ 5)+(— 5), 
which is equal to 0, does not represent the distance walked at all, but does 
represent the net result of your walk measured from your starting point. 
The total distance walked is represented by |+ 5] + | — 5]. 

It should be noted that the absolute value of the sum of 
two numbers is not, in general, equal to the sum of their 
absolute values. In fact all we can say in general on this 
point is that 


(1) [ot Ol SS Lei oie 
The equality sign holds only when a and 6 have the same sign. 


* The symbol < 1s read “‘ is equal to or less than.”’ 
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The geometric interpretations on the algebraic scale of add- 
ing a number 2 to all the numbers of the scale consists of 
sliding the whole scale to the right or left, according as a is 
positive or negative, through a distance equal to|a|. Figure 22 
illustrates this operation for the value x =—2. 

Every number in the upper scale is the result of adding — 2 


— 7 ee ah ese 5 HZ) =] O st +2. +S 


“4 -3 -2 -1i:0 +1 +2 +3 +4 
Fig. 22 


to the number below it in the lower. scale. Two important 
consequences follow from this interpretation : 
(1) Ifa < 6 and a is any (real) number, then a+xex<b+2a. 
(2). If a point P whose codrdinate on a line is x is moved on 
the line through a distance and in a direction given by the number 
h, the codrdinate x’ of its new position is given by the relation 


(2) x’ =x+h. 


An immediate consequence of the meaning of addition in 
the case of directed segments is as follows. If A, B, C are 
any three points on a line, then 


(3) AB + BC = AC. 


This relation holds no matter what the order of the points 
on the line may be. In fact it is obvious that to move ona 
line from A to B and then to move from B to C is equivalent to 
moving directly from A to C, no matter how the points are 
situated on the line. As a special case of this relation we 
have 

AB+ BA=0, or AB=— BA. 
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Mutriprication. The product ab of two signed numbers 
a and 0 is defined as follows: 

(1) jab] =ja|-|d}. 

(2) The sign of ab is positive or negative according as the 
signs of a and b are the same or opposite. 

The statement (2) involves the familiar law of signs : 


Cex h=(+) (4X =A) =e 
Geometrically, multiplication by a positive number @ is 
equivalent to a uniform expansion or contraction of the scale 
away from or toward the origin in the ratio |#|:1, according 
as |x| is greater than or less than 1. 
This statement will become clear on inspection of the follow- 
ing figure (Fig. 23) which gives the construction for the multi- 


Fic. 23 


plication of every number on the scale by x. In the first figure 
x has been taken equal to + 2, in the second equal to + 4. 
The geometric interpretation of multiplication by a negative 
number x consists of a similar expansion or contraction in the 
ratio |«|:1 combined with a rotation of the whole scale about 
the origin through an angle’ of 180°. For such a rotation 
will change each positive number into the corresponding nega- 
tive number, and vice versa, which the law of signs requires. 
Here again we may note two consequences of importance: 
1. Ifa <b and wis any (real) number, ax is less than, equal 
to, or greater than bx, according as wis positive, zero, or negative. 
2. Ifa scale is uniformly stretched (or contracted), the origin 
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remaining fixed, in such a way that the point 1 moves to ‘the point 
whose codrdinate is a, then the point whose codrdinate is w will 
move to the point whose codrdinate is 
(4) x’ = ax, 

Susrraction. To subtract a number b from a number a 
means to find a number 2 such thata+b=a. We then write 
x=a—b. 

Such a number # can always be found. Representing a and 
6 by directed segments having the same initial point, the 
meaning of addition tells us at once that 
the segment from the terminal point of 
6 to the terminal point of a represents . 
the number x sought. (See Fig. 24.) es 
This shows, moreover, that to subtract a number b is equivalent 
to adding the number — b.* 

Drviston. To divide a number a by a number b means to 
find a number 2 such that ba =a. We then write «=a/b. 

It is always possible to find such a number 2, except when the 
divisor b is zero. For we need merely reverse the construction 
given for multiplication (Fig. 23) as. 
indicated in Fig. 25, first drawing 
the line joining 0 on the’ original 
scale to the point a on the multi- 
plied scale and locating the required 

Fia. 25 point # on the multiplied scale by 
a line through 1 on the origmal scale, parallel to the line ab. 
In particular, we can always find a number « such tha: 


a-b 


* It may be of interest to recall here the fact that historically the negative 
numbers were introduced in order to make the operation of subtraction 
alvays possible (i.e. even in the case when the subtrahend is greater than 
the minuend). But from what has just been said it appears that the device 
adopted for rendering the operation of subtraction more useful and convenient 
had the additional effect of making this operation unnecessary. 
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be =1,ifb+%0. This number 1/0 is called the reciprocal of b. 
Hence, to divide by b (b# 0) is equivalent to multiplying by 1/0. 

Tur Casreb=0. This case demands careful attention. Since 
0 -a = 0 for every number @, it follows that the relation 0-2 =a 
cannot be satisfied by any value of x, unless a is also 0; and will 
be satisfied by every value of «, if ais 0. Hence, by the definition 
of division, the indicated quotient 


a 

c= 

0 
has no meaning whatever when a+#0, and no definite mean- 
ing even when a=0. Hence, we conclude that division by 
zero, being either impossible or useless, is excluded from the 


legitimate operations of arithmetic and algebra. 


36. The Function a/x. The Symbol. Whereas we have 
just seen that division by zero is not a legitimate operation, it 
is highly important for us to note what happens to the fraction 
a/« when « assumes values approaching nearer and nearer to 
zero; aSlong as «does not equal zero, the indicated division 
is possible. We wish then to consider the function a/x = y for 
_values of a near 0. A table of corresponding values of x and y 
is as follows: 


Plotting the points (#, a/w) with reference to two rectangular 
axes we obtain Fig. 26, where we have assumed a to be posi- 


tive and have chosen the unit on the z-axis to be a times the 


unit on the y-axis. 
An inspection of the table and the graph shows us that as # 
decreases in absolute value, a/x increases in absolute value; 


_—_ 


| 


eas NAY 
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more precisely, by choosing x sufficiently small in absolute 
value, a/x can be made as large in absolute value as we please. 
Further, when «=0 the expression a/a has no meaning. 
We say the function is not defined for the value x =0; or, the 


range of the variable of this function does not include the value 
a=. 


The sentence expressed in black-faced italics above is some- 
times written in a species of shorthand : 


a 
-=0. 
0 


_ This looks like an equality involving a division by 0. But_ 
it does not mean any such thing. The expression a/0 as indi- 
cating a division by 0 has already been pronounced illegiti- 
mate. For this very reason we are at liberty to use the 
symbol to mean something else without danger of confusion, 


_ We accordingly use it as a short way of expressing the values 


of the variable a/z as x is supposed to approach 0. Similarly, 


; 
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the symbol o, read “infinity,” does not represent a number at 
all, but a variable which increases without limit. The above 
equality is, therefore, an equality between variables, and is 
simply a short way of writing the phrase “as the denomina- 
tor of a fraction, whose numerator is constant and different 
from zero, approaches zero, the value of the fraction increases 
without limit in absolute value.” Under these circumstances, 
we also say “the fraction becomes infinite.” The phrase 
“equals infinity,” which is sometimes heard, is very mislead- 
ing and its use should be strictly avoided. 

Returning to our table and graph, we note also that by 
assigning to x a value sufficiently large in absolute value, the 
value of a/x can be made in absolute value as small as we please, 
but not zero. ‘The shorthand expression of this fact is 

| eo 
rs) 
er “as the denominator becomes infinite the fraction ap- 
proaches 0.” 


37. The Directed Segment P,P,. As an application of the 
foregoing principles we will now derive a formula which will 
often be used in the future. Let P, and P, be any two points 

on an algebraic scale, and let their 


P; P, DOE: ‘ 
tha Pay ae we codrdinates be 2, and 2, respectively. 
2 1 : 
Fic. 27 We desire to find the number repre- 


senting the directed segment P,P, 
in direction and magnitude. By definition x, = OP,, x, = OP, 
(Fig. 27). Now, by §35, Eq. 3,wehave . 

P,P, = P,O + OP, =— OP, + OP, 


=— + %, 
or, finally, 


P,P. = X»_ — X. 


Thus, if «= 2 and 2 = 5, % — #,=-+ 3, and we conclude 


4 


+ 
=f 
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that the length of the segment P,P, is 3 units and that its 
direction is positive (i.e. from left to right in the ordinary 
setting). On the other hand, if a, = 3 and #, =— 4, we have 
%_— x, =— 7, and we conclude that the length of the segment 
is 7 and its direction is negative (i.e. P, is to the left of P). 


38. Concrete Illustration of the Law of Signs. The law of 
signs, as indeed many of the fundamental laws of algebra, is essentially 
a definition, arbitrary from a logical point of view and dictated largely 
on the grounds of convenience. The following concrete example will 
show how in one instance the conventions adopted in the law of signs 
for multiplication correspond to the concrete facts to be described. 

_ Tf a train moves at a constant speed of v miles per hour, then in ¢ 
hours it will travel a distance s = vt miles. Here v, ¢, sare unsigned num- 
bers. Now, let us change the formulation somewhat, so as to introduce 
the direction. At a given instant let the train be at a certain station O; 
let us count time from this instant (¢ = 0) so that any positive ¢ desig- 
nates an instant a certain number of hours after the instant ¢ = 0, 
and a negative ¢ designates an instant a certain number of hours before 
t=0. Further, let the position of the train be determined by the signed 
number s representing the distance and the 
direction of the train from O, s being positive 
if the train is to the right of O (Fig. 28). 
Finally, let the speed and the direction in Fic. 28 

which the train is moving be given by the 

signed number », v being positive if the train is moving to the right 
(v =— 80, for example, would mean that the train is moving to the left 
at the rate of 30 miles per hour). 

Now consider the four cases: (1) v and ¢ both positive ; (2) v positive 
and ¢ negative; (3) v negative and ¢ positive; (4) v and ¢ both negative. 
Verify that the law of signs in the relation s= vt gives the sign to s 
for which the actual position of the train in each case calls. [For 
example: (1) If v and ¢ are both positive, s = vt will be positive, 
which is as it should be. For if the train is moving to the right, then 
a certain number of hours after t = 0, when the train was at s = 0, it 
will be a certain number of miles to the right of O. (2) If v is positive 
and ¢ negative, s = vt is negative. This also is correct. For a train 
moving to the right and arriving at O when ¢ = 0, was to the left of O 
at any time beforet=0. Etc.] 

E 


50 MATHEMATICAL ANALYSIS {II, § 38 


EXERCISES 


1. Under what conditions is|a@+b|=|a|+|6|? 


2. Prove that if A, B, OC, D, ---, L, M are any points on a line (in 
any order) then AB+ BC+ CD+-+-+ L1M= AM. 


3. Graphic Addition. Given the directed segments, a; 5, c, d, e on 
parallel lines (or on the same line), their sum a+6+c+d-+e may be 
found graphically as follows: On the straight edge of a piece of paper 
mark a point O; lay the strip along the segment a, the point O coincid- 
ing with the initial point of a; mark the ter- 
minal point of aon the paper. Then slide the 
paper parallel to itself so as to make it lie 
along 6 and bring the mark just made into 
coincidence with the initial point of b ; mark 
the end-point of 6. Then proceed similarly 
for the segments. c, d, e. The directed seg- 
ment from O to the final mark will then represent the sum sought. Why ? 


4. Draw directed segments representing the numbers — 3, + 5, + 2, 
— 6, and find their sum graphically. 


5. Show how to construct a directed segment representing the prod- 
uct of the numbers represented by segments a and b. 


[Hiyr. Use the adjoined figure to determine the ab 
magnitude of the product ; then determine the direc- 
tion. Observe that for the construction of a product y 
we need to know the length of the unit segment, which 
was not necessary for a sum. ] 1 @. 


6. Show how to construct a segment representing a/b. 


7. Determine the numbers representing the directed segments from 
the first point of each of the following pairs of points to the second: +8 
and +6, +8 and — 6, =4 an —iand + 3, +14 and —2.1,—¢4 
and — §, +72 and + 3.14. 


8. By computing the numbers representing the segments, verify the 
relation AB + BC = AC, when the codrdinates of A, B, C are, respec- 
tively : 

(a) 2, 3,4; (0) 2, —8, 4; (c) — 2,8, —4; (d) —2, —3, 4. 


9. Find the codrdinate of the mid-point of the segment joining the 
points whose codrdinates on a line are 4 and 8; — 3 and 5; —2 and 
— 5; 1 and %. 
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39. Insight and Technique. Most of our activities involve 
two more or less distinct aspects: insight and technique. On 
the one hand, we need to understand the nature of the thing 
we are trying to do, on the other we need skill in doing it. 
Theory and practice, planning and carrying out the plans, etc., 
are other ways of pointing the same distinction. 

In your previous study of arithmetic and algebra the major 
emphasis was on the side of technique. You learned at that 
time how to carry out certain manipulations with numbers ; and 
you gained more or less skill in using the processes. In the 
present course, the emphasis is to be placed on the side of in- 
sight, understanding, appreciation ; the technique of algebra is 
to be used merely as a tool, not as an end in itself.* 


40. Definitions. We propose now to recall very briefly a 
few of the more important conceptions and processes of 
algebraic technique. We shall begin with the definitions of a 
few terms. 

When two or more numbers are added to form a sum, each 
of the numbers is called a term of the sum. 

When two or more numbers are multiphed to form a product 
each of the numbers is called a factor of the product. 

Any combination of figures, letters, and other symbols, 
which represents a number, is called an expression. If the 
equality sign (=) is placed between two expressions, the result 
is called an equality, and the two expressions are called the 
members or the sides of the equality. 

An equality states that the two expressions represent the 


same number.t 


* However, we must maintain a certain amount of proficiency in the use of 
algebraic processes. Hence “ drill exercises ’’ will not be wholly lacking in 
what follows. 

+ Such a statement may or may not be a true statement. See § 47. 
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Thus, suppose a, b, c, d, p, v, y represent numbers. Then 
a— be + 7 cedy=a(12y? — p) 
is anequality. The left-hand member is a sum of three terms ; 
the right-hand member consists of only one term, which is 
a product of two factors. The second term of the left-hand side 
is a product of two factors, while the second factor of the right- 
hand side is a sum of two terms. 


41. General Laws of Addition and Multiplication. The 
following general laws we take for granted : 

I. Concrernine ADDITION: 

1. Any two numbers may be added and their sum is a definite 
number, 

2. The terms of any sum may be rearranged and grouped in 
any way without changing the sum. 

Thus, if a, b, c, p, gy represent any numbers whatever, we 
have, for example,a+(6+¢e+p)+q¢q=(+q@)4+(c+a)+p. 

II. Concerning MULTIPLICATION : 

1. Any two numbers may be multiplied and their product is a 
definite number. 

2. The factors of any product may be rearranged and grouped 
in any way without changing the product. 

Thus, if a, b, ¢, x, y represent any numbers whatever, we 
have, for example, (abe) (axy) = arbexy =(ya)(cba2). 

III. Tue Distriputive Law: To multiply any sum by any 


number m, we may multiply each term of the sum by m and add — 


the resulting products. 


Thus, (a+b +cd +--+ 2)m=am-+ bm + cdm +--+ am. - 


IV. Tue Law or Factorine: If every term of a sum con- 
tains the same number m as a factor, the sum contains m as a 
Jactor. 

Thus am +bm + cdm +» +am =m(a+b+ cd +--+ +2). 
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Observe that IV is obtained from III by simply interchang- 
ing the sides of the equality. 


42, Raising to Powers. Integral Exponents. We recall 
also at this point the meaning and use of integral exponents. 
The symbol a”, where « represents any number and n is any 
positive integer, is an abbreviation for the product of n factors 
each equal to 2, 7.e. 


oe =x-u-x-- ton factors. 
From this definition and Principle II (§ 41) it follows at 
once that 
xa" =(x-x-x-- to m factors)(v-a-a --- to n factors) 


= @-x-a-+-to m+n factors, 
and therefore 


Va xmxn — xmin, 
Similarly 
xm : 
Vb —= xn, if m > 7, 
xn 
and fe oe i nm 
Ps VEU 
Also 


(a™)" = a» o™. om «to n factors 
— gun tm+ m+ ++ ton terms, 


and therefore 


VI (gy exe 
Also 
. Vila (ab)? = a"b™. 
VIlo eae 
ipa 


43. Axioms. Closely connected with Principles I, 1 and 
II, 1 are the familiar axioms 
VIII a Ifa=bandc=d,thena+c=b+d. 


Vill b - - Ifa=band¢=d, then ac = bd. 
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EXERCISES 


1. Distinguish between insight and technique in the various professions 
(surgery, dentistry, engineering, etc. ). 
2. Complete the following propositions : 
(a) The sum of any two integers is - -- 
(6) The product of any two integers is ° - - 
3. What is the familiar expression in words for Principle VIII ? 
4. Find the results of the following indicated operations : 


QD) eae (6) wt = x8, CE) (Carn?) ®2 
(2) aa’. (7) &= a. (12) (— cd3)5. 
(3) b"b2, (8) =. (sy (=o. 
@) gry, (9) (043. (14) (r"s")". 
(5) a-Ig2, (10) (c2)8. " (1B) (— 22)", 


5. Multiply x2¢ + xay> + y% by «24 — ryd + 9%, 

6. Divide a5” + y5" by a” + y”. 

7. Perform the following operations : 

(1) 25.94 = (2) 25.44 = (3) 82-23 = (4) 75+ 78 = 

44. Discussion of Principles. In the preceding article 
Principles V—VII were derived from I and II, while IV isa 
consequence of III. We might now ask: “ How do we know 
that Principles I, II, and III are true for all numbers ? ” : 

On these three principles the whole subject of algebraic 
technique rests. They are so simple that they may appear at 
first sight to be trivial. Asa matter of fact their truth is by 
no means obvious ; our unquestioned belief in them is the re- 
sult of experience in using humbers. Were we to attempt a . 
general proof, we should find it a long and difficult process 
which is out of place in an introductory course. Hence we 
simply take them for granted. . 

A little reflection will show that these principles are not obvious. Take 
for example the fact implied by Principle II, 2: a times b is equal to 6 


times a; and let us suppose that @ and b are positive integers. Now, 
2x3 means3+3and3 x2 means 2+2+42. By addition we observe 


II, § 44] ALGEBRAIC PRINCIPLES 55 


that the result is in both cases 6. But that simply verifies the general 
law when a=2andb=3. We can thus verify the law in question for 
any two special integral values of a and b. Not only would this be ex- 
tremely laborious for large values ; it would still be only a verification for 
a special case ; it would not be a general proof. Moreover, we have con- 
fined ourselves to the simplest of all numbers, the positive integers; while 
Il, 2 asserts among other things that ab = ba, no matter what numbers 
@ and b represent (rational or irrational, real or imaginary). As has been 
indicated in the preceding paragraph, we are not concerned in this course 
with proving these principles. Of great interest to us, however, are the 
relations existing between numbers and geometry. Accordingly we have 
suggested in the exercises below some geometrical interpretations of these 
principles which furnish intuitive proofs of certain restricted cases. 


EXERCISES 


1. An intuitive proof that ab = ba, in case a and 6 are positive inte- 
gers: Let the integer a be represented by a group of a equal squares 
placed side by side so as to form a row (see the figure, where a = 8). ~ 


The product b'- a is then represented by the number of squares in 6 such 
rows. Show that, if these rows be placed under each other (as in the ~ 
figure, where b = 6), it is seen that the total number of squares is also 
equal to the number of squares in a columns each containing 6b squares. 
. Observe that while the figure is drawn for special values of a and }, the 
argument is general. 

2. From a consideration of the adjacent figure 
give an intuitive proof that 5.(8-4)=3. (5-4). 
Then by using the fact that ab =ba show that 
(3-4)-5=38-(4-5). Can this argument be made 
general to show (a-b)-c =a-(b-c), when a, b, care positive integers ? 
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3. From the adjacent figure, show how to use the idea of a rectangu- 
lar pile of blocks to prove that (a-b)-c=a-(b-c), when a, b, c are 
positive integers. 


4. Assuming that the area of a rectangle is equal to the product.of its 
base by its altitude, show that ab = ba, when a, b are any positive real 
numbers. 


b 5. By considering the adjacent figure, interpret 
geometrically the relation (a + b)c = ac + be. 
a 6 


6. Interpret geometrically the equalities 


(a) (a+ b)?= a? + 2ab 4+ 62. 
(6) (a+ b)(¢ + d)=ac + be + ad + bd. 


a. b 


7. Derive the equalities in Ex.,6 from Principles I-V. 

[For 6 (6), we first consider c+ d asasingle number. III then gives 
(a+b)(e+d)=a(c+d)+b(c+d). Applying II and III to each of 
the terms of the right-hand member of this equality, we get the desired 
result. | 


8. Show in detail how the carrying out of the product (ax+56)(cx+d) 
involves Principles I-V. 


9. Show how these principles apply in the addition of 242 +7, 3a + 2, 
and 4224 ” + 8. 


‘eee SC!) 
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45. Review of Algebraic Technique. We propose now to 
take up a few of the most elementary portions of the tech- 
nique of algebra. These are all that will be needed in the 
immediate future. Other topics relating to technique will 
be recalled when they are needed. 

The technique of algebra is concerned altogether with the 
transforming of expressions into other equivalent expressions 
which serve better the purpose in hand. The principal pro- 
cesses used are the following: 

(a) Performing indicated operations and collecting terms. For ex- 
ample, collect the terms in x, y, and z in the following : 

22 +Ty—382+ y—4a—8y4+524 30. 


The result is x +2z. This involves Principles I and IV. 
Perform the indicated operation and collect terms in 


(a? —3 a+ 4)(~%— 2). 


The result is «3 —52?+10%—8. This involves Principles I-V. 
(6) The use of special products. ‘The following equalities should be 
memorized : 


(1) (a+ b)(a— b)= a? — B?. 
(2) (a+ 6b)? =a@+ 2ab+ Bb’. 
(3) (a— b)?=a?— 2ab + B?. 
(4) («+ q@)(x4+ b)=x?4+(a+ 6)x+ ab. 
(c) Factoring. ‘The following cases may be specially mentioned : 
i. The difference of two squares. Use special product (1). Thus 
49 «8 — 4y2 =(7 48 + 2y)(7 x8 — 2y). 
ii. Trinomials of the form x? + px +q. 
Try to find two numbers whose sum is p and whose product is q, in 
accordance with special product (4). Thus to factor 


a? — 64 —27 


we notice that 3 and — 9 are two numbers which satisfy the requirements. 


Hence, 
a2—64%—27 = (@+ 3)(a%—9). 
Again, to factor «2 — 10% +25, we notice that —5 and — 5 are two 
numbers satisfying the required conditions. Hence 


a? — 10% + 25 = (4 — 5) (2 — 5) = (a — )?. 


“ 
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EXERCISES 
1. Perform the following operations : 
(a) (7 —4)(2”%+3). (d) (m+ n)n—(m—n)m. 
(b) (w+ a)(x+b)(%+¢)- (e) (a+ b)?—(a—b)?. 
(c) (@ +h)? — a. (f) (a +b)? —(a — by? 
2. Factor: 
(a) xt — 16. - (e) #2+4+62%+45, 
(b) (2a— b)? — 9(a@ — 1)?. (f) p? — 4p — 21. 
(c) ax — ba + ay — by. (g) @—(#+ y)t4+ ay. 
(d) xt — 622+ 9. (h) 25 a4 + 1023 4 a. 
3. Factor: 
(a) 4a2?—5a +1. (e) #8 —322+4 2a. 
(6) a+ 2ab + 6? — 2. (f) 2+ 7% — 16 x2. 
(c) a® — 64a? — a® + 64. (g) #8 +1, 
(d) 14+ 2? +4 at. (h) «ty? — 17 w?y — 110. 


46. Operations with Fractions. These depend chiefly on 
the simple principle that the numerator and the denominator 
of a fraction may be multiplied by the same number (not zero) 
without changing the value of the fraction, and the reverse of 
this principle, viz. that any common factor (mot zero) of the 
numerator and the denominator of a fraction may be removed 
without changing the value of the fraction.* 

By means of this rule any two or more fractions can be re- 
duced to the same denominator. The rules for adding and 
multiplying fractional expressions are stated symbolically as 
follows: 


a, ¢_a+e 
ae b 
@ 1G ac 
-x-=—. 
bd od 
a na 
ae (n #0) 


_ *This principle is a direct consequence of the definition of division. Can 
you explain it? 
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a ¢__ad+be 
or. a 
a 
6_a_d_ad 
ob ie be 
d 
Also 
ESA, Pa ee em 
b b =O) 
and 
OS ak, ek Soe OF 
eae c 


The following exercises will furnish applications of these 
principles. 


EXERCISES 
1. Express as a single fraction : 
a b c ax by cz 

a) : : d a Dees 
ras c+ta a+b iy az b% 

A oe, © 7 m ,U\/n 
ee aie oe 
Ao) ane 2+ pe ( n Uw/\m u 

rat OE ce 
e) —+— — = i— 0 
(¢) st mS f) ate y 


Simplify the following expressions, assuming that no canceled factors 
have the value zero. 


2 4 (5 a an 
@—a (x—a)? (z—a)? 
3. a—Cc Ly b+e a+b : 
(a—b)(e—b) (a—c)\(a—b) (b—c)(e—a) 
Ae: | pe a ee 
(a— b)(c — b) 
hey {b? — a}. Ans. 4b. 
a+b a—b 
5. “aM. V+ ab +07, 
a3 — b8 a2 4 y2 


bs aS). (B5 , ab) 
eg aaeeart 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 
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at—2ay  x—4y), Ameo 
oy +4y2 a+ 4ay y (a +2y) 


Qi anes 2 {jo 4 eS 
i ac ab a (= 2¢ ) 


Pa b\ (a +h, shag Ans. &. 
ae + 63) b b- a ; 


1 

y 3( 1 at ) 
pa NEES bee >. b 
142 ZING eee tay 


(a + b)? } | (a + 6)? 
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If a, 6, and x are positive, which is the greater, 


Distinguish two cases a > b, a< be 


17. 


If ad < cb, then is it true for all values of the letters involved that 


a/b <c/d® Why? 
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47. Identities and Equations. We must recall here a vital 
distinction between two kinds of equalities. An equality 
which is true for all values of the letters (or other symbols) 
involved, for which both members of the equality have a mean- 
ing, is called an unconditional equality or an identity. An 
equality which may be true for certain values of the letters 
involved, but is not true for all, is called a conditional equality 
oran equation. For example, the equality a?—b?= (a—b)(a+b) 
is an identity since the two members of the equality represent 
the same number for all values of a and b. Also the equality 

a2 — b2 


POE ile a zey 


is an identity, even though it becomes meaningless when a = b. 
Why? On the other hand 2x—8=0 is an equation since 
it is true only for «= 4. Ve +1=—1isalsoan equation, but 
it is not true for any value of x Why?* 

To solve an equation -is to find the values of the letters for 
which it is true. Thus in the first example above, x = 4 is the 
solution or root of the equation 2~—8=0. The second equa- 
tion above has no root. 


48. The Relation A-B =0. In the solution of equations 
the following principle is of frequent application. If a prod- 
uct of expressions each representing a number is zero, we may 
conclude that some one of the factors is zero. In the simplest 
case this means that if A and B represent expressions and if 
A. B=0, we conclude that either A= 0 or B=0.+ 

* By Va is meant the positive square root of a. 

+ We must, of course, be careful to assure ourselves that each of the expres- 
sions-involved represents a number for the values under consideration. Thus 
we cannot conclude from the relation « - (1/x) = 0, that either x = O:or 1/2 =0; 


for when x = 0, 1/x is meaningless. In fact the given relation is impossible; ? 
the equality is not true for any value of x. 
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We may apply this principle to show the absurdity of some 
mistakes that are often made by the careless student. For 
example, a favorite mistake is to “cancel” the x in the expres- 
sion 

Ns od 
b+ ve 

This would be justified if the equality 
(1) cte_$ 


were an identity. If we clear this equality of fractions by 
multiplying both members by (b + x) 6, we obtain 


ba + bu = ab 4+ aa, 
or 
Ot — "aa. 
or, finally, 
(6—a)x=0. 


Hence we conclude that equality (4) cannot be true, unless 
either b =a, orw=0. The “canceling operation” mentioned 
above is therefore unjustified. 


EXERCISES 


1. Treat similarly the following equalities to determine under what 
conditions they are true. Each ope is related to an error that is some- 
times made. 


(a) Is Va?+b2=a+b? (Square both sides.) 
Ob =? 


a bd 
(c) Is 24 +3 _ 4+, 
2e+d cid 


(d) Is @+y)? =a? + y?? 
(e) Given x2? =2a, Are we justified in concluding that « = 2? 


* 


—— 
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2. In each of the following equalities, assuming that the letters repre- 
sent real numbers, determine which are identities and which are equations. 
Among the latter, distinguish those that are not true for any (real) values 
of the letters involved; and for the others determine in their simplest 
form the conditions which they imply on the letters involved. 


(a) af —yt=(a+ y)@—y) (a? + y?). 
(d) 2—8e4+2=—0. 
(e) * 2 SO: 
Bs 
(d) ae —be + ad—bd =0. 


3. Find and discuss the error in the following reasoning : 
Letaw2=2. Thenz? =2a, andv—4=2«—4. This is equivalent to 


(a+ 2)(~ — 2) = 2(x — 2). 


Dividing both sides by x — 2, we get 


x + 2 = 2. 
But x = 2; hence 
24-2 =2 
or 
a= 3. 


4, Find and discuss the error in the following reasoning: Let a and 6b 
represent two numbers. Then 


a? —2ab + b? =b? —2ab+4 a, 


or 
(a— 6)? =(6 — a)?, 
or 
< a@—>b=b— a4; 
hence 


=a 0e 


PART II. ELEMENTARY FUNCTIONS 


CHAPTER III 
THE LINEAR FUNCTION. THE STRAIGHT LINE 


49. A Linear Function. Distance traversed at uniform speed. 

Exampte. A railroad train starts 10 miles east of Buffalo 
and travels east at the rate of 30 miles per hour. How far 
from Buffalo is the train at the end of x hours ? 

In a hours the train travels 802 miles. If its distance from 
Buffalo is denoted by y, we have y = 30”%+ 10. Pairs of values 
of # and y obtained from this equation are shown in the fol- 
lowing table. 


4 
130 


100 


GEOMETRIC REPRESENTATION. Let us plot as points in a 
plane these corresponding values of x and y. We then obtain 
the first of the following figures (Fig. 29). It will be noticed 


that this is the case is as follows: In 
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that the five points appear to lie on a straight line. We have, 
for intermediate values of x, the values of y shown in the fol- 
lowing table. 


Plotting these points we obtain the second of the above figures, 
in which the nine points appear to lie on a straight line. Let 
us calculate the value of y for some more intermediate values 
of a thus: 


In the third figure we see that these new points still appear to 
lie on the same straight line. 

These considerations suggest that if we could calculate the 
values of y corresponding to all the values of w between « = 0 
and # = 4, the points whose coérdinates 
are (a, y) would all lie on a straight 
line joining the points (0, 10) and 
(4, 130), and would constitute the 
whole of this line-ssegment. A proof 


Fig. 30 we have drawn the straight 
line joining the points A (0, 10) and 
B (4, 130). Let (a, y1)(a@ > 0) be any 
pair of corresponding values of w and y for the function 
eo 30 a +10; we then have 


(1) Y, = 30 x, + 10. 
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We now wish to prove that the point P (a, y;) is on this 
line AB.* To do this we construct the triangles APQ and 
ABC by drawing lines through A, P, and B parallel to the 
axes. If Pis on the line AB, then these triangles are similar, 
and if P is not on the line AB, then the triangles are not similar. 
Why? If the triangles are. similar, QP/CB = AQ/AC; and 
conversely, if QP/CB = AQ/AC, the two triangles are similar. 
Expressed in terms of the coérdinates of A, B, and P, this pro- 
portion becomes (see figure) 


Y— 10 Hex 

120 1e 
or 

m= 10 _ 120 _ 59 

xy 4 


But from (1) we have y, — 10 =30 2, and lence 


gy, — 10 
wy 


= 30. 


This proves that every point whose codrdinates (a, y,) satisfy 
the relation y = 80 x + 10 is on the straight line AB. 

Conversely, every point on the straight line AB has coordinates 
(a, y1) which satisfy the relation y = 30 « + 10. 

For, from the figure, we have 


v4 — 10 _ 120 
a 4 
whence 
Y, =80 x, + 10. 


* Extended beyond B, if x, > 4. 

** Observe that QP and CB are measured in different units from AQ and 
AC. But the ratio of two line-segments is independent of the unit in which 
they are measured. 
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The straight line AB (extended indefinitely beyond B) then 
gives a complete representation of the function 30 +10, at 
least for positive values of x (negative values of # have no 
meaning in this problem). Every pair of corresponding values 
of x and y gives rise to a point on AB, and every point of AB 
has codrdinates which are corresponding values of x and y. By 
virtue of this fact the line ABis called the graph of the function 
302+ 10, or the locus of the equation y = 30 a+ 10 referred to 
rectangular coédrdinates ; whereas the equation y = 30 a + 10 is 
called the equation of the line AB. : 

Usrs oF THE GRAPH. The graph just discussed exhibits 
vividly to the eye several properties of the function 30 a+ 10. 

(1) The function steadily increases .as @ increases. This 


- corresponds to the fact that the longer the train moves east- 


ward, the greater is its distance from Buffalo. 

(2) Corresponding to every positive value of a, there is a 
unique value of y. From the graph find y when = is 4. 

(3) Corresponding to every positive value of y (greater than 
10) there is a unique value of x What is the value of « when 
y is 160? 

(4) The last consideration means that « is also-a function of 
y. Explicitly we have 


y = 302+ 10, 
whence 
y—10=302 
and A 
a Ne 
te 30 
_ It is left as an exercise to draw the graph of the function 
y —10 
Fare tc8G 


by assigning values to y and computing the corresponding 


values of x Compare the result with the graph in Fig. 30. 
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RATE or CHANGE oF A Function. Before leaving this special 
case to consider a more general problem, we shall use it to illus- 
trate a very important conception connected with a function. 
We have noted that when e=0, y=10. Starting from this 
initial value, as 2 increases from the value 0, the value of the 
function, 7.e. y, changes (in this case increases). It is often of 
the greatest importance to know how the increase in the func- 
tion y is related to the increase in x As 2 increases from 0 
to 1, y increases from 10 to 40; «.e. a change in a of one unit 
produces a change in y of 40 — 10 or 30 units. The relative 
change is then 2°, or 30. As @ increases from x = 0 tox = 2, y 
changes from y = 10 to y= 70, or by 60 units, and the relative 
change is again 30. ; 

Let us see what the situation is in general. Let a, be any 
particular value of # and y, the corresponding value of y; then 
suppose that x is any other (subsequent) value of # and y the 
corresponding value of y. The change in z is evidently a, — a, 
and the corresponding change in y is y,—y,. We seek the 
value of the ratio 

Yo — Yi 
Vq — % 
We have from the data of the problem 


Yo = 30 a + 10 
and 
y, = 30 a, + 10. 
Subtracting we get 
CRS Up = 30(a — %) 
and hence 
Y2 bac? 1 a 30. 
Ly — Uy 


We see then that the ratio of a change in the function 30 #+10 
to the corresponding change in # is constant and is equal to 


7 x 
= 


i Se ey SY 
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the speed of the train. We shall see presently that in any 
function of the first degree in , the ratio of a change in the 
function to the corresponding change 
in # is constant. 

Geometrically this result expresses 
the familiar proportionality of homol- 
ogous sides of similar triangles. By 
reference to Fig. 31 we may readily 
verify that the terms y, — y, and a, —a, 
represent the vertical and the hori- 
zontal sides of a right triangle whose 
hypotenuse is on the line AB. The fact that the ratio 
(Y — y;)/(@z — x) is constant, i.e. always equal to 30, simply 
corresponds to the obvious fact that any two such triangles, 
no matter at what place they are drawn, or how long their 
sides are taken, are similar. 


50. Change Ratio. The ratio 


Yo 

Hy — Xy 
is called the change ratio (or sometimes the difference ratio) of 
the function. The difference x, — x, is often denoted by Aw, and 
the corresponding difference y,—y, by Ay.* The change 
ratio may then be written Ay/Az. Explicitly, by definition, 
we have the following .equalities : 


Ay Yo — Yi change in y 


change ratio = 
X)—x, corresponding change in a 


The preceding considerations suggest the theorem : 


* A is a Greek capital letter corresponding to our D and called delta; it is 
used because d is the initial of the word “ difference.’’ ‘‘ Az,’’ is then merely 
an abbreviation for ‘‘ difference of the x’s’’ or ‘“‘change in x” and “Ay”’ for 
“ difference of the y’s’’ or ‘‘change in y.” 
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If the change ratio of a function is constant, the graph of the 
function is a straight line; and conversely. 

The truth of this theorem is already sufficiently indicated in 
case y — y, and w,—, are both positive numbers. In formu- 
lating a general proof we must’keep in mind that y,—y, and 
2, — a, may be either positive or negative and that these dif- 
ferences represent directed segments. The proof of the theorem 
in general will appear presently. 


EXERCISES 


1. Discuss fully the graph of the function y = 2%+3. Prove that the 
graph is a straight line. Express cas a function of y, Find the change 
ratio and show that it is constant. 

2. Proceed as in Ex. 1 for each of the functions : 

(a) 54+2, (b) «+12, (c) 3.2%+48.4. 

3. ‘Prove that the change ratio for the function y = mx + bis m. 


4. A steamer 150 miles east of Toledo starts to travel west at a uniform 
rate of 15 miles per hour. Express its distance y east of Toledo at the end 
of x hours. Draw the graph of the function and prove that it is a straight 
line. Does the distance y increase as % increases ? Calculate the change 
ratio and show that :t is constant. What is the significance of the 
negative sign? At what time is the steamer 10 miles east of Toledo ? 
When does it reach Toledo ? How are the last two results shown in the 
graph? What is the significance of the graph that extends below the x-axis ? 

5. Give examples, drawn from your experience, of functions which 

(a) increase as the variable increases ; 

(b) decrease as the variable decreases. 


6. Consider the function y = #. Calculate the corresponding values 
“of y when x = 0, 1, 2, 3, 4, 5. Plot the corresponding points and observe 
that they are not on astraight line. Calculate the change ratio of this 
function for x = 0 and Ax = 1, 2, 3, and observe that it is no¢ constant. 


7. The cost of printing certain circulars is computed according to the 


following rule. The cost for the first one hurdred circulars is $2 and 
for each succeeding one hundred $0.50. Express the cost y in dollars of 
x hundred circulars. Draw the graph of the function and determine 
from the graph the cost of printing 475 circulars. What does the change 
ratio of the function y express in this case ? Ans. y=4x+43. 
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51. The General Linear Function mx + b. The change ratio 
of every function of the form mx + b is constant. 


Proor. Let (a, y,) and (a, y) be any two pairs of cor- 
responding values. Then 


Y= ma, +6 and y= ma,+b; 


hence 
‘ Yo — Yi = M (X_ — 2%), 
.e. 

> eae m. 

xX, — XY 


Conversely, if the change ratio of the function y of x is con- 
stant and equal to m, the function has the form y= mex + b. 
Let (2, 4%) be a particular pair of corresponding values and 
(x, y) any other pair of corresponding values. By hypothesis 
the change ratio is equal to m; i.e. 

Y¥—N_ m 
L— 2, 


or 
y = me — ma, + 15 


but — ma, + y, is a constant, say 6. Hence 
y=me+o. 


Hooke’s law affords an excellent illustration of the above theorem. 
This law states that the length y of a piece of wire under tension is equal 
to its original length 6, plus the stretch, which is proportional to the force 
x causing it. Thus, y = b + max. 

This law may also be stated simply by saying that the change ratio of 
the length y, with respect to the pull z, is constant. 

The preceding considerations lead to the following theorem. 

TueorEM. If a function y of a variable x is such that any 
change in the value of the function is always equal to m times the 
corresponding change in the variable, the function y is given by 
a relation of the form y = mx + b, and, conversely, in any func- 
tion of this form any change in yis always m times the corre- 


‘sponding change in x. 
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52. The Graph of a Linear Function. Let P,(a,, y,) be any 
point on the graph of a linear function (Fig. 32). From P, draw 
to the right a positive horizontal segment P,Q, equal in length 
to a — a, %.e. Aa. Through Q, draw a vertical segment and let 
it meet the graph in the point P,. ‘The segment Q,P, is equal 
to Y2 — y1, te. Ay, and is positive if P, is above P,; (Fig. 32 a) 


J 


(0) 


Fig. 32 


and negative if P, is below P, (Fig. 326). Now let us take 
another positive change Ax = a — a, represented by P,Q, and 
the corresponding change Ay = y, — y, represented by Q;P3. 
If the change ratio is constant, then (1) either P, and P; are 
both above P, or they are both below P, , according as the given 
constant is positive or negative; and (2) the triangles P,Q.P, 
and P,Q;P3 are similar. Therefore the points P, P,P; are on a 
straight line, if and only if the change ratio is constant. 


TuEorEm. The graph of any function of the form y=ma+b 
is a straight line. 


To draw the graph of such a function we need, therefore, 


merely to plot two points of the graph and draw the straight 
line through them.* 
* While two points are sufficient to determine the line completely, it is 


desirable to find a third point as a check on the other two. Moreover, it is 
advisable to take the points as far apart as convenient. Why? 


ve 
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ExamPLe. Draw the graph y=3a+4 2. We notice that (0, 2) and 
(4, 14) are two points on the graph. The line joining these two points is 
the required line. Check by plotting a third point. 

53. The Slope of a Straight Line. The graph of the func- 
tion y= ma +b may be obtained by observing that x = 0, 
y=b and s=1,y=m-+ Bb are 
two pairs of corresponding values 
of wand y. In the adjoining 
figure (Fig. 33) we have plotted 
the two points B(0, b) and 
Cd, m+ b) on the assumption 
that both of the quantities b and 
m are positive numbers. The 
change ratio, as we have seen, is m. In the figure this ratio 
is DC/BD. 

Now suppose that b remains constant and that m takes on 
successively different values. Under the hypothesis that 5 
and BD remain fixed, the points B and D would remain fixed 
and the point C would move up or down on the vertical line 
through D, according as m increases or decreases. The line 
BC would then rotate about the point B, becoming steeper if 
m is increased and less steep if m is decreased. The change 
ratio m then measures the steepness of the line. The term 


Fig. 33 


change ratio applies to the function ma +6; when applied to 
the straight line y = mx +}, it is called the slope of the 
straight line. 


54. Remarks Concerning the Slope of a Line. We as- 
sumed in the last section that both 6 and m were positive 
numbers. Let us now suppose that 0 is still positive, but that 
m is negative. Observe that in the preceding figure MC 
=MD+DC=b+m. Recalling that the relation MC= MD 
+ DC holds universally for any three points M, D, C, on a 
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line (Art. 35), the interpretation of a negative m, i.e. DC, is 
that the point C is below the point D. (Cf. also § 52.) A 
negative value of m then merely causes the line to slope 
downward in going from left to right, while, as we have seen, a 
line with a positive m slopes upward. When m = 0, the line 
is parallel to the a-axis. Indeed the equation y = ma + 6 be- 
comes, for the value m = 0, the equation y=b. This equation, 
when interpreted as a_function of a, means that for every value 
of x, the value of y is b; the graph of such a function is ob- 
viously a straight line parallel to the z-axis. Since a change 
in in this case produces no change in y, the change ratio is 
zero. Finally, if bis negative, nothing is changed except that 
the point B-is below the origin O. A positive m still indicates 
an upward slope and a negative m a downward slope, in pass- 
ing from left to right. 

The number 0, we have seen, represents the segment from 
the origin to the point in which the line cuts the y-axis. This 
segment is called the y-intercept of the line. Similarly, the 
segment from the origin to the point in which the line cuts the 
x-axis is called the x-intercept of the line. 

We have then the following results : 


The straight line represented by the equation y = ma +b has a 
slope equal to m‘and a y-intercept equal tob. In passing from left 
to right, the straight line slopes downward if m is negative and up- 
ward if mis positive; if m is zero, the line ts parallel to the x-axis. 


In the terminology of functions we have: 


The linear function ma + 6 is an increasing function of « (i.e. 
the function increases as « increases) if the change ratio m is pos- 
itive, and a decreasing function of «x (i.e. the function decreases 


as x increases) if m is negative. It is a constant function if m. 
is Zero. 


~ 
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55. Examples of Linear Functions. Examrie 1. Ona Fah- 
renheit thermometer the freezing point of water is placed at 32°, the boil- 
ing point at 212°. On a Centigrade thermometer the freezing point is 
at 0°, the boiling point at 100°. Express the temperature of y° Fahren- 
heit as a function of a° Centigrade. 


SoLurion : y= 32 when x=0. Also-the range of temperature from 
the freezing point to the boiling point of water is 212°—32° or 180° F. while 
it is 100° C. Therefore it follows that an increase of 1° C. is equivalent 
to an increase of $ of a degree F. Nowas the temperature increases from 
0° to 2° C. the change in the number of degrees is x This change in 
temperature is equivalent to an increase from 32° to y° F. The change 
in the number of degrees is then 


y—382=34, or y=2x + 82. 


As a check we may observe that, when x = 100, the formula gives y = 212, 
asit should. Are negative values of « admissible ? “Figure 34 represents 
the graph of thisfunction. It was drawn by using the points A (-30, -22), 
B (100, 212). [Why is it desirable to choose points so far apart ?] 
This graph may be used to read off without computation the approximate 
temperature in F. for a given temperature in C. For example, to x = 22 
corresponds y = 72, approximately. Therefore 22° C. is equivalent to 
about 72° F. By computation we find that y = 71.6. 


EEE aa Ee 
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Examere 2. A bar of iron 8 ft. long at 60° F. will expand or con- 
tract if the temperature increases or decreases. The increase in length is 
proportional to the increase in temperature (physical law). More pre- 
cisely, an increase of 1° F. produces an increase of 0.0000027 ft. In this 
case we have m = 0.0000027. If y represents the length at x° F., we have 


y=3 + m(a — 60). 
Does this relation hold also when «<60? Why? Can you draw the 
graph ? 
We shall now give an example in which m is negative. 
Exampie 3, An aéroplane starts 200 miles east of Chicago and travels 
towards Chicago. Express its distance y from Chicago in miles at the 
end of ¢ hours, if the aéroplane moves at the rate of 82 miles per hour. 


Sotution: According to the data the distance from Chicago is de- 
creasing at the rate of 82 miles per hour, i.e. m =— 82. Therefore, 


y—200=—82t, or y=—82¢ + 200. 


Draw the graph. What is the significance of a negative y (e.g. when 
t= 5)? When does the aéroplane reach Chicago? When is it at a point 
53 miles east of Chicago? When is it 52 miles west of Chicago? How 
could these questions be answered from the graph alone ? 


EXERCISES 


1. On a Réaumur thermometer the freezing point of water is at 0°, 
the boiling point at 80°. Express the temperature in degrees Fahrenheit 
in terms of the temperature in degrees Réaumur. Draw the graph and 
show how it may be used. 


2. Is there any temperature whose measures in the Fahrenheit and in 
the Centigrade scales are equal? Answer by computation. How could 
the result be found graphically ? 


3. A cistern that already contains 300 gallons of water is filled at the 
rate of 50 gallons per hour. Show that the amount of water y in this cis- 
tern at the end of x hours is y = 50% + 300. Draw the graph and discuss. 
How would the function be changed, if the cistern were being emptied 
at the rate of 50 gallons per hour ? 


4. A tank contains 16 gallons of water. A faucet is opened which 
admits 4 gallons per minute. Express the amount, w, of water in the 
tank at the end of ¢ minutes. Draw the graph. Do negative values of ¢ 
have any significance ? When will the tank contain 37 gallons ? 


es 
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5. A tank containing 37 gallons of gasolene is emptied at the rate of 
5 gallons per minute, Express the amount of gasolene in the tank at the 
end of ¢ minutes. Draw the graph. When will the tank be emptied ? 
For what range of values of t has the function any significance ? 

6. Ona certain date a man has $5 in the bank. At the end of every 
week he deposits $3. How much money has he in the bank at the end 
of x weeks? Draw the graph of this function. How is the rate of in- 
crease shown in the graph ? 


7. On a certain day a man has $100 in the bank. At the end of 
every week he draws out $5. How much money has he in the bank at 
the end of « weeks? Draw the graph of this function. How is the rate 
of decrease shown in the graph ? 

8. In experiments with a pulley, the pull P in pounds required to lift 
a load Z in pounds, was found to be P=0.15 242. Plot this relation. 
How much is P when Lis zero. How much is P when Z is 10 lbs.? 

9. If hk represents the height in meters above sea level, and 6 the 
reading of a barometer in millimeters, it is known that b = k + hm, where 
k and m are constants. At a height of 110 meters above sea level the 
barometer reads 750; at a height of 770 meters it reads 695. What 
equation gives the relation between b and h? Draw the graph of this 
equation and from the graph determine h when b = 680. 


56. Linear Interpolation. The fact that the change Ayin a 


linear function y is proportional to the change Az in the variable 
« makes it possible to interpolate readily. For example, if we 


know that y is a linear function of #, and that y = 432.50 when 


x = 32.0 and that y= 436.90 when «= 33.0, we can calculate 
mentally the value of y when « = 32.3. For we know that in 
this case Ay = 4.40 when Av=1.0; hence Ay = 4.4 x 0.8 = 1.82 
when Av =0.3. Hence y is 433.82 when a = 32.3. This pro- 
cess is known as linear interpolation. Why would this process 
not apply directly to functions that are not linear? 


EXERCISES 
Assuming that y is a linear function in each of the following cases 


compute the values of y indicated. 
1. When c= 10, y = 50; when x= 14, y= 90; whenz=11, y= 2 
2. When ¢ = 2.4, y = 9.8; when # = 2.5, y = 8.6; renee Os & 
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57. Graphic Solution of Problems. Whenever we know 

at the outset that the solution of a problem is going to depend 
on the consideration of one or more linear functions, we can 
often solve the problem graphically without determining these 
linear functions analytically. - Such a method is advantageous 
whenever the computation is difficult or tedious and when 
great accuracy is unnecessary. In order to decide whether 
the functions involved are linear or not, we usually have re- — 
course to the theorem (§ 51) that, whenever the change in 
the function is proportional to the change in the variable, the 
function is linear. This is true, for example, in all cases of 
motion at a constant speed on either a straight or curved 
path; the distance is then a linear function of the time. 

The following example will serve to illustrate the graphic 
method of solution. 


Exampie. At 7 a.mM.a man starts to go up the 7-mile carriage road 
of Mt. Washington. At 9 o’clock he passes a party of ladies coming 
down. He reaches the top at 10 o’clock and, finding no view, he immedi- 
ately sets out on the return trip, which takes 1$ hrs. As he reaches the 
hotel from which he started he notices the party of ladies just arriving. 
At about what time did the ladies leave the top, assuming that the man 
kept up an approximately constant rate of speed on the way up and the 
ladies on the way down ? 

To solve the problem, we represent on a horizontal axis the time, mark- 
ing the hours 7, 8, 9, 10, 11, 12 and on the vertical axis the distances 
. from the hotel at the foot of the 

mountain. The graph of the man - 

going up the mountain is a straight 
line starting at O (at 7 a.m. he was 
at the hotel) and ending at a point 

A representing 10 o’clock and 7 

miles from the hotel. Regarding 
ie Eee the ladies, we know that the graph 
Oy 8 9 10 il i2hourg © their descent is also a straight 

Fro, 35 line. At 9 o’clock they were the 
same distance from the hotel as 
the man. The point B on the line OA, corresponding to 9 o’clock, 


an & 
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is then one point of the ladies’ graph. Another point is the point C 
at 0 distance from the hotel at 11:45. The line BC is then drawn 
and extended to D, representing 7 miles distance from the hotel. It is 
seen that the ladies started at about 7:30. How far was the man 
from the top when he met the ladies ? 


58. Sum of Two or More Functions. Let ma + 1, 
Moye + by, +++, m,e + b, be any & linear functions of x. The sum 
of these functions is (m av + b;) + (ama + by)+ ++ +(m,x + b,) 
and this is equal to 


(m, + me + +++ + Mz) & +(0 + by + +++ + 5y); 


which is again of the form mx +b. The result may be stated 
as follows: The sum of any number of linear functions of x is 
itself a linear function of x. 


Exampte. An empty tank is being filled by a faucet supplying 2 
gallons of water per minute. After this faucet has been running 5 
minutes a second faucet is turned on which supplies water at the rate of 
8 gallons per minute. When the two faucets have been running to- 
gether for 6 minutes, an outlet is opened, but both faucets continue to 


yun. If the tank is empty at the end of 32 minutes, counted from the 


start, draw a graph representing the amount of water in the tank at any 
instant. Find approximately the rate of flow from the outlet, which may 
here be considered constant. 
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We shall represent minutes on the horizontal scale and gallons of water 
in the tank on the vertical scale. The increase of water due to each 
faucet is at a constant rate, and the decrease when the outlet is opened is 
also at a constant rate. The amount of water in the tank due to each 
cause separately is, therefore, a linear function of the time, and their 
algebraic sum is also a linear function of the time. The first faucet begins 
at ¢ = 0 (when w, the amount of water in tank, is 0) to supply water at 
a uniform rate which would supply 40 gallons in 20 minutes. The 
amount of water in the tank due to the first faucet alone would then be 
represented at any instant by the straight line OA joining the points 
O (0, 0) to A (20, 40). The second faucet begins when ¢=5 to 
supply water at the rate of 30 gallons in 10 minutes. If this second 
faucet were operating alone, the water supplied by it at a given instant 
would be represented by the straight line joining B (5, 0) to C (15, 
80). In the actual problem from the instant ¢= 5, the two faucets are 
running simultaneously. The sum of the two functions is then rep- 
resented by the line-segment DE, where D=(5, 10) and E=(10, 20+15) 
=(10, 35). This line may be obtained graphically from the figure. When 
t= 11, a new factor enters, which reduces the amount of water in the 
tank to zeroat ¢ = 32. You may now finish the discussion. The required 
graph is the broken line ODHI. What would be the effect on the graph 
if one or both faucets were turned off at ¢ = 20, the outlet remaining open ? 


EXERCISES 


1. A man on horseback rides from a place A to a place B, 15 miles 
distant, in 2 hours. When he is 4 miles from A, he passes a lady walk- 
ing in the same direction. The man remains at B i hour and then 
returns to A on foot. After walking 1 hour, he meets the lady on her 
way to B. If the man walks at the rate of 3 miles per hour, find the 
rate at which the lady is walking and at what time she left A. 


2. A man starts at A to walk thtough B to a place OC. At the same 
time a second man starts to walk from B to C. The first man reaches 
B in 1} hours, while the second man has only walked $ as far in this 
time. In how many hours will the first man overtake the second ? 

3. Represent graphically on the same drawing the motion of the hour 
and the minute hand of a clock and use the drawing to determine ap- 
proximately at what time the two hands are in the same position. 

_ (Hint: The hands are together at twelve. Lay off the hours from 12 
(or, 0) to 12 on the horizontal axis and the angles in degrees that either 
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hand makes with the 12 o’clock position on the vertical axis. Each hand 
moves at a constant angular speed. The graph of the hour hand is then 
a straight line joining the points 
(0, 0), (12, 860). The minute hand 
goes from 0 to 360 in 1 hour. The 
graph during the first hour is then a 
straight line joining (0, 0) to (1, 360). 
At 1 o’clock the graph begins at 
(1, 0) and goes to (2, 360) and so on.] 

4. At what time between five and 
six o’clock are the hands of a watch 
together ? 

5. At what time between two and three o’clock are the hands of a 
watch opposite to each other? At right angles ? 

6. At what time between four and five o’clock are the hands of a 
clock at right angles ? (Two solutions.) 

7. A and B start to walk towards each other from two towns 15 
miles apart. A walks at the rate of 3 miles per hour but rests one hour 
at the end of the first 6 miles. B walks 4 miles per hour but rests two 
hours at the end of the first 4 miles. In how many hours do the two men 
meet ? . 

8. Two men can do a certain piece of work in 12 and 15 days re- 
spectively. After the first man has worked 3 days alone, the two men 
finish the work. How long do they work together ? Ans. 5 days. 

9. A messenger boy riding a bicycle at the rate of 9 miles per hour 
is sent to overtake a man on horseback riding 6 miles per hour. How 
long will it take the boy to overtake the man if the man had a start of 
4 miles ? 


59. Explicit and Implicit Functions. We have hitherto 
considered functions which were defined explicitly by an 
expression involving the variable. Thus the relation between 
y° Fahrenheit and x° Centigrade was expressed by the relation 


Now let us consider the equation 2~7—3y+7=0. This 
equation also defines a functional relation between two vari- 
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ables. To every value of a corresponds a definite value of y, 
and, conversely, to every value of y corresponds a definite 
value of «. But, the equation does not express one of the 
variables explicitly as a function of the other. In fact the 
form of the equation gives no indication which of the variables 
is to be considered as the independent variable and which as 
the function. Such a relation is said to define a function 
implicitly. 

From such an implicit relation we can derive the expression 
of either variable as an explicit function of the other. Thus 
from 2%—3y +7 =0 follows at once 


4 ve ee 
y= gx+ and = 3y—f. 


The first of these equations expresses y as an explicit function 
of x, and the second expresses x as an explicit function of y. 


60. The General Equation Ax + By+C=0. Any linear 
relation between two variables # and y can be written in the 
form 


(1) Az + By + C=0. 


For example, the relation just discussed in the preceding arti- 
cle is obtained from this general relation by placing A= 2, 
B=—3,C=7. Equation (1) always defines y as a linear 
function of x, except when B=0. In this case the term in- 
volving y drops out and the equation reduces to Ax ie C=0, 
and we cannot speak of y as @ function of a. 

But, if B+ 0, we have By =— Az — C, or 

A C 
1 B we 2B’ 

which is of the form y= mx+b. Hence we conclude: 

Any equation of the form Ax+ By+C=0 defines y as a 
linear function of x for all values of A, B, C except B=0. 


ZZ 


; 
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61. The General Equation of the Straight Line. It follows 
from the result of the last section, that the locus of the equa- 
tion 

Ax + By+ C=0, 
when interpreted geometrically in rectangular codrdinates, is 
a straight line, except perhaps when B=0, when the equa- 
tion takes the form Ax + C=0. In this case, if A = Oalso, the 
equation reduces to C= 0, and it completely disappears. If A 
is not zero, we may solve the equation for x and obtain, 


& 
A’ 


~=— 


or 
¢ =a constant. 


Now, the locus of a point whose abscissa is constant is a line 
parallel to the y-axis and at a distance equal to the constant 
from it. Thus the locus of «= — 3 is a line parallel to the 
y-axis, and three units to the left of it. 

The case B=0 is not then an exception, and we have the 
following theorem. 

Every equation of the form Ax + By+ C=0, when repre- 
sented geometrically by means of rectangular codrdinates, repre- 
sents a straight line. If B=0, the line is parallel to the y-axis ; 
if A =0, the line is parallel to the x-axis; if C = 0, the line passes 
through the origin. 

Prove the last two statements of this theorem. 

We may also state the following theorems. 

Every straight line in the plane may be represented by an equa- 
tion of the form Ax + By + C= 0. 

The loci of Axv+By+C=0 and k(Ax+ By+ C)=0 


— (k #0) are identical. 


The proofs of these theorems are left as exercises. 
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62. Analytic Geometry. We have thus far used the notion 
of codrdinates to give a geometric interpretation to algebraic 
relations. It is possible to reverse the process and use the 
connection established between algebra and geometry, for the 
study of geometry. This method of studying geometry by 
algebraic means is called analytic geometry. In the following 
sections we proceed to develop certain analytic methods 
applicable to the straight line. The results are, in a large 
measure, merely a restatement from a different point of view 
of the results already obtained. 


63. Straight Lines. We have already seen that the graphs 
of equations Ax + By+ C=0 and y=ma+b (§ 52), when 
represented by means of rectangular codrdinates, are straight 
lines. In § 60 we saw that the first of these equations could 
be put in the form of the second, provided B+0. Thus when 
an equation of the form Ax + By+ C=0 is solved for y, the 
coefficient of x is the slope, and the constant term is the y-intercept. 

The slope of the line connecting the two points P,(a,, y;), 
P,,(%, Yo) 18 ($§ 51-53) 


We see geometrically that a line is determined when we 
know its slope and a point on the line. To determine the 
equation of this line, if (a, y;) is the given point and m the 
given slope, we proceed as follows. Let (a, y) be any variable 
point on the line. Then, equating slopes, we have 


Y¥— "Nm, 
v— 
that is, 
y—y,=m(x— xX) 


is the required equation. 
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It is left as an exercise to prove that the equation of the 
straight line through the two given points (a, 4), (a2, Y2) is 


Vai shan (7 — 2), 
. Xo a X 
if 2, + 2. 
64. Parallel Lines. In Fig. 37 let (1) and (2) be two 


parallel lines with slopes m, and m,. Construct the positive 
segments P,Q, and P,@, from the points P, and P, on lines (1) 


Fic. 37 


and (2) respectively, and complete the right triangles P,Q,R, 
and P,Q,R,. We then have 


— Qh, and Mo = QF. 


P,Q, P,Q 


If the lines are parallel, Q,R, and Q,R, are either both positive 
or both negative ; m, and m, have then the same sign. They 
. have the same magnitude since the triangles P,Q,R, and - 
P,Q,R, are similar. Hence, 


mm 


If two lines are parallel, their slopes are equal, i.e. m, = mM, 
Conversely, if the slopes of two lines are equal, the lines are 
parallel. 


The proof of this statement is left as an exercise. 
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65. Perpendicular Lines. In 
Fig. 38 let (1) and (2) be two 
perpendicular lines with slopes 
m, and m, and let the units on the 
two axes be equal. From the 
intersection P of the two lines 
construct the positive horizontal 
segment PQ of any convenient 

Fic. 38 length. Through Q draw the 
vertical line R,R,. We then have 


R 
m = oe and m, = re 


Therefore the slopes have opposite signs. Why? Also from 


the right triangle R,R,P we have PQ = |QR,|-|QR,|. There- 
fore * mm, = — 1 and 


That is, if the units on the cdordinate axes are equal, perpendicu- 

lar lines have slopes which are negative reciprocals of each other. 

Conversely, if the slopes of two lines are negative reciprocals of 

each other, the lines are perpendicular, provided the units on the 

codrdinate axes are equal. The proof of this statement is left 

as an exercise. Why is it necessary to assume the units equal ? 
\ 

66. Illustrative Examples. Exampitre 1. Find the equa- . 
tion of the straight line through the point (4, 7) and having 
the slope — 2. ; 

* This proof presupposes that neither m, nor Mg, is zero, i.e. the lines are 
not parallel to the codrdinate axes, and the result obtained does not apply to 


such lines. However, two lines parallel to the x- and y- axes have equa- 


tions of the form y =a constant and x = a constant, respectively, and hence 
can be recognized at once. 


w Bas | 
’ wT, .2 


bee 
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We have at once from § 63, y — 7=— 2 (a — 4) 
or 


Exampre 2. Find the equation of the straight line through 
the points P,(2, 4), P.(— 5, 6). 


The slope m= 
—5—2 


6-4 2. 
fe 


From § 63 the equation of the line is y —4=— 2 (aw — 2) or 
Ty+2a—32=0. 


ExAmpLe 3. Express the temperature measured by y° Fah- 
renheit as a function of 2° Centigrade. 

We know that when y = 32, x= 0: i.e. P,(0, 32) is a point 
on the graph. In the same way we have P,(100, 212) a point 
of the graph. Therefore the equation of the line connecting 


these points is 
212 —32_y—32 
100-0 ~a«—0 


or 
y=%x2+4+32 (See § 55, Example 1.) 


Exampre 4, Find the equation of the straight line 
through the point (2, — 5) and parallel to the line2y +4 —5 
=0. 

The slope of the given line is —2 (§ 63). Therefore 
the equation Of the required line is y +5 =—2(a#— 2) or 
2a+y+1=0. 


Exampte 5. Find the equation of the straight line through 
the point (1, — 2) and perpendicular to the line 3a —y+2=0. 

-The slope of the given line is 3. Therefore the slope of 
the required line is — } (§ 65). The equation of the required 
line is y+ 2=—4(e@—1) orw+3y+5=0. 
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EXERCISES 


1. What is the meaning of the constants m and 6 in the equation 
y=ma+ob? 

2. What is the effect on the line y = mx + b if 6b is changed while m 
remains fixed ? If m changes when b remains fixed ? 


3. Describe the effect on the line y—y,; = m(# — 4) if m changes 
while 21, y1 remain fixed: also describe the effect if 2, y1, vary while m 
remains fixed. 


4. What is the equation of the line 
(a) whose slope is 3 and whose y-intercept is 2 ; Ans. y=3a + 2. 
(b) whose slope is 4 and whose y-intercept is — 3 ; 
(c) whose slope is 0 and whose y-intercept is — 1; 
(d) whose slope is 0 and whose y-intercept is 0 ? 
5. Describe the positions of lines (¢) and (d) in Ex, 4. 
6. Define ‘‘ y-intercept of a line.’’ What is meant by the ‘‘ «-inter- 
cept’? ? 
7. For each of the following lines give x-intercept, y-intercept, and 
slope : 
(a) 2x—3y=7. Ans. $; —4; 2. (c) 2e¢—y+5=0. 
(6) e+y—2=0. (d) 4~a+y=0. 
8. Is a straight line determined if we know its intercepts? Try 
each of the equations 2% —y=4 and 2x—y=0. 
9. Find the equation of the line joining the two points (2, 1) and 
(—8, 1); of the line joining the points (4, 2) and (4, —3). 
10. Which of the following lines are parallel ? 
(a) 2%4—y—4=0. (c) 4%x—2y—1=0. 
(Diigee2 eo 3 = 0: (d) 2y+4xe+5=0. 
11. Are the points (1, 5), (— 1,1), (2, 6) on the line y = 2% 4 3? 
12. What is the equation of the line which is parallel toy =2”+4 38 
and passes through the origin? perpendicular to y=2%+3 and passes 
through the origin ? 
13. Determine & so that 
(a) the line 2~+3y + =0 shall pass through the point (0, 1) ; 
Ans. — 3. 
(6) the line 2%+8y +k =0 shall have a y-intercept equal to 2; 
(e) the line 2% +3 y+ % =0 shall have an x-intercept equal to 5. 
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14. Find the equations of the sides of the triangle whose vertices are 

(8, 4), (—1, 2), (—4, —5). 
Ans. x—2y+5=0; 92-—Ty+1=0; 7x —8y+13=0. 

15. Find the equations of the sides of the quadrilateral whose vertices 
are (— 2, 1), (8, — 1), (— 2, 4), (1, 7). 

16. What intercepts does the line through the points (2, — 7) and 
(4, — 5) make on the axes? 

17. Find the equation of the line which passes through the point 
(4, — 2) and whose slope is 6. 

18. A line has the slope 2 and passes. through the point (— 1, 2). 
What are its intercepts ? 

19. What is the equation of the line which passes through (— 5, 5) if 
its y-intercept is — 3? Ans. 8x+5y+15=0. 

20. Write the equations of the lines which make the following inter- 
cepts on the x- and y-axes. 

(a) 2and —4; (b) —7 and —3; (c) 4and 5; (d) 0 and 0. 

21. If the x- and y-intercepts of a line are a and 8, prove that the equa- 
tion of the line can be written in the form 


*+¥_1, (ab#0). 
Gand 


[This equation is called the intercept form of the equation of a straight 
line.] 

22. Solve Ex. 20 by using the result of Ex.21. Does the formula hold 
in Ex. 20, (d)? Explain. 

23. Find the equation of the straight line through the point (4, — 5) 
parallel to the line 2a—y+7=0; through the same point, perpendicu- 
lar to the line 22 —y +4=0. Ans. y=2u—18; 2y=—2x—6. 

24. Prove that the lines Ax + By + C =0 and Ax + By + D=0 are 
parallel. State this theorem in words. 

25. Prove that the lines dg + By + C=0 and Be—Ay+ D=0 are 
perpendicular. State this theorem in words. 

26. Prove that the lines Ax + By + C=0 and Mx+ Ny + P=0 are 
perpendicular if and only if AM+ BN=0. 

27. Show that the points (— 8, 0), (— 4, — 4), (—4, 4), and (4, — 4) 
are the vertices of a trapezoid. 

28. The Réaumur thermometer is graduated so that water freezes at 0° 
and boils at 80°. Find the equation of the line that represents the read- 
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ing R of the Réaumur thermometer as a function of the corresponding 
reading C of the Centigrade thermometer. 


29. A printer asks 75 cents to set the type for a notice and 8 cents per 
copy for printing. The total cost is what function of the number of 
copies printed ? Draw the graph of this function. 


30. Express the value of a $1000 note at 6% simple interest as a 
function of the time in years. Is this a linear function ? 


31, A cistern is supplied by a pipe that supplies water at the rate of 30 
gallons per hour. Assuming that the amount A of water in the cistern 
is connected with the time ¢ by a linear relation, find this relation if 
A=1000 when ¢=10. Whatis A whent=0? 


32. In stretching a wire it is assumed that the elongation e is con- 
nected with the tension ¢ by means of a linear relation, Find this rela- 
tion if ¢ = 20 lb. when e = 0.1 in. and ¢ = 60 lb. when e = 0.3 in. 


67. Systems of Straight Lines. An equation of the first 
degree in x and y, and containing an arbitrary constant, repre- 
sents in general an infinite number of 
straight lines. For the equation will 
represent a straight line for each value 
of the constant. All the lines repre- 
sented by an equation of the first 
degree containing an arbitrary con- 
stant are said to form a system of 
lines. The arbitrary constant is called 
_the parameter of 
the system. 
Thus the equa- 
tion y=—32+ 0 represents the system 
of straight lines with slope —3. (See 
Fig. 39.) The equation y — 2 = m («# —1) 
represents the system of straight lines Fig. 40 
through the point (1, 2).* (See Fig. 40.) 


*It represents every line of this system except the one parallel to the 
y-axis. Why? 


aid OP e, 
Reaeee 


a 
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68. Pencil of Lines. All the lines in a plane which pass 
through a given point are said to form a pencil of lines. The 
point is called the center of the pencil.. If dx + By+ C=0, 
and A's + B'y + C' = 0 are any two lines of the pencil, then 
(3) (Aw + By + C)+ k(A’x + By + C’)=0, 
where & is an arbitrary constant, represents a line of the 
pencil. This is true because the equation (3) 

(a) is of the first degree in x and y and therefore represents 
a straight line ; 

(6) is satisfied by the codrdinates of the point of intersec- 
tion of the two given lines. Why ? , 

Exampre 1. Find the equation of the line through the 
point (2, — 5) and parallel to 4a4+2y45=0. 

The system of lines parallel to 4a +2y+5=0 is given 
by the equation y=— 2%+k. Since we want the particular 
line of the system that passes through the point (2, — 5), the 
equation must be satisfied by these codrdinates. It follows 
that, —5=—4+ko0rk=-—1. 

Therefore, y = — 2” — 1 is the desired equation. 


Exampie 2. Find the equation of the line through the 
point (4, — 1) and perpendicular to 374+2y—5=0. 

_ The system of lines perpendicular to 3%+2y—5=0 is 
given by the equation y= 3a+hk. Since we want the line of 
the system that passes through the point (4,1), we have . 
k=—41,. Therefore, the desired equation is 

y=3ae—12 or 2a—8y—-11=0. 

Exampie 3. Find the equation of the line through the 
intersection of 2x+y—4=0and2+y—1=0, and perpen- 
dicular to *+ 2y=3. ; 

Any other line through the intersection of the given lines is 


(4) G2 iy D+kesg—D=0 
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- a(2+k)t+yA+h+(—-4-h=0. 


The slope of this line is —(2+)/(1+4) and this must 
be equal to the negative reciprocal of the slope of the straight 
line «+ 2y=3. Therefore, 


ESOS tall a ee 
1+k 3 
Substituting this value in equation (4) and simplifying, we 
have 2a — y—8 = 0, the required equation. 


EXERCISES 


1. Find the equation of the straight line through the point (1, 5) and 
parallel to 2% +38y—9=0; perpendicular to 2% +3y—9=0. 

Ans. 2%4+38y—17=0; 84—2y47=0. 

2. Find the equations of the altitudes of the triangle whose vertices 
are (2, 8), (4, —5), (8, — 2). 

3. Find the equation of the straight line through the intersection of 
10%2+5y+11=0 and «+2y414=0 which is perpendicular to 
x+7y+1=0; parallel to3¢—7y=1. 

4. Find the equation of the straight line through the intersection of 
“a+2y—4=0and2—3y-+1=0 which is perpendicular to 3%u—2y 
+4=0; parallel tox—y=0. 

5. Find the equation of the straight line through the intersection of 
x+y—1=0,%¢—3y+4=0and 

(a) through the point (1, 1) ; Ans.x+5y—6=0. 

(6) parallel to the line « + 2y—9=0; 

(€) perpendicular to the line 4a + 5y=0; 

(d) through the intersection of 82+4y—8=0andea—5y4+7= 

6. Find the equation of the straight line which ee ites. ae 
point 

(a) (0, 0) and is parallel to2a—y+4=0; 

(6) (1, 2) and is perpendicular to 3”—2y—1=0; 

(c) (—1, 2) and is parallel to 7 —y — 4=0. 

7. Find the equation of the line which passes through the inter- 
section of e—y+2=Oand%+y=0 and oe the intersection of 
et+y+2=0,%—y=0. 
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8. Find the equation of the straight line through the intersection of 
x«—2y+7=0and2e—y+4+3=0 and 

(a) parallel to the a-axis ; 

(0) parallel to the y-axis. 


9. Find the equation of the straight line which passes through the 
intersection of 3% —y + 2=0and «+ y=5 and which 

(@) passes through the origin ; 

(0) is parallel tox—4y+3=0; 

(c) is perpendicular to 32 —2y+4+4=0. 


69. Intersection of Two Lines. Simultaneous Equations. 
We have just seen that linear equations in one or two vari- 
ables are represented in rectangular codrdinates by straight 
lines. We now wish to determine the codrdinates of the point 
of intersection of two lines whose equations are given. That 
is, algebraically, we wish to find a set of values for w and y 
which satisfy both equations. 


7 TI 4 Sel 

Exampte 1. Solve the equations sg 7 SeaRERE 
ss cH 2auen 

(5) 82 —4y=7. a 

(6) t+ 2y=9. F 


Multiplying equation (6) by 2 and add- 
ing the result to equation (5), we obtain 
So 25, or x = 6. 

_ Likewise multiplying equation (6) by 3 tas 
and subtracting the result from equation 
(5), we have — 10y> — 20, ory=2. The set of values x = 5, y = 2 is 
seen to satisfy both equations and is called the solution of the given 
equations. If we plot lines (5) and (6) (Fig. 41), we see from their 
graph that the coérdinates of their point of intersection are (5, 2). 

Therefore, a method of solving two linear equations in one or two 
variables is to plot the lines represented by each equation, and then deter- 
mine from the graph the codrdinates of the point of intersection. The 
algebraic method of first eliminating one variable and then the other has 
the advantage over the geometric method in that it is always accurate. 
Instead of eliminating twice, the value found for either variable can be 

- substituted in either equation, and the value of the second variable de- 


termined. 


BNURES 4a 
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Examp.e 2. Solve the equations 
(7) x— 2 y= 3. 
(8) x—2y=—5. 

Subtracting the second equation from 
the first, we obtain0=8. That is, there 
are no values of x and y satisfying both 
equations. Such equations are said to 
be inconsistent or incompatible. We see 
that lines (7) and (8) have the same slope, 
but different y-intercepts, and therefore are parallel lines. 


ie 42 


Exame.e 3. Solve the equations 
(9) a—y=2. 

(10) 2%—2y =4. 

Multiplying the first equation by 2 and subtracting the second from it, 
we have0 =0. If equation (10) be divided by 2, equations (9) and (10) 
are seen to represent the same relation between x and y, and are not 
therefore sufficient to determine x and y. We can assign to either vari- 
able an arbitrary value and then find the corresponding value for the 
other variable. The equations can, therefore, be said to have an infinite 


number of solutions. Such equations are called dependent. The graphs 
of these equations are coincident lines. 


Let us now consider the general equations 

(11) ae + by =¢,, 

(12) aye + by = Co, 

where none of the constants are zero. Eliminating y, we 
obtain (ab, — dyb;)% = ¢,bg — cob,. Eliminating 2, we ob- 
tain (abe — ayb,) y = aycg — age}. Now if a,b, — ab, +0, we 
have ‘ 
Cb, — Cab, — A102 = Ag 

09 es ob,” abs = aod, 


“= 


If, however, a,b, —a,.b,=0, i.e. a,/a,=06,b,, we cannot 
solve for and y. Denoting the common value of these quo- 
tients by k, we have a,=ka,,b,=kb,. Then equations (11) . 


and (12) become ayx + by = ¢,, and ka,x + kby = cg. 
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We must now distinguish two cases according as c, = ke, or 
C2 ke,. In the former case, by dividing out k, we see that the 
equations are dependent and have an infinite number of solu- 
tions. In the latter case they are inconsistent, and thus are 
not satisfied simultaneously by any values of x and y. 

Discuss the cases that arise if some of the constants are zero. 


EXERCISES 


Find, when they exist, the codrdinates of the points of intersection of 
the following lines. Check your answer from a graph. 


1. 4442y=9. 3. 2+2y=3. 5. «+4y=1. 
24—5y=0. 2x2+4y=6. 24+ 8y=2. 

2.3¢2+4y=12. 4. x—2y=7. 6. ©—2y =7. 
x—y=65. 2x—4y=6. —“%+2y=3. 


In the following exercises are the lines concurrent ? If so, what point 
have they in common ? 


1.2+2y=3. 8 2e—y=—-1. 9. ©4+2y=5. 10. x—2y=8. 


x—y=0. 24+y=3. 5bu-—y=3. 5a —y=2. 
ba—y =4. 3842—2y=1. 2e+y=4. 244+3y=1. 
In the following exercises, find & so that the lines shall be concurrent. 
11. 2+ y= 2. 12,27 —y=0. 13. 8a—y=4. 
24—y=1. x+3y=7. x+ty=O0. 
4x+y=k. Ans. 5. a+ky =5. 5a—2y=k. 


14. The sides of a triangle have for their equations 2« +y=5, 
x2—y=10, —2x%+y=6. What are the codrdinates of the vertices of 
this triangle ? What are the equations of the altitudes ? 

15. Find the equation of the straight line through (2, 1), (—1, 2), 
using the equation Ax + By+C=0. [Hunr: Solve for A/C and B/C.] 

16. Find the equation of the straight line through (4, 7) and having 
the slope 3, using the equation Ax + By + C=0. 

17. It has been shown experimentally, that the length 7 of a wire in feet 
under a tension of p pounds, is 1 = a+ bp, where a and 6 are constants. 
Find a and 5 if J = 190 when p = 270, and that 7 =190.2, when p = 450. 

18. The readings T and § of two gas meters are connected by the 
equation 77 =a+bS. Determine a and } when we know that S = 10, 
when 7 = 300, and § = 100, when T= 420. 
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19. The pull in pounds to lift a load / in pounds with a pulley is given 
by the relation p = al + b, where a and 6 are constants. Find @ and 6 
when it is known that a pull of 8 pounds lifts a load of 40 pounds, while it 
takes a pull of 2 pounds to hold the rope on when no weight is attached. 


70. Equations Containing More than Two Unknowns. It 
is easy to see that the methods employed in § 69 for solving 
a system of two simultaneous equations, each containing two 
unknown quantities, may also be employed for solving a 
system of three or more equations, involving as many unknown 
quantities as there are independent equations, 


Examp.e. Solve the equations 


(18) Tx+8y—2z= 16. 

(144) 5be—y+5z=81. 

(15) 2%+5y+52=89. 
Adding three times (14) to (18) gives 

(16) 22% + 13 2 = 109. 
Adding five times (14) to (15) gives 

(17) 27% + 282 = 194. 


Solving equations (16) and (17) by the methods of § 69, we have # = 2, 
z2=5. Substituting these values in (18), we obtainy = 4. It is readily 
seen that a =2, y = 4, z = 5 satisfies equations (18), (14), (15). 

The cases in which three simultaneous equations in three 
unknowns have no solution, or an infinite number of solutions, 
will be discussed in Chapter XXI. 


x 
EXERCISES 
Solve the following simultaneous equations : 
1. 244+4y4+2=12. @ e+y4+2= 138. 3. 2%—-—38y—z2=2. - 


8e+y—2=3. ~—2y+42=10. 54+2y+2=-—8 
e+y+z2=7. 8a+y—382=5. x—-2y—z2=2., 
4.%+8y—42=9 5. wterty=15. 6. x+y=4. 
8e+3y—2=6. e+y4+2=18. 2e+2¢=4., 
5ba+2y—22=7. w+y+2=17. y—2=8. 


wtowete=16. 
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7. If A and B can do a piece of work in 10 days, and A andC in8 
days, and B and C in 12 days, how long will it take each to do the work 
alone ? 


8. Three towns A, B, and C are situated at the vertices of a triangle. 
The distance from A to B via C is 76 miles; from A to C via B 79 miles; 
from B to C via A 81 miles. Find the distance from A to B, from B to 
C, from C to A. 


9. In a triangular track meet the following was the final score: 


SECOND 


Patna Tuirp PLace Toran 


Score First PLAcE 


CollegeA ... 3 37 


CollegeeB .. . 4 23 
CollegeeC ... 2 22 


How many points did each place count ? 


10. Two passengers traveling from town A to town B have 500 
pounds of baggage. The first pays $ 1.75 for excess above weight allowed, 
the second $1.25. If the baggage belonged to the last. passenger, he 
would have to pay $4 excess. How much baggage is allowed to a 
single passenger ? 

11. A crew can row 4 miles downstream and back again in 1} hours, 
or 6 miles downstream and half way back in the same time. What is 
the rate of rowing in still water, and what is the rate of the current ? 

Ans. 6 miles per hour; 2 miles per hour, 

12. Two trains are scheduled to leave two towns A and B, m miles 
apart, at the same time, and to meet in hours. The train leaving A 
was & hours late in starting, so the trains met m hours later than the 
scheduled time. What is the rate at which each train runs ? 

13. Two men are running at uniform rates on a circular track 150 feet 
in circumference. When they run in opposite directions, they meet every 
5 seconds. When they run in the same direction, they are abreast every 
25 seconds. What are their rates ? 

14. Find a, 6, c, so that y = a + ba + ca? shall be satisfied by (2, 1), 
(1,0), (8, — 6). 

622 —a—3 a b c 


_ 16. Find a, 6, ¢, ROR ee ee 


CHAPTER IV 
THE QUADRATIC FUNCTION 
I. GRAPHS OF QUADRATIC FUNCTIONS 


71. The General Quadratic Polynomial ax? + bx +c. 
Having considered in some detail the linear function mx + 6 
and its geometric interpretation, we now turn our attention to 
a similar study of the quadratic function, t.e. a function ex- 
pressed by a polynomial of the second degree in one variable. 
Such polynomials are, for example, 2? + 1, 100 + 50¢— 16.1 #, 
ete. The general form of sucha polynomial is ax? + bx? + ¢, 
where a, b, c are constants anda+0. Such functions abound 
in practice. Thus, if a projectile be shot vertically upward 
from the top of a tower 100 ft. high, with an initial velocity of 
50 ft. per second, the distance s (in feet) from the ground at 
the end of ¢ seconds, is given approximately by the poly- 
nomial 


s= 100 + 50¢—16.12. 


The general formula for the distance s from the ground at the 
end of ¢ seconds of a projeetile shot me upward is 
(approximately) 
8 = 8 + Ut — 290, 
where s, is the distance from the ground when ¢ = 0, », is the 
initial velocity, and g is the so-called “ gravitational constant,” 
which varies slightly from place to place but is approximately 
equal to 32.2 when the distance s is measured in feet and the 
time is measured in seconds, : 
98 


Se |? Ne 
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72. The Function x. We consider first the simplest of all 
quadratic functions, viz. the function y= 2%. A brief tabular 
representation of this function is as follows : 


If we plot these points, we obtain Fig. 43, in which we notice 
that the points seem to be arranged according to some regular 
law. We may insert additional points by calculating values 


of y for values of x between those already used. Thus 
for «=1.5, y=2.25 and a=—1.5 y= 2.25. These points 
are also marked on the figure. In general we see that for- 
2 = a and also for s = — a, we have y=a® Geometrically 
this means that the graph is symmetrical with respect to the 
y-axis, i.e. if the part of the graph on the right of the y-axis 
is turned about the y-axis until it falls in the original plane, 
it -will coincide with the part on the left of the y-axis. More- 
over, since x? is positive (or zero) for all real values of a, no 
part of the graph will be below the w-axis. 
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Keeping these facts in mind we shall make a more detailed 
study of this function and its graph, by considering values 
of w« which are closer together. We shall confine ourselves to 
values of « between x=(0 and w=2. The corresponding 
values of y, for all-values in this range at intervals of 0.1 of 
a unit, are given in the following table: 


We cannot, with any accuracy, insert in Fig. 43 the corre- ~ 
sponding points of the graph. We therefore adopt a pro- 
cedure analogous to the use of a magnifying glass, in order to 
separate the points. This we have done in Fig. 44 by choos- 
ing the unit on each axis 10 times as large as in Fig. 43. We 
then see that there is no difticulty in plotting all the points 
given in the above table. 

‘Let us study more carefully the immediate neighborhood of 
some point on the graph, for example, P(1, 1). We shall 
magnify the shaded area in Fig. 44 in the ratio 10:1 and 
make use of the following table: 


y 


1.10 | 1.2100 
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It will be noted that the points of the graph now lie almost 
on a straight line (Fig. 45). We have drawn a straight line 
through P for the purpose of comparison. If we should desire 
a more detailed representation in the neighborhood of the 
point P, we should calculate the values of y for values of x 
between x = .99 and # = 1.01 and draw anew a small portion 


12> 


1.0 


of the figure about P under a tenfold increase of the unit. 
We would then find that the points would hardly be distin- 
guishable from the points on a straight line. 

Similar conclusions might be reached near any other point 
on the graph. It is of course impossible to prove this for 
each separate point by separate calculations. To prove the 
fact generally we proceed as follows. Let a, be any particular 
value of the variable 2 and y, the corresponding value of the 
function y; then y,=2,%. Now suppose that the value a 
is increased or decreased by a certain amount, which we shall 
call Ax (a decrease means that Ax is negative). The new 
value of « is then a, + Aw and the corresponding value of the 
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function is (#,-+ Aa)? This new value of the function differs 
from the original value of the function, y,, by a.certain amount 
which we shall call Ay. We then have 


yi + Ay = (a + Az)? 


= ay + 2a,Ag + Aa?; 
but 
: Y, = xy. 
Therefore, by subtraction, 
Ay = 2 a,Ax + Aa® 
or 
(1) Ay = (2a, + Az) Ax. 


Since formula (1) is true for every value of a, it follows that 
Ay approaches zero when Aw approaches zero. This means 
that _in the neighborhood of the point (a,, y,) we can find new 


Fig. 46 | 
x 


points on the graph whose # and y differ from those of the 
given point by as little as we please. This simply means that 
the set of all points of the graph of y = a? form a set of points 
with no gaps between them; they form what we may call a 
continuous line or curve.* 


* A function is said to be continuous for a value x= %,, if when Az ap- 
proaches 0 the corresponding Ay also approaches 0. See footnote on p. 19. 


> 
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Further, equation (1) gives the relation, 


Ai = 2 ay + Ae (if Ax + 0). 
From the graph (Fig. 46) we clearly see that this change ratio 
is the slope of the line joining the points P,(a, y,) and 
Po(x,+Ax, y,+Ay).* Ifthe latter point approaches the former 
along the curve, i.e. if we let Ax become numerically smaller 
and smaller, then the change ratio Ay / Aa will differ less and 
less from 22,. Indeed, we may choose Aw sufficiently small 
(without making it zero) so that Ay / Ax will differ from 2a, 
by less than any previously assigned amount. 

Geometrically this means that in the immediate neighbor- 
hood of the point P, on the graph of y = 2, the points of the 
graph lie very near to the straight line through P, whose slope 
is 2a,. From a somewhat different point of view, we can let 
the secant joing the points P, (x,y) and P, (#,+Az2, ¥,+Ay) 
on the graph rotate about P, in such a way that Aw, and there- 
fore Ay, become smaller and smaller and the secant approaches 
a definite position through P, whose direction has the slope 2 a. 
This line is by definition tangent to the graph at P,, or the 
graph is tangent to the line at P,; the point P, is called the 
point of contact. Combining the above results we have : 


The graph of the function y = x" is a continuous curve, above 
the x-axis, symmetrical with respect to the y-axis, and passing 
through the origin. At any point P, (2, y;) on the curve, the 
straight line with slope 2 a, passing through this point is tangent 
to the curve. 


73. Further Observations regarding the Function y = x’. 
The preceding result tells us that when # = 1, the slope of the 
tangent is 2. Reference to Fig. 45 will verify this result for 


* This follows also directly from the formula m = (y2— 1)/ (2 — %1)- 


104 MATHEMATICAL ANALYSIS [IV, § 73 


the straight line there drawn, since this line has the slope 2. 
In Fig. 47 we have reproduced Fig. 43 except that we have 
replaced the several points plotted in the earlier figure by a 
continuous curve and have drawn the tangent at the point 


=| | 


= 
p= ae 
pt ee HEE Et 
Se 2a aii eae eee 


ESaee 
§ SQUS See Sees 


| [| 
BEERS dees 
BARRE GSS 


Fic. 47 


P(1,1). Knowing that the slope of the tangent is 2, we can 
easily construct the tangent. Starting from P we lay off any 
convenient distance PM to the right and then lay off double 
this distance MQ upward. The line PQ is then the required 
tangent. A similar process leads to the construction of the 
tangent at any other point of the curve. 

From the fact that the slope of the tangent at any point on 
the curve whose abscissa is x, is 2 a, we see that as x, increases 
numerically the slope increases numerically, that is, the curve 
‘becomes steeper and steeper the farther we go from the origin. 
Also the slope is positive when a, is positive and negative when 


av, is hegative. This means that going from left to right the 


curve slopes downward at the left of the origin, and upward at 
the right of the origin. When «= 0, the slope is zero, that is 
to say, the tangent is parallel to the x-axis (here it coincides 
with the w-axis). 
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Hitherto in our drawings we have chosen the unit on the 
y-axis to be equal to that on the a-axis. This renders it im- 
possible to draw the graph of the function y = 2? for large 
values of x, without making it of unwieldy size. However 


= H H 
Hite rH 
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nothing prevents us from choosing the unit on the y-axis 
smaller than that on the a-axis, and in Fig. 48 we have chosen 
it one tenth as large. A tabular representation is as follows: 


t1)/4+2/4+3;)+4/ 45 +6| 47 HB o 0 eee 


36 49 64 81 100 


In this case the slopes of the tangents are, respectively, 
+2, +4, +6, +8, +10, +12, +14, +16, +18, +20. 

We have drawn the tangent at the point for which # = 5, and 
have drawn the graph only for positive values of x. 

Examp.e. Find the equation of the tangent to the graph of 
y = 2 at the point (3, 9). 

‘The slope of the tangent at the point (a, y,) is 2a. There- 
_ fore at (3, 9) the slope is 6. The equation of the tangent is, 
therefore, y — 9 = 6 (a — 3) ory= 6a—9%. 
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EXERCISES 
1. Discuss the functions y =— #?; y=2a?; y=— 227. 


2. Construct for the point (2, 4) of the function y = 2? a figure anal- 
ogous to Fig. 45. (Use a table of squares. ) 


3. Use the adjoining figure to give a geometric interpretation of the 
equation Ay = 2a,;Ax + Ax?. The function y= 2 is 
here interpreted as the area of the square whose side 
is x. 

4. If in the function y= x? we take x =3, how 
small must Aw be taken in order that Ay shall be 
numerically less than 0.01? if we take 7=15? Is 
the difference between these two results to be expected in view of the 
nature of the graph ? 


5. Draw the tangents to the curve y=2? at the points for which x=0, 
Sb jg ae lly se thy as 2 

6. If x is the radius of a circle and y is its area, prove that the 
change ratio Ay / Ax approaches the length of the circle as Ax approaches 
zero. 


7. Find the equations of the tangents to the curve y = 2? at the 


following points: (1, 1); (2,4); (—1, 1); (—2, 4). Construct the. 


tangents at these points. 


8. The line perpendicular to the tangent at the point of contact is - 


called the normal to the curve at this point. Find the equations of the 
normals to y = #? at the points (1, 1); (2,4); (— 1, 1); (— 2, 4). Con- 
struct each normal making use of its slope. 
Ans. For the point (1, 1): «+2y—3=0.* 
9. Find the slope of the tangent to y = 3 x? at the point whose abscissa 
is 2. What is the value of this slope at the point (1, 3) ? 


- 10. Find the equations of the tangent ard the normal (see Ex. 8) to 
y =32? at the points (8, 27) ; (— 2, 12). 

11. Find the points where the slope of the curve y = x? has the values 
—1; 2; 10. 


12, 1 cu. ft. of water weighs 66.4 lb. What must be the diameter a 
of a cylindrical can such that 1 in. of water contained in it will weigh 
yoz.? Plot the graph and find % when y = 50. Find y when « =8. 


* Assuming the units on the axis to be equal. 
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74. The -General Quadratic Function y = ax?+ bx+c. 
We may now dispose of the general case. Let 


y = ax? + br+c(a+# 0) 


be any quadratic function (in the case y = a, a was 1, while 


b and ce were 0). Let x increase from the value a, to the 
value 2, + Av, and suppose that this change in the value of x 
changes the value of the function from y, toy, ++ Ay. We desire 
to calculate the value of Ay and of the change ratio Ay/Aa. 
We have 
1 + Ay = a(x + Ax)?+ b(a, + Ax) +e, 
and 
Yy, = ax? + ba, + ¢. 
Subtracting, we obtain 


(2). - Ay = (2 aa, + 6 + adz) Aa, 

and 

(3) qi = 2am-+b+ade (if Aa + 0). 
x 


Equation (2) shows that Ay can be made numerically as small 

as we please, by choosing Ax near enough to 0. Hence we may 

say: 

_ Every function of the form y = ax? + ba + ¢ is continuous. 
Equation (3) shows that the change ratio Ay/Aw approaches 

as a limit the value 2aa,+ bas Ax approaches 0. Hence we 


may say: 


The slope of the tangent to the curve y= az?+ bu+cat the 
point whose abscissa is x, is equal to 2ax, + b. 


75. General Properties of the Function ax?+ bx+c. The 
discussion in the preceding section and the exercises have 
furnished us with some information regarding some special 


- functions of the form az* + ba +c. 
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It will now be shown that whenever the term in 2 is posi- 
tive (i.e. a is positive) the graph of the function is an inverted 


a>o a<o 


Fia. 49 Fie. 50 


arch as in Fig. 49 and that whenever the term in 2? is negative 
(i.e. a is negative) the graph is an arch like the one in Fig. 50. 

To prove this we need only consider the slope of the tangent 
to the curve as the point of contact moves along the curve. 
We have just seen that the slope of the tangent is given by the 
formula m = 2ax, + bat the point whose abscissa is 7,. There 
is just one point on the curve for which this slope is zero, viz. 
the point whose abscissa is 

vy = — atch (a #0). 
a 


Now let us write the slope m of the tangent in the form - 


b 
= 2 Sel) 
m a(m+g0) 


The number in the parenthesis, #.e., 2, + b/(2a), is positive 
when x, >— b/(2 a) and negative when x, << — b/(2a). Geomet- 
rically this means that this parenthesis represents a positive 
number for points to the right of the straight line = —b/(2 a) 
and a negative number for points to the left of this straight line. 

CasE1: a>0. Ifa is positive, the slope m. is positive for 
points to the right of the line «=—b/(2a) and negative for 
points to the left of this line. 

In other words, for all points of the graph to the left of the 
line « = — 6/(2 a) the tangent slopes downward (as we go from. 
left to right) and for all points to the right of this line the 
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tangent slopes upward. The point for which a =— }/(2 a) has 
its tangent parallel to the xaxis. This point is called the 
minimum point of the graph (Fig. 51). » 

CasE 2: a<0. Suppose on the other 
hand that a is negative. The slope m 
is then negative when 2+ 0/(2a) is 
positive and positive when 2,+0/(2a) is 
negative. The slope is therefore positive 
when a,<—6/(2a) and _ negative when 
%>—b/(2a). At the single point for 
which x= — (b/2a) the tangent is parallel 
to the waxis. This point is called the maximum point of 
the graph (Fig. 52). 

When x =— b/(2 a) the function -y = ax? + 
be +e has a minimum value ifa > 0 anda 


Fig. 51 


maximum value if a < 0. 

The curve represented by the function 
Y= at? + be+e is symmetrical with respect 
to the line x =— b/(2 a). 

The proof is left as an exercise. 


Hriyt. Show that the points which have abscissas — b/(2 a) +h and 
— b/(2a) —h have the same ordinate. 


76. Definitions. The curve represented by an equation 


of the form 
y= ax? -++- bx +c 


is called a parabola. The lowest (or highest) point on this 
curve, i.e. the point for which x =—b/(2a), is called the 
vertex. The straight line through the vertex and _ per- 
pendicular to the tangent at the vertex is called the axis 
of the curve. The parabola is symmetrical with respect to 
its axis. 
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77. To draw the Graph of a Parabola y=ax?+ bx+c. 
The preceding discussion enables us to draw the graph of a 
quadratic function without plotting many points. 


Examp.e 1, Sketch the graph of y = 2a°— 62+ 5. 

The slope of the tangent at (a, y,) is, by § 74, m=4a,—6. 
The vertex of the curve is the point for which 4a, — 6 = 0, ie. 
the point for which x, = 3/2; the corresponding value of y is 
1/2 and the vertex is therefore the point (3/2, 1/2). This 
point is the minimum point of the 
curve. We plot this vertex V, draw 
the horizontal tangent at this point 
and the vertical axis. We desire a 
few more points and their tangents 
on each side of the axis and then 
we can draw the curve. For ex- 
ample, we have 


x y m 
i ahs jase 
2 1 2 
Fic. 53 0 5 | -—6 


Exampie 2. Sketch the graph 
of y=— 2? +4245. 

The slope of the tangent at 
(%, 4%) is m=—2a,+4. The 
vertex of the curve is at the point 
for which — 2a%,+4=60, ie. for 
which x, = 2. The corresponding 
value of y, is 9. Therefore the 
vertex, which is the maximum 
point of the graph, is at (2, 9). 
The graph is given in Fig. 54. 


eee 
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EXERCISES 


1. Tell which of the following functions have a maximum and which 
have a minimum value. Find this value in each case and the correspond- 
ing value of x. ' 

(a) 227+8a—9, 
Ans. Minimum value: — 17, when x =— 2. 
(6) 3224+ 8a—6, 
(c) —5a7?+4 10% — 12. 
(d) 347+ 6a —7. 
(e) —2#?+41. 

2. Find the codrdinates of the vertex and the equation of the axis of 

each of the following parabolas. Sketch the curves. 


(a) y=202452+4+3. 
(6) y=32?4 92-6. 
(ce) y=—52? 4+ 102-12. 
Anse Vaal +7 5 ams, ak 
(d) y=32?+ 64-7. 
(e) y=—2? +1. 
3.-The area of a certain rectangle in terms of the length of its side 
xis A=x(100—22). Find @ so that this area shall be a maximum. 
4. A point moves on a straight line so that its distance s from a fixed 
point O on the line at any time ¢ is given by one of the equations below. 
Draw the (s, t) graph and in each case show that the variable point 
reaches, on one side of O, a maximum absolute distance from O. Find 
this maximum distance. Doesthis maximum absolute distance correspond 
to a maximum or a minimum value of s ? 
(a) s=P—4¢+3. 
(6) s=20—8t+4 10. 
(c) s=8+6t-—4?. 
5. Find the equations of the tangent and the normal* to the curve 
y=22—32+1 at the point (1, — 1). Ans. y=—%; y=u—2. 
6. Find the equations of the tangent and the normal* to the curve 
y =— 222+ 3a —1 at the point (1, 0). 
7. Find the equations of the tangent and the normal* to the curve 
y =— 2024 4% —1 at the maximum point. FAS ea) = etnies 
8. Find the equations of the tangent and the normal* to the curve 
y= 322 —62x-+ 1 at its vertex. 


* See Ex. 8, p. 108, 
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78. The Graph of y—k=a(x—h)*. The fact that the 
graphs of functions of the form y = aa + ba +e, all have the 
same general shape but are differently located with respect 
to the coérdinate axes suggests that many of these graphs 
may consist of curves, which might be brought into coin- 

cidence by a suitable motion in 
the plane. That this is indeed 
the case results from the follow- 
ing considerations, which lead to 
a general principle of far-reach- 
ing importance. 
Suppose the graph of the equa- 
xX tion y = aa? is moved parallel to 
itself through a distance and 
direction which carries the point O to the point @ (A, k). 
What will be the equation between the x and y of any point 
P on the curve in its new position, the axes of codrdinates 
remaining in their original positon? This question is readily 
answered. Let P’ be the position of P before it was moved. 
The equation y = aa? then tells us that M'P’ =a- OM" for 
every position of P' on the curve in its old position. After the 
motion, the directed segments OM' and M'P' become respec- 
tively the directed segments QR and RP. Hence, for every 
point P on the curve in its new position we have 
(4) RP=a- QR. 

If the coérdinates of P are (#, y) we have « = OM, y = MP 

and 


Fie. 55 


QR=x-h, RP=y—k. 
Therefore, by (4), the curve in its new position is the graph 


of the equation 
(5) y—k=a- («@—h) 
While we have applied these considerations to the function 


IV, § 79] QUADRATIC FUNCTIONS 113 


y = aa’, the reasoning is general; consequently we may formu- 
late the following principle : 


GeneRAL Princrete. If in any equation between x and y we 
replace x by a —h and y by y — k, the graph of the new equation 
ts obtained from the graph of the original equation by moving the 
latter graph parallel to itself in such a way that the point O moves 
to the point (h, k). 

We shall have occasion to apply this principle often in the 
future. 


79. Transformation by Completing the Square. At present 
we may use the principle just stated to prove that the parabolas 
y = aa? + be +c and y = ax’ are congruent curves. 

This follows at once from the preceding general penciels if 
we prove that the equation 


i ae y = ax + be +e 
can be written in the form 
(7) y—k=a(e —h)*. 


To do this we write (6) as follows: 
y= a(a? + O24 ) +e, 


and then complete the square on the terms in the parentheses by 
adding the term 5? /(4a?). In order to leave the value of y 
unchanged we must also subtract a x 0’ / (4a?) = 0? /(4a) from 
the expression. This gives 
ba , b b? 
' = 2 was + as — 
7’) yaa(a+ Br Pa)te 


or 


This is of the form (7) for the values 


I 
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b? — 4 ac 
ie ey pete 
ear 4a 


The operation just performed is called the transformation by 
completing the square. It is found serviceable in a variety 
of situations. It may be used to advantage in connection with 
numerical examples. 

Exameie. Discuss the graph of y=— 2a? + 8x—9. 

We first write 
y=—2 (2? —4e4 )- 9; 
and then 
y=—2(¢?—44%+4+4)—9+4+8 
or 
yt+1=—2(%— 2)2. 


The graph is then obtained from the graph of y =— 22? by moving the 
latter parallel to itself so that its vertex moves to the point (2, —1). 
EXERCISES 


1, By reducing to the form y— k= a(x —h)?, discuss the graphs of 
each of the following functions. 


(a) y=20?412%42. (d) y=202—Tx 43. 
(b) y=40?4+6a%—9. (e) y=— 402 +7442. 
(¢) y=—82?+ 92+ 10. (f) y=—822—8-e + 10. 


2. Show that the equation of the straight line y — y; = m (x — #1) may 
be derived from the equation y = mx by the general principle of § 78. 

8. The results of § 79 furnish a proof of the fact previously derived, 
that the vertex of the parabola y = ax? + bu + c is at the point for which 
*=—b/(2a). Explain, 

4.° Equation (7') proves that if a> 0, the value « =— b/ (2a) gives the 
minimum value to y; also that if a<0, the value x =—b/ (2a) gives 
the maximum value to y. Explain without using the graph, 

Write the following equations in the form a(#—h)?+b(y—k)?= Cy 
where a, 0, ¢, h, and & are constants. 


5. w2—4H742y2—8y=2. 8. a2+y2—4y=2. 

ms. (x— 2)? +2 (y—2)?= 14, 9. 284+ y2=0. 

6. —227?+4e+y?—4y-3=0. 10. 822-4e2—y242=0. 
7. 402—4¢42y2—38y41=0 


es eT 
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II, APPLICATIONS OF QUADRATIC FUNCTIONS 


80. Maxima and Minima. We have seen that a quadratic 
function aa’®+be+c has either a maximum or a minimum 
value according as @ is negative or positive. Numerous appli- 
cations involve the problem of finding this maximum or mini- 
mum value and the corresponding value of 2, as the following 
examples show. 


Exampte 1. A rectangular piece of land is to be fenced in and a 
straight wall already built is available for one side of the rectangle. 
What should be the dimensions of the rectangle in order that a given 
amount of fencing will inclose the greatest area ? 

Before beginning the solution proper we should note carefully the sig- 
nificance of the problem. The length of the fence being given, we may 
use it to inclose rectangles of a variety of shapes, as indicated by the 
dotted lines in Fig. 56. Some rectangle whose shape is between those 
indicated will inclose the maximum area. -~ 
To determine this shape is our problem. 
To do this, it is necessary to express the ; 
area (the quantity we wish a maximum) it 
as a function of one variable. 

Soxtutrion: Let the dimensions of the 
rectangle be x and y and suppose the given length of fencingis Z. We 
then have 
(8) 2e+-y=L. 


' 
t.-- j-——+- 5 --— =e) 


The area inclosed is A = xy, which from (8) becomes 
A=2(L—22)= Le — 222. 


Plotting this function, we have the parabola in Fig. 57. We desire to 
find the value of x corresponding to the vertex 
V of this parabola, for this gives the greatest 
value to A. The slope m of the tangent is 
given by the equation m= L—4z«, and this 
is zero (tangent horizontal at V) whenx=3 ZL, 
For this value of «, y=} LZ. The maximum 
area is therefore obtained when the width is 
one half of the length. The maximum area 
F.a. 57 is 1 Z? square units. 
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Exampie 2. Three streets intersect so as to inclose a triangular lot 
ABQ. The frontage of the lot on BC is 180 ft. and the point A is 90 ft. 
back of BC. A rectangular 
building is to be constructed 
on this lot so as to face BC. 
What are the dimensions of 
the ground plan which will 
give the maximum floor 
area ? 

In Fig. 58 we have drawn 
the lot ABC and have indi- — 
cated by dotted lines two 
extreme plans. The ground 
plan sought must be somewhere between these two extremes. To deter- 
mine its dimensions we proceed as follows : 

Let « and y be the length of the sides of the ground plan. The floor 
area (neglecting the thickness of the walls) is 


(9) A=wy. 


Cc 


In order to express A, for which we seek a maximum, in terms of x 
alone, we now proceed to express y in terms of x The triangles ABC 
and AMN are similar. (Why?) Hence we have 


MN _LA 


BC = Da (Why ?) 
This gives 

FM ey 

180 90 ° 
whence 
(10) y=—}x2+490. 
From (9) and (10) we obtain 
A= 90a — 422. 


This expresses the floor area asa function of the side 2, The slope of 
the tangent to the graph is given by Ds 


m= 90 —2 


and this slope is zero when x = 90, which in turn gives (by (10)) y = 45, 
and therefore A = 4050. The maximum area is then 4050 sq. ft. and this 
is obtained by making the building 90 ft. long and 45 ft. deep. 

Draw the graph of the function A = 90 x — 4.22. 


me 
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We may note that in both of these examples, the function of 
which the maximum was sought was obtained as a function of 
two variables. The conditions of the problem, however, made 
it possible to express one of-these variables in terms of the 
other and thus to obtain the desired function as a quadratic 
Junction of one variable, whereupon the solution was readily 
effected. The difficulty in this type of problem is usually in 
connection with the elimination of all but one of the variables. 
To solve such a problem it is necessary to keep in mind the 
following steps. 

(1) Decide, and express in words, of what function a maxi- 
mum or a minimum value is to be found. 

(2) Express this function algebraically. 

(3) If this expression contains more than one variable, use 
the conditions of the problem to find a relation or relations 
connecting these variables. 

(4) By means of the relation or relations found, eliminate 
all but one of the variables from the function of which a maxi- 
mum or minimum value is sought. 

(5) Proceed with the algebraic computation. 


EXERCISES 


1. The number 100 is separated into two parts such that the product 
of the parts is a maximum. Find the parts and the corresponding 
product. Ans. 50, 50, 2500. 

. Is it possible to separate 100 into two parts such that the product of the 
corresponding parts is a minimum ? Explain. 


2. Prove that the rectangle of given perimeter which has the maxi- 


mum area is a square. 


3. Find the greatest rectangular area that can be inclosed by 100 yd. 
offence. 
ae 4. Separate 20 into two parts such that the sum of their squares will 
be a minimum. 
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5. A man desires to build a shed against the 
back of his house, the ground plan to be a rec- 
tangle. The roof is to be 1 ft. higher in the 
back than in the front (see the adjoined figure). 
He has on hand enough siding to cover 253 sq. ft. 

L Allowing 18 sq. ft. for a door and assuming that 
the height from the ground to 
] the lowest part of the roof is 8 


ae 


ft., what should be the dimen- 
sions of the ground plan in -=- 
order to get the greatest floor area ? 
6. An underground conduit is to be built, the YY 
cross section of which is to have the shape of a rec- 
tangle surmounted by a semicircle. If the cost of YY i 
the masonry is proportional to the perimeter, and if os 
the perimeter is 30 ft., what should be the dimensions of the cross section 
in order that the conduit will have a maximum capacity ? 
7. The same problem as in Ex. 6 with the perimeter of the cross section 
given as a ft. 
8. Determine the greatest rectangle that can be inscribed in a given 
acute angled triangle whose base is 2b and whose altitude is 2 a. 

*9. In the corner of a field bounded by two perpendicular roads a 
spring is situated 8 chains from one road and 6 chains from the other. 
How should a straight path be run by this spring and across the corner so 
as to cut off as little of the field as possible ? 

Ans. 12 and 16 chains from the corner. 


yy 
Yj 


8 
ee 
8 


Se 9 


81. Table of Squares. We have stated that the more 
important functions have been tabulated (§ 28). The function 
x is one of these. Tables of squares are very helpful in 
shortening computation. A ‘comparatively rapid method of 
constructing such a table is given’in Ex. 2 below. Here we 
may make-use of our knowledge of the function a? to see that 


for a sufficiently small interval in such a table, we are justified 


in using linear interpolation (§ 56). Indeed we have seen that 


* The function whose minimum is sought is not in this case quadratic 
An approximate solution may be obtained graphically. The solution may be 
computed by finding the slope of the graph from the definition of slope. 
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in a sufficiently small neighborhood of any point on the graph | 
of y= x”, the graph differs as little as we please from a straight 
line. (See Fig. 45.) For example, if in the second 


- — 
——|——— table on p. 100 we confine ourselves to only three-place 
94 | .884 


-95 | .903 5 : 
96 | .929 the function are almost proportional to the corre- 


.97 | .941 sponding differences in the variable. We give in 
ae -960 the adjoined table an extract from the table men- 
head tigned. From this table we may conclude that 


(.953)2 = .909. 


accuracy, we find that the successive differences in 


This result is accurate only to the third decimal place. 


EXERCISES 
1. Find by interpolation from the above table the following : 
(.954)2; (.981)? ;:(9.66)?2; (9.89)2. 


2. Compute by actual multiplication the squares of all the integers 
from 31 to 40. This method of computing a table of squares becomes very 
laborious. Write the results obtained from 

x a |Difference your computation in a column, and write op- 
---_- posite each pair of successive squares their 
difference as shown in the adjoined beginning 
of such a table. These differences are called 


33 | 1089 ; 

- 34 the first differences of the table. Do you ob- 
35 serve any regularity in the formation of these 
36 differences? Prove in general the law here 


suggested. 
[Hrxt. Consider the difference between k? and (k + 1)?.] 
Use this law to construct a table of squares from 41 to 100. 


3. If the successive differences of the first differences are formed, we 
obtain the so-called second differences. Prove that in a table of squares 
of successive integers the successive second differences are all equal to 2. 
The first differences, therefore, have the character of a linear function. 
Hence show how to compute the exact value of (32.6)? from the value of 
(82)? and (33)2. This process is known as quadratic interpolation. 
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II. QUADRATIC EQUATIONS 


82. Definitions. An equation of the form aa’ + ba+c=0, 
where a, b, and ¢ are constants and a + 0, is called a quadratic 
equation. . 

A value of x which when substituted in the equation 
aa + ba + c=0 makes both members identical is called a root. 

Exampre 1. Is 3a root of the equation 2”27—5”%+6=0? 


Substituting 3 for x, we find 2.3? — 5.3 + 6=9 and not 0. Therefore 
3 is not a root. 


EXAMPLE 2. Determine & so that one root of 2 kr? —3a2+5=0 shall 
be 1. 

Since 1 is to be a root, we have 2k—3+5=0, or k=—1. The 
equation then becomes — 2%? —3x%+5=0. 

83. The Roots of ax2?+ bx+c=0. It follows from § 79 
that the equation ax? + ba + ¢=0 may be written in the form 
2 b?—4ac 
al e+ —_—— 

(2 2 a) ~ tos 


provided a+0. Dividing by a and solving for (a+ b/(2a)), 


hi 
we have ae i) paws 
2 4 a? ‘ 
or 
b_., Vb—4ac 
a el 2a f 
hence ‘ 
(11) os oe aes 
2a 


We have shown up to this point that if aa? + ba+ ¢has the 
value 0, then x must have one of the values given in equa 
tion (11). We need still to prove the converse: If 


pe OVO Shae Wie 2 —b—~V/b?— 4ac 


2a 2a : 


\ 
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then ax? + be +e will have the value 0. This can be done by 
substituting the values of x in turn in the expression ax*+ ba+ce 
and simplifying the resulting expressions.* 

The last part of this proof is essential. We know that the | 
converse of a true theorem may be false.t+ The first part of 
our discussion proved that no other values of a#’than those 
given by (11) will satisfy the equation aa + ba +c=0, but it 
did not prove that either of these values does satisfy the given 
equation. 

Equations (11) may be used as a formula for solving a quadratic 
equation. Thus, solving 

222—5a—13=0 


where a = 2, b=— 5, c=— 13, we have 


2 DE V2 sae. 13) 


or 
oe +V129° 
4 


Sotution By Facrorrne. If the factors of a quadratic 
equation may be found readily, one may proceed as in the 
following example. 


Exampte. Solve x?—32+2=0. 
This equation may be written in the form 
(@ — 2)(4— 1)=0. 


Therefore, 
x—-2=0 or x—1=0, 


i.e€. 
\ g=2 or r= 1 


Why? See § 48. 


* The converse can be proved at present only if }?—4 ac is not negative. 
Why ? 

+ Thus the converse of the true statement, ‘‘ A horse is an animal,’’ would 
be the false statement, ‘‘ An animal is a horse.” 
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EXERCISES 


Determine whether the roots of the following equations are as stated. 
1. #2 —5674+6=0;2, 3. 4. 2e—5x%+3=0;1, —2. 
2. 22+5%—6=0;1,2. 5. 22-7 =0; v7, — vi. 
3. 227—12%+4 30=0; 5, 6. 6. 77?—2x”%+4+51=0; 0,1. 
In the following equations determine & so that the number beside the 
equation is a root. Find the other root. 
7. 242kex—5=031. 8. kx? -—5a+k?-—1=0;50. 
Ans. k= 2; other root =— 5. 9. ke? —5ke +11 =k;2. 
Solve the following equations by means of the formula and also by 
completing the square : 


10. (aw +b)? =62. 15. sx?+ tx—p=0. 
11. @—5)(7% —3) = 12. ie. GB et+2)?_y 
iy as ae Tyee 
" 3 , 17. 3(522—10)+22—5=0. 
13. 2+ ke—-—dx?+h=0. © 18. 27+ (p—qgx—pq=0. 


14. m?x2 + m(n— p)x —~mp=0. 


Solve the following equations by factoring : 


19. x7—824 15=0. 22. 8027—172%410=0. 
20. «2?-— 1474+ 48 =0. 93. 5a+ 14 = 22, 
OXN, Wt ae el 24. abe? + a + 62% + ab = 0. 


25. A cross-country squad ran 6 miles at a certain constant rate and 
then returned at a rate 5 miles less per hour. They were 50 minutes 
longer in returning than in going, At what rate did they run ? 

Ans. 9 miles per hour. 

26. When a single row of rivets is used to join together two boiler 
plates, the distance p between the centers of the rivets is given by the 
formula 

@ 
p = 0.56 = +d, 


where ¢ is the thickness of the plate and d is the diameter of a rivet hole in 
inches. In a certain make of boiler the rivets are 1 inch apart and the 
plate is } inch thick, Find the diameter of the rivet holes. 


27. How high is a box that is 6 ft. long, 2 ft. wide, and has a diagonal 
8 ft. in length ? . 
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28. The effective area H of a chimney is given by the formula 
E= A —06VA, where A is the measured area. Find the measured 
area when the effective area is 25 square feet, 


29. Two men can row 12 miles downstream and back again in 5 
hours. If the current is flowing at the rate of 1 mile per hour, how fast 
can the men row in still water ? 


30. Find the outer radius of a hollow spherical shell an inch thick 
whose volume is 76 7/3 cubic inches. 
[Hixr. The volume of a sphere is 4773/3.) 


84. Graphic Solution. Exampie. Solve #?—424+3=0 
graphically. 

Let us plot the graphs of y = 2, y=4a— 83 with reference 
to the same set of axes (Fig. 59). We see that the two graphs 
intersect in two points, the codrdinates of | 


which satisfy both equations. Therefore the eee 
abscissas of these points are values of x 
which make the right-hand members equal, 
a.e., for which 
or 
—4r+3=0. yi 
: Fic. 59 


The roots are seen to be 1 and 3. 
If the line and the parabola were tangent, what would you 
say concerning the roots? If the line and parabola do not 
meet, what would you say concerning the roots ? 
This problem may be solved graphically in 
an entirely different way. We will plot the 
curve y = a? —4a+3 (Fig. 60). The abscissas 
of the points where this graph meets the a-axis 
are roots of the original equation. Why? 
; Describe the roots if the parabola touches 
the x-axis. What would you say concerning the roots if the 
parabola did not meet the a-axis ? 


CoN 
HOES 
Fic. 60 


“ 


oo 
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85. General Theorems. 1. Jf r is a root of the equation 
aw + bat+c=0, then a —r is a factor of aa + bx +c. 
Dividing aa? + bx + ¢ by « — r, we obtain : 


a — r| aa + ba + clax +(b + ar) 


ax? — are 
(6+ ar)u+ec 
(6+ ar)x —(b+ar)r 


e+br+ar 
Therefore 
ax? + ba +c=[ae+(b + ar) ][@—r]+e-+ br + ar. 

But, by hypothesis, r is a root; therefore, ar? + br+c=0; 

hence 
ax? + bu +ce=[ar +(b + ar) |[a — 7]. 

2. Prove that ifa —r is a factor of ax’?+ba+c, thn «=r 
is a root of aw + be+c=0. 
- 8. Prove that if the expression ax? + ba-+c is divided by 
x — r, the remainder is ar? + br + ¢. = 

Tue DiscRIMINANT OF THE QuADRATIC. In § 83 we saw 
that the roots of the equation ax? + bx ae c=0 are 


Sb +V0?—Aae afe —ba-Ve— tae 4ac. 
2a 2a 


The expression under the radical, namely, b? — 4 ac, is called 
the discriminant of the equation, because it enables us to dis- 
criminate as to the nature of the roots. From geometric con- 
siderations we know that a quadratic equation with real 
coefficients a, b, c may have either two real distinct roots, two 
real equal roots, or no real roots at all. The above formula 
enables us to see the same truth algebraically. 

If b?—4ac=0, we say that there are two real and equal 
roots, each being — b/2a. 

If b? — 4ac > 0, there are two real and unequal roots. 


or 
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If b2 — 4ac< 0, there are no real roots. The roots of such 
an equation are called imaginary or complex. The properties 
of such numbers will be discussed fully in Chap. XVIII. 

If the discriminant 6? —4ae is a perfect square and the 
coefficients a, b, ¢ are rational numbers, then the roots are 
rational. 

By finding the value of the discriminant we may determine 
the nature of the roots of the quadratic without solving the 
equation. Thus, in the equation 322+ 42—3=0, the dis- 
criminant is 52 and we conclude that the roots are real, un- 
equal and irrational. 


RELATION OF Roots To CorrFicirents. Let the roots of the 
equation az*+ ba + c= 0 be denoted by 7, and r,. That is, let 


—_ ss a 
es b+Vb 4 ac Pind? eS b— Vb? — 4ac 4ac. 
2a 2a 


By addition we have 


a are oath Lae Bb — 4ac—b—Vb?—4 a0 reel 
2a 2a 
By multiplication we have 
eae Ate b)— Vb? — 4 acl[(— 6) + Vb? — 4ac] 
4a? 
FF + dae. ¢. 
4a a 


gis 


Therefore, if we write the quadratic equation in the form 


b 


w+ a+" =0, 


the above results may be expressed as follows : 

In a quadratic equation in which the coefficient of the a term 
is unity, (i) the sum of the roots is equal to the coefficient of 
with the sign changed; (ii) the product of the roots is equal to 
the constant term. 
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EXERCISES 
Solve graphically (two ways) each of the following equations : 
1, 2024+50%—8=0. 3. 12—-ae=2%. 5. 4-22 =0. 


2) 2 — 8a lo 0: A, 272 = oe — or — 0: 6. 4+2°=—0. 
Form the equations with the following roots : 
7. 4,—5. Ans. 2&+2—20=0. 9. 24+V5,2—V5. 
$7, V7. 10. c+3b,c—38b. 
11. What is the remainder when 322—2x%+5=0 is divided by 
w—8? byx+2? byx—1? by —x+1? [Hint: Use 3, § 85.] 
Determine, the nature of the roots of the following equations : 
12. 77?7—5x=6. 14. 2y2+3y+24=0. 
1S rit see 15. 972? =44—65. 
Determine & so that the following equations shall have equal roots. 
[Hint : Place 6? — 4 ac equal to zero. | 
16. kx2—627+3=0. Ans. k=2. 18. 2242(1+hk)24+2=0. 
17. 302-4kx+2=0. 19. 2kx?+(5k+2)x+4hk41=0. 
20. Determine the limits on & so that equations 16-19 shall have their 
roots real and unequal ; imaginary and unequal. 
21. If x is real, show that ae SS 
—be+9 
22. A party of students hired a coach for $12, but three of the students 
failed to contribute towards the expense, whereupon each of the others 
had to pay 20 cents more. How many students were in the party ? 
23. Cox’s formula for the flow of water in a long horizontal pipe con- 
nected with the bottom of a reservoir is 
Hd 42+ 5v—2 
LL 200 Oa 
‘where H is the depth of the water in the reservoir in feet, d the diameter 
of the pipe in inches, Z the length of the pipe in feet, and v the velocity 
of the water in feet per second. If a reservoir contains 49 ft. of water, 
find the velocity of the water in a 5-inch pipe that is 1000 ft. long. 


must lie between — and 1. 


24. It takes two pipes 24 minutes to fill a certain reservoir. Thelarger ~ 


pipe can fill it in 20 minutes less time than the smaller. How long does 
it take each pipe to fill the reservoir ? Ans. 60 min.; 40 min. 
25. Prove algebraically and geometrically that if 62—4ac<0, the 
value of the function ax? + ba + ¢ is positive for all (real) values of a, 
if a>0; and negative for all (real) values of x, if a< 0. 
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86. Equations involving Radicals. The method of solving 
problems involving radicals will be illustrated by some 
examples. 

Exampte 1. Solve Vz+2—2(¢—1)=0. 

Transposing the second term to the right-hand member gives 

Va +2 = 2(%—1). 
Squaring, 
e+2=42°—82+4, or 42°—974+2=—0, 
Whence ; 
x= 2, or i. 

Do both these values satisfy the equation? 

We have shown that, if Va+2—2(a#—1)=0, then =2 
or}. But we cannot conclude conversely, that if «= 2 or 4, 
then Vx +2 —2(a—1)=0. 

In fact, if we substitute the values of # found in the original 
equation, we find that « = 2 is a root; but # = 4 is not. 

EXAMPLE 2. Solve the equation Va +8+V2+3=5V<a. 

Squaring both sides, we find 

2+842V7e+ 11424 244+424+3= 252, 


or 
2/a?+ lla + 24 = 23e—11; 
whence squaring, collecting terms, dividing by 25, we have 
21 a? — 224+1=0; 


therefore, « =1 or =. 


What are the roots ? 
EXERCISES 


Solve each of the following equations : 
1, Vx—2—3=0. 4, —-V4ea—38—vV2e4+1=1. 
2% Ve—2+38=0. Va +5+ Vx+10= V20+15. 
Ans. No roots. Vit b4+Vet+a=V2%+a+06. 
8. Vet 2—Ve+7=—-1. V9" +6—Ve+4=Va —4. 
Ans. 2. Ve24+3— V4ea + 1=V2—3¢. 


COS Ox 
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MISCELLANEOUS EXERCISES 


Determine the condition existing among a, b, ¢ so that the equation 
ax? + ba + ¢=0 shall have : 


1. One root double the other. Ans. 2b6?=9 ae. 
2. The roots reciprocals of each other. Ans. a=c. 
3. One root three times the other. 

4. One root n times the other. 

5. One root zero. Ans. 6= 0: 
6. One root equal to1; 2; 3; n. 

7. The roots numerically equal but opposite in sign. Ans. b =0: 


8. Find the area of the largest rectangle that can be inscribed ina 
triangle whose base is 20 inches and whose altitude is 15 inches, if one 
side of the rectangle is along the base of the triangle. 


9. Separate twenty into two parts such that the product of half of one 
part by a quarter. of the other shall be a maximum. 


10, Solve the equation y#— 8y?+4+15=0. [Hint: Lety?=72.] 
11. Solve the equation E + “| + E + Z| — 12=0. 
x 


12. Solve the equation 2? + 82+ 3Va2?+824+2=8. 


2 
13. Solve the equation —~__£t1_7 
+1 a 12. 


14. Find £ so that the roots of (k + 2)z2—2ka+1=0 are equal. 


15. Without solving, determine the sum and product of the roots of each 
of the following equations : 


(a) 202?—-Ta—-38=0. (c) 4a? -8x%+1=0. 

(b) w#—4%42=0. (d) 202+38a%+4+4=0. 

16. Determine k so that the sum of the roots of the equation 
20?+(k—1)x+(8k —7)=0is 4. Ans. k=—T7. 


17. Determine & so that the product of the Toots of the equation 
ley erat: +3)r2+(?—2k fe 1)=0 is 2. 


CHAPTER V 
THE CUBIC FUNCTION. THE FUNCTION x 


87. The General Cubic Function ax + bx?+cx+d. Hav- 
ing discussed in the last chapter the general quadratic function 
aa? + be +c, we now turn our attention to 
the general algebraic function of the third 
degree, i.e. the general cubic function. It 
is of the form 


ae + bx? + cx +d, a+ 0. 


88. The Function x*°. We begin with 
the consideration of the function y = 2’. 

A brief tabular representation of this 
function is given below. 

We note that the values of a? 
for negative values of x are the 
same in absolute value as those 
for the corresponding positive §5!/ 0.12 
values, but negative. If the 1.0; 1.00 
corresponding points are plotted 
with respect to a pair of rec- 95] 15 9 
tangular axes, we obtain Fig.61. 3.0 27.00 

The change Ay in y due to a 
change Az in a is calculated as follows, where x, and y, are 
any pair of corresponding values of # and y: 


(1) Y, + Ay = 4+ 342+ Ax + 3 x,Ax? + Aa’. 
E 129 
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Since 
me "1 = x,', 
this gives 
(2) Ay =(3 42 + 3 x,Ax + Aa?) An, 


We can now conclude that as Aw approaches zero, Ay also 


approaches zero; 7.e. the function is continuous for all values 


of x From (2) we obtain 
(3) at =302+3x,Ac+ Ae (if Ar +0). 


As Aw (and, therefore, also Ay) approaches 0, this change ratio 
approaches 3,2. The slope m of the graph at the point (2, y;) 
is, therefore, 

(4) m = 30,7. 

This slope is positive for all values of a, 
except x,=0. Why? The function is 
therefore an increasing function for all 
values of w except v = 0, i.e. at the origin, 
where the graph of the function is tangent 
to the v-axis. The graph is exhibited in 
Fig. 62, where we have drawn at certain 
points the tangents to the graph by means 
of (4) in order to insure greater accuracy. 


Fia. 62 


89. The Functions ax’ and a(x — h)?+ k. 
From the results of the last article and the 


general principles previously established, we conclude that the — 


graph of the function 
; y= ase 

is obtained from that of y = 2 by stretching or contracting all 

the ordinates in the ratio |a@|:1, according as |a| is greater 

than 1 or less than 1, and in case a is negative reversing the 
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signs of all the ordinates (Fig. 63).* Explain the reason for 
this result. 
The function y = a(a— hk)’ + k% may be written in the form 
y—k=a(a—h)’. 


Its graph is accordingly (§ 78) obtained from that of y = aa? 
by sliding the latter graph through a distance and in a direc- 


Y H 
Yj Y; 
I 
I 
1 
I 
H 
x a) D.¢ ‘i> 
1 
1 
i] xX 
@>o a<0 a<o 
y=az? y=a(wh+k 
Fig. 63 Fig. 64 


tion represented by the motion from (0, 0) to C=(h, k). Ex- 
plain the reason for this (Fig. 64). 

The slope of y= az’ at the point (x, y,) is 3a%2. The slope 
of a(z — h)'+ k at the point (2, y,) is 3a(a,—h)% The proof 
of these statements is left as an exercise. 


EXERCISES 
1. From the graph of the function y = x8, determine the volume of a 
cube whose edge is 0.5 in. ; 0.5 ft.; 3 ft.; 1.5 cm. 
2. Find the equation of the tangent and the normal to the curve y = «3 
at the point (2, 8); (—1, —1); (0,9); (—2, — 8). 
. 8. Draw each of the curves y= — 2, y=4 x8, y=3(4—1)8, y=2(4+1)8 
y=—4(et 28. | 
* For example, if the unit on the y-scale of Fig. 62 be doubled (¢.e. made 


equal to the z-scale) while the curve is left unaltered, the graph there given 
will be the graph of y = 43. 
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4. Show that the slope of y = — az® at the point its 1) is — 3 axy,?. 
5. Discuss the locus of y =— 2%. 


6. Discuss the locus of y =— az’ if ais positive and greater than 1; 
less than 1. Show that the same curve will serve as the graph for all 
values of a > 0 if the units on the axes are properly chosen. 


90. The Addition of a Term mx. Shearing Motion. If to 
an expression in & defining a function, a term of the form ma 
be added, the effect on the graph is readily described in terms 
of a type of motion that is important in mechanics. For ex- 
ample, let us take the function 2* and investigate the effect 
produced upon the graph by adding the 
term —3a. The graphs of y=2? and 
y =— 3a are drawn in Fig. 65. The graph 
of y =2' — 3-2 is then obtained by adding 

=23-3, the corresponding ordinates of the former 

graphs. The addition of these two func- 

x, tions is obtained graphically by sliding the 

* ordinate of each point on y= 2° vertically 

up or down until the base of that ordinate 

meets the graph of y=—32a. If we think of the ordinates 

of y=2* as attached to the xaxis and constrained to remain 

vertical, the graph of y=2* will become the graph of 

y=2—3-a if the x-axis is rotated about the origin until it 

coincides. with the line y=—3a. The resulting graph of 

‘y =x — 3x is, of course, to be interpreted as drawn with ref- 

erence to the original vaxis. The motion just described, 

-whereby y= is transformed into y=2*— 3a, is called a 
shearing motion or a shear with respect to y=— 32. 

In general, if the term mz is added to az*, the graph of the 
function ax? + ma is obtained by subjecting the graph of az? 
to a shear with respect to the line y= ma. If aand m have 
the same signs, the effect is in the direction of straightening 


Yoze 
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the graph; if a and m have different signs, the effect is in the 
direction of emphasizing the curvature. 

These effects can be produced by drawing the original figure 
on the edges of a pack of cards, or on the edges of a book, and 
then shifting the cards (or sheets of paper) as shown in Fig. 66. 


Ask 


R! 


Q 


3 Fia. 66 Q' 
F EXERCISES 
Draw the graph of the following functions, making use of the shear: 
; po ie ye Sx + 2. 5. y=e+a—l1. 
¥ 2. y=w4+2. 6. y=— 8 +e42, 
8. y=— 8 — 2. 7. y=o—1. 
4 y=—20 +40. 8. y= a?—4n. 


: 9. Show that y= mz is the equation of the tangent to the curve 
 y=a3+ mx at the origin. 
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91. The Functions a(x — h)? + m(x —h)+k and ax’ + bx? 
+cx-+d. We have seen that the graph of 


(5) y= ae+ mex 


has one of the following forms (Fig. 67) according to the signs 
of a and m. 
If such a graph is subjected to a parallel motion which 


a>o- a>o 
m> 0 ee a>|o 
m<|o 
a<o aso 


mm <o m>o 
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carries the origin to the point (h, k), the equation of the graph 
in its new position is (§ 78) 


(6) y—k=a(a—h)+m(a2— hy), 

which ed expanded takes the form 

(7) yy = aa —3 aha’ + (3 ah? +m) a— ah? — mh + k. 
This is of the general form 


(8) y =aas + bv? + cx +d. 


i. 
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Moreover, it includes for all values of h, k, m all the equations 
of the general form (8). For (7) and (8) will be identical if 


(9) —sah=b, 3al?+m=c, —aki—mh+k=d. 


The first of these equations determines h(a+0); h being 


known, the second equation determines m; m and h being 


- known, the third equation determines k. We may conclude 


then that the graph of any function of the form (8) has one of 
the shapes given in Fig. 67, but with the origin moved toa 
point (A, k) given by the equations (9). 

In order to draw the graph of a function of the form (8) 
we could first transform (8) into the form (6) and then pro- 
ceed asin § 90. It is more expeditious, however, to proceed 
more directly by making use of the slope of the function (8) 
and our knowledge of what shapes may be expected. 


92. The Slope of y = ax? + bx?+cx+d. The change Ay 
in y due to a change Az in the function 


y = ax + ba? + cx +d, 
when «= ”,, is 
Ay = (8 aa? + 2 ba, +¢+3 ax,Ax + bAx + aha?) Aa, 


This equation shows that the graph is continuous. Why? 
When Az approaches 0, the change ratio me Spproaeles 
the slope m, by definition. This gives, 


m=3ax,?+2bx,+c. 
93. To draw the Graph of y=ax?+bx?+cx+d. We 


shall illustrate by means of two examples the method of draw- 
ing the graph of a cubic function. 
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Exampre 1. Draw the graph of y=a°+22—2+42. 
The slope m at the point (a, y,) is (§ 92) 


m=3a2+2.0, —1. 


We seek first the points (if such exist) at which the tangent 
is horizontal, i.e. where m=0. The roots of the equation 


m = 0, viz. 
3e7+2a,—1=0 


4. 
points (— 1, 3) and (4, 49). 

We now compute a table of corresponding values of L,Y, m 
for values of x on both sides of and between 2 =1 and a= q. 
Such a table and the corresponding figure are given below. 


are %,=—1 and 2,=4. The slope is therefore 0 at the 


—3/-—18 20 
—2 0 7 
-—i1 3 0 
0 2; —1 
| 49] 0 
1 3 4 
2 12 15 


Exampie 2, Draw the graph of y=>—2#—3 at—5e+1. 
The slope at the point where w = 2, is. 


m =— (3 xy? +6 2, +.5). 


Since the roots of the equation 3a,°+62,+5=0 are im- 


aginary, the graph has no horizontal tangents and the slope m 
is negative at every point. We accordingly make a table of 
values and construct the graph (Fig. 69). 


— : ee. 
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Lee eae) m 
— 8 16| — 15 
—2 7T)/-— 5 
-—1 4|— 2 
0 1j}-— 6 
1| —8|-—14 
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94. Maxima and Minima. We extend our definition of 
maximum and minimum given in § 75 as follows: 

A value of x for which a function stops increasing and 
begins to decrease is said to correspond to a maximum of the 
function; a value of x for which the function stops decreasing 
and begins to increase is said to correspond to a minimum of 
the function. Thus in Ex. 1, § 93 the value «=—1 corre- 
sponds to the maximum 3 of the function; the value «=4}4 
corresponds to the minimum 4 of the function.* 


EXERCISES 


Draw the following curves and locate in each case the maximum and 
minimum points if there are any : 


1. y=? + 2. 6. y= e+uat+l. 
: 2 6 x 
. y=————_—6 pe 7 y=. 
2. y wheats x+ y 
3. y=o——— 2241. 8. y= 2 —&. 
4 y= o—2?—5274+2. 9. y= oe +2n724+m. 
5. y= 2+ 92 det, 100g eat = ot ee oT 


* Note that a maximum of a function does not mean the greatest value a 
function can assume. In Ex. 1, § 93, the value of the function is greater when 
2=2 than when x=—1. It does mean a value of the function which is 
greater than the values in the immediate neighborhood. ; 
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95. Geometric Problems in Maxima and Minima. The 
theory just explained has an important application in solving 
problems in maxima and minima, i.e. the determination of the 
largest or the smallest value a magnitude may have which 
satisfies certain given conditions. 

As we saw in § 80, the first step is to express the magnitude 
in question algebraically. If the resulting expression contains 
more than one variable, other conditions always will be given 
which will be sufficient to express all of the variables in terms 
of one of them. When the magnitude in question is expressed 
in terms of one variable, we can proceed as in § 92 to find any 
maximum or minimum values which there may be. 

Examp.e 1. Find the greatest cylinder that can be cut 
from a given right circular cone, whose height is equal to the 
diameter of its base. 


a rr 
Fie. 70 
Let h be the given height of the cone and and y the un- 
known dimensions of the cylinder (Fig. 70). Then the volume 


V of the cylinder is equal to 7a’y. But from similar triangles 
we have 
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Therefore, 

y=h—22; 
whence 

V = 7a*(h — 22) = rho? — 2 x2. 
Now 


Mm = 2 rha — 6 ro". 


The roots of the equation m = 0 are x= 0 and e=h/3. 
It is left as an exercise to draw the graph of the function 


V = cha? — 2 ra 


and show that the value x = h/3 corresponds to the maximum 
of the function, i.e. to y=h/3. Therefore the maximum 
volume of the cylinder is obtained when the altitude is equal 
to the radius of the base. The maximum volume is zh3/27 
or 12/27 of the volume of the cone. 


EXERCISES 


1. A square piece of tin, the length of whose side is a, has a small 
square cut from each corner and the sides are bent up to form a box. 
Determine the side of the square cut away so that the box shall have the 
maximum cubical contents. Ans. a/6. 


2. Assuming that the strength of a beam with rectangular cross section 
varies directly as the breadth and as the square of the depth, what are 
the dimensions of the strongest beam that can be sawed from a round log 
whose diameter is d. Ans. Depth = V3 d. 

3. Find the right circular cylinder of greatest volume that can be in- 
scribed in a right circular cone of altitude h and base radius r. 

Ans. Radius of the base of the cylinder equals 3 r. 

4, Equal squares are cut from each corner of a rectangular piece of 
tin 30 inches by 14 inches. Find the side of this square so that the re- 
maining piece of tin will form a box of maximum contents. 


5. Show that the maximum and minimum points on the curve 
y=2? —ax+b(a>0) are at equal distances from the y-axis, 

6. Find the maximum volume of a right cone with a given slant 
height ZL. 
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96. The Power Function. The functions 2" and 1/2", where 
n is any positive integer, are called power functions of x The 
curves y= 2” (Fig. 71) are known as parabolic, while the curves 

= 1/x" (Fig. 72) are known as hyperbolic. 

"The curves of the parabolic type possess the property that 
they all pass through the point (0, 0) and the point (1, 1). 
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[he larger the value of n, the greater is tite are of the tan. 
gent at the point (1, 1). 

The curves of the hyperbolic type all pass through the 
point (1,1). As x approaches 0, the corresponding value of y 
becomes infinite. Ata#=0 the value of y is undefined. As x 
becomes infinite, the corresponding value of y approaches 0. 
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EXERCISES 
1. Draw the curves y =2?; y=2?; y= o's y= 25: 
2 Draw the curves y= 1/2; y=1/x?; y= 1/22; y= 1/c4. 
3. Prove that the slope of the tangent at the point (1, 1) to the curve 


y = 22, is 2; to the curve y=? is 38; to the curve y= is 4; to the curve 


y= a 18 62.- 

4, Prove that for every even value of n, the parabolic curves y= 2" 
pass through the point (— 1, 1); and that for every odd value of n, they 
pass through the point (— 1, —1). 

5. Prove that the function «x? is an increasing function for all values 
of x, 

6. Find the equation of the tangent and the normal to y = ° at the 
point (2, 32). 

7. Prove that the slope of the curve y=1/x at the point (a, y1) is 
—1/a2. [The curve y = 1/z is called a hyperbola.) 
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8. How can the graph of the function y = ax” be obtained from the 
graph of y= @” if a is positive? negative ? 

9. Find the equation of the tangent and the normal to the curve 
y = 1/2? at the point (2, 4 

10. Prove that all hyperbolic curves lie within the shaded regions of 
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the adjoining figure, while all parabolic curves lie in the regions left 
unshaded. 


CHAPTER VI 
THE TRIGONOMETRIC FUNCTIONS 


97. The functions we have discussed hitherto, namely, the 
functions of the form ma +b, aa? + ba +c, aw + ba® + cx + d, 
have all been defined by means of explicit algebraic expres- 
sions. They are all examples of a very large class of functions 
known as algebraic functions. We now turn our attention to 
functions defined in an entirely different way. As we shall 
see, these functions depend on the size of an angle. They 
enable us to express completely the relations between the 
sides and the angles of a triangle, and they are of the 
greatest practical importance in surveying, engineering, and 
indeed in all branches of pure and applied mathematics. 


98. Directed and General Angles. In elementary geometry 
an angle is usually defined as the figure formed by two half- 
lines issuing froma point. However, it is often more serviceable 
to think of an angle as being generated 
by the rotation in a plane of a half-line 
OP about the point O as a pivot, start- 
ing from the initial position OA and 
ending at the terminal position OB (Fig. 
73). We then say that the line OP has 
generated the angle AOB. Similarly, if OP rotates from the 
initial position OB to the terminal position OA, then the angle 
BOA is said to be generated. Considerations similar to those 


regarding directed line segments (§ 6) lead us to regard one of 
143 
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the above directions of rotation as positive and the other as 
negative. It is of course quite immaterial which one of the 
two rotations we regard as positive, but we shall assume from 

now on, that counterclockwise rotation is 


aN positive and clockwise rotation is negative. 

le ae Still another extension of the notion 

of angle is desirable. In elementary 

eee geometry no angle greater than 360° 

is considered and seldom one greater than 180°. But from the 

definition of an angle just given, we see that the revolving 

line OP may make any number of complete revolutions before 

coming to rest, and thus the angle generated may be of any 

magnitude. Angles generated in this way abound in practice 
and are known as angles of rotation.* 

When the rotation generating an angle is to be indicated, it is 
customary to mark the angle by means of an arrow starting at 
the initial line and ending at the terminal line. Unless some 
such device is used, confusion is liable to result. In Fig. 75 


<— XK o 


110° 
Fig. 75 


angles of 30°, 390°, 750°, 1110° are drawn. If the Ce were 
not marked one might take them all to be angles of 30°. 


99. Measurement of Anpioe For the present, angles will be - 
measured as in geometry, the degree (°) being the unit of measure. A 
complete revolution is 860°. The other units in this system are the~ 
minute ('), of which 60 make a degree, and the second (''), of which 60_ 
make a minute. This system of units.is of great antiquity, having been 


* For example, the minute hand of a clock describes an angle of — 180° 
in 30 minutes, an angle of — 540° in 90 minutes, and an angle of — 720° in 
120 minutes. 


VI, § 101] TRIGONOMETRIC FUNCTIONS 145 


used by the Babylonians.* The considerations of the previous article then 
make it clear that any real number, positive or negative, may represent an 
angle, the absolute value of the number representing the magnitude of 
the angle, the sign representing the direction of rotation. 


100. Angles in the Four Quadrants. Consider the angle 
XOP = 6, whose vertex O coincides with the origin O of a system of rec- 
tangular codrdinates, and whose initial line OX coincides with the positive 


pep Y es yi 
6 r) 8 
x 0) Be co nana « 0 2 
_ \p 


Fic. 76 


half of the x-axis (Fig. 76). The angle 6 is then said to be in the first, 
second, third, or fourth quadrant, according as its terminal line OP is in 
the first, second, third, or fourth quadrant. 


101. Addition and Subtraction of Directed Angles. The 
meaning to be attached to the sum of two directed angles is analogous to 
that for the sum of two directed 


line segments. Let @ and b be © b 
two half-lines issuing from the b e 
same point O and let (ab) repre- 

sent an angle obtained by rotat- O z 0 


ing a half-line from the position 
a to the position b. Then if we 
have two angles (ab) and (bc) with the same vertex O, the sum (ab) + (6c) 
of the angles is the angle represented by the rotation of a half-line from 
the position a@ to the position } and then rotating from the position 6 to the 
position c. But these two rotations are together equivalent to asingle rota- 
tion from @ to c, no matter what the relative positions of a, b, c may have 
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* The terms minutes and seconds are derived from their Latin names, which 
are partes minute prime and partes minute secunde. At present there is 
a slight tendency among some authors to divide the degree decimally instead of 
into minutes and seconds. Still other authors use the degree and minute and 
divide the minutes decimally. Exercises involving both these systems will be 
found in the text. When the metric system was introduced at the end of the 
eighteenth century it was proposed to divide the right angle into 100 parts, called 
grades. The grade was divided into 100 minutes and the minute into 100 sec- 
onds. This system is used in some European countries, but not at all in America. 

L 
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been. Hence, we have for any three half-lines a, b, c issuing from a point O, 
(1) (ab)+(bc)=(ac), (ab)+(ba)=0, (ab)=(cb)—(ca). 

The proof of the last relation is left as an exercise. 

These relations are analogous to those of § 35 ; but an essential difference 
must be noted. Given two points A and-B ona line, we may speak of the 
directed segment AB. The measure of AB is completely determined 

when A and B and the unit of measure are given. 

b But if the half-lines @ and 6b are given, the angle 

(ab) may be any angle generated by a rotation from 

i ato b. Such angles may be positive or negative and 

A) y @ may involve, in addition to the minimum rotation 

mnt from a to b, any number of complete revolutions. 

It is to be noted, however, that all possible determi- 

nations of the angle (ab) differ among themselves only by integral multi- 

ples of 360°. In other words, if 6 represents the smallest positive measure 

(in degrees) of an angle from a to b, then any determination of (ab) is 

given by the relation (ab) = 6+ n- 360° (m an integer). The equality 

signs in relations (1) are then to be interpreted as meaning equal, except 
for multiples of 360°. 

If the position of the half-line J; is determined by 
the angle @, which it makes with a given horizontal line 
OX, and the position of another half-line Jz is deter- 
mined by the angle @, which it makes with OX we have 


angle from J, to lz = 0 — @,, 
except for multiples of 360°. Why ? 
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EXERCISES 
1, What angle does the minute hand of a clock describe in 2 hours and 
380 minutes ? in 4 hours and 20 minutes ? 


2. Suppose that the dial of a clock is transparent so that it may be read 
from both sides. Two persons stationed on opposite sides of the dial ob- 
serve the motion of the minute hand. In what respect will the angles de- 
scribed by the minute hand as seen by the two persons differ ? 

3. In what quadrants are the following oe 87°? 135°? _ Baer 
540°? 1500°? — 270°? 

4. In what quadrant is 0/2 if @ is a positive angle less than 360° and in 
the second quadrant ? third quadrant? fourth quadrant ? Eni 

5. By means of a protractor construct 27° +85°+ (—80°) +20°+ (—465°). 

6. By means of a protractor construct — 180° + 56° — 24°. 


a = A ee 
ee TN. 
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102. The Sine, Cosine, and Tangent of an Angle. We 
may now define three of the functions referred to in § 97. To 
this end let 6= XOP (Fig. 80) be any directed angle, and let 


Y ba 
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us establish a system of rectangular coérdinates in the plane 
of the angle such that the initial side OX of the angle is the 
positive half of the x-axis, the vertex O being at the origin and 
the y-axis being in the usual position with respect to the 
x-axis. Let the units on the two axes be equal. Finally, let 
P be any point other than O on the terminal side of the angle 
6; and let its codrdinates be (a, y). The directed segment 
OP =r is called the distance of P and is always chosen posi- — 
tive. The codrdinates x and y are positive or negative accord- 
ing to the conventions previously adopted. We then define 
: ordinate of P_y P 
ina aa distance of Pr’ 
abscissa of P_ x 


Th i a ee 
esosing of 0 distance of P r 


b 


ordinate of P_y 


The tangent of 8 = = 
dl fe abscissa of P x 


, provided x + 0,* 


These functions are usually written in the abbreviated forms 
sin 6, cos 6, tan 6, respectively ; but they are read as “sine 0,” 
“ cosine 6,” “tangent @.” It is very important to notice that 
the values of these functions are independent of the position 
of the point P on the terminal line. For let P'(a', y') be any 
other point on this line. Then from the similar right triangles 


* Prove that x and y cannot be zero simultaneously. 
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ayr* and z'y'r' it follows that the ratio of any two sides 
of the triangle xyr is equal in magnitude and sign to the 
ratio of the corresponding sides of the triangle a/y/r’. There- 
fore the values of the functions just defined depend merely 
on the angle 9. They are one-valued functions of 6 and are 
called trigonometric functions.} 

Since the values of these functions are defined as the ratio 
of two directed segments, they are abstract numbers. They 
may be either positive, negative, or zero. Remembering that r 
is always positive, we may readily verify that the signs of the 
three functions are given by the following table. 


Quadrant 
Sine 


Cosine 
Tangent . 


103. Values of the Functions for 45°, 135°, 225°, 315°. In 
each of these cases the triangle wyr is isosceles. Why? 
Since the ttigonometric functions are independent of the 
position of the point Pon the terminal line, we may choose 
the legs of the right triangle ayr to be of length unity, which 


Fig. 81 


gives the distance OP as V2. Figure 81 shows the four angles 


* Triangle xyz means the triangle whose sides are «, y, 2. 

+t Trigonometric etymologically means relating to the measurement 
of triangles. The connection of these functions with triangles will appear 
presently. ; 
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with all lengths and directions marked. Therefore, 


sin 45° => cos 45° = ye tan 45° = 1, 
sin 135° = Wi cos 135° = — As tan 135° = — 1, 
sin 225° = — a cos 225° = — ee tan 225° = 1, 
sin 315° = — a cos 315° = a tan 315° = — 


104. Values of the Functions for 30°, 150°, 210°, 330°. From 
geometry we know that if one angle of a right triangle con- 
tains 30°, then the hypotenuse is double the shorter leg, 
which is opposite the 30° angle. Hence if we choose the 
shorter leg (ordinate) as 1, the hypotenuse (distance) is 2, 


Fl a ee 
V3 ~Vv3 


and the other leg (abscissa) is V3. Figure 82 shows angles of 
30°, 150°, 210°, 330° with all lengths and directions marked. 


Fie. 82 


Hence we have 


sin 30°=3, cos 30° = a tan 30°= s. 
sin 150° = > cos 150° = — fe tan 150° = — Fy 
pm 210° = — > con ot? ae tan 210° = a 
: 1 v3 1 
= 3002 = tan 3307 = — ———,, 
sin 330 3? cos Sgt? sk: v7 
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105. Values of the Functions for 60°, 120°, 240°, 300°. It is 
left as an exercise to construct these angles and to prove that 


sin 60° = ae cos 60° = tan 60° =V3, 
aes Oe MS cos 120° = — > tan 120° = — V3, 
sin 240° = — ue cos 240° = — . tan 240° = V3, 
sin 300° = — ok cos 300° = > - tan 300° = — V3. 


106. Applications. The angle which a line from the eye to 
an object makes with a horizontal line in the same vertical 
plane is called an angle of elevation or an angle of depression. 


Horizontal 


SS 


Horizontal Fia. 83 


according as the object is above or below the eye of the observer 
(Fig. 83). Such angles occur in many examples. 


_ Exampre 1. A man wishing to know the distance between two points 
A and B on opposite sides of a pond, locates a point C on the land (Fig. 
84) such that AC = 200 rd., angle C = 80°, and angle B= 90°. Find the 
distance AB. 


seal 
5 AB 
SoLvrion : OW sin C. (Why ?) 
AB= AC. sinC 
' = 200 - sin 80° 
C 6M | FB = 200-3 =100rd. 


EXAMPLE 2. Two men stationed at points A and C800 yd. apart and 
in the same vertical plane with a balloon B, observe simultaneously the 
angle of elevation of the balloon to be 30° and 45° respectively. Find the 
height of the balloon. ; 
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Sotution : Denote the height of the balloon DB by y, and let DO = x : 
then AD = 800 — x. 


BEN ; 
A 800-2 LD oan 5 


Fig. 85 

Since tan 45° = 1, we have 1 —¥ 

x 

and since tan 30° = 1/3, we have 1 —__¥__. 

V3 800-2 
Therefore e=y and 800—x#=yv3. 
Solving these equations for y, we have y = al == 292.8 yd. 

? v3 +1 


EXERCISES 


1. In what quadrants is the sine positive? cosine negative ? tangent 
positive ? cosine positive ? tangent negative ? sine negative ? 

2. In what quadrant does an angle lie if 

(a) its sine is positive and its cosine is negative ? 

(b) its tangent is negative and its cosine is positive ? 

(c) its sine is negative and its cosine is positive ? 

(d) its cosine is positive and its tangent is positive ? 

3. Which of the following is the greater and why : sin 49° or cos 49° ? 
sin 35° or cos 35° ? 

4. If 6 is situated between 0° and 360°, how many degrees are there in 
¢if tandé=1? Answer the similar question for siné=}; tan@=—1. 

5. Does sin 60°=2.- sin 30°? Does tan 60° = 2.- tan 30°? What 
can you say about the truth of the equality sin 20 =2sin 0? 

6. The Washington Monument is 555 ft. high. Ata certain place in 
the plane of its base, the angle of elevation of the top is 60°. How far is 
that place from the foot and from the top of the tower ? 

7. A boy whose eyes are 5 ft, from the ground stands 200 ft. from a 
flagstaff. From his eyes, the angle of elevation of the top is 30°. How 
high is the flagstaff ? 


- oF 
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8. A tree 38 ft. high casts a shadow 88 ft. long. What is the angle 
of elevation of the top of the tree as seen from the end of the shadow ? 
How far is it from the end of the shadow to the top of the tree ? 


9. From the top of a tower 100 ft. high, the angle of depression of 
two stones, which are in a direction due east and in the plane of the base, 
are 45° and 30° respectively. How far apart are the stones ? 

Ans. 100(V3 — 1) = 78.2 ft. 

10. Find the area of the isosceles triangle in which the equal sides 
10 inches in length include an angle of 120°. Ans. 25-V3 = 43.3 sq. in. 

11. Is the formula sin2@6=2sin@cos@ true when §6= 30°? 60°? 
120°? 

12. From a figure prove that sin 117° = cos 27°. 

13. Find the tangent of the angle which the line joining the points 
_ (%1, Y1), and (a2, y2) makes with the #-axis, assuming the units on the 
two axes to be equal. Compare your answer with the definition of slope 
in §§ 50 and 53. , 

14. Determine whether each of the following formulas is true when 
@ = 30°, 60°, 150°, 210°: 


? 


1 
1+ tan? 6 = 
uy cos? 6 


ie ea cc 
tan?@ sin? @’ 
sin? @ + cos?6=1. 

15. Let Pi(21, y1) and Po(a.2, y2) be any two points the distance be- 
tween which is r (the units on the axes being equal). If @ is the angle 
that the line P; P, makes with the x-axis, prove that 

2 — X1 Yo= V9, 
cos 0 sin 6 


107. Computation of the .Value of One Trigonometric 
Function from that of Another. 


ExampieE 1. Given that sin 6 = 2, find the 
values of the other functions. 

Since sin @ is positive, it follows that @ is 
an angle in the first or in the second quad- 
rant. Moreover, since the value of the sine 
is 3, then y=3-k and r=5-k, where & is 
any positive constant different from zero, (Why?) It is, of course, 
immaterial what positive value we assign to k, so we shall assign the 
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value 1. We know, however, that the abscissa, ordinate, and distance 
are connected by the relation x? + y2=r®, and hence it follows that 
x=i4. Fig. 86 is then self-explanatory. Hence we have, for the first 
quadrant, sin @=%, cos@=4, and tan@=$; for the second quadrant, 
sin @= 3, cos@ =— 4, tand=— 3, 


Exampce 2. Given that sin @= ; and that tan @ 
is negative, find the other trigonometric functions of 
the angle @. 

Since sin @ is positive and tan @ is negative, @ must 
be in the second quadrant. We can, therefore, con- 
struct the angle (Fig. 87), and we obtain sin@ = 5, 
cos @=— }2, tan@ =— 5. Fig. 87 


108. Computation for Any Angle. Tables. The values of 
the trigonometric functions of any angle may be computed by 
the graphic method. For 
example, let us find the 
trigonometric functions of 
35°. We first construct 
on square ruled paper, 
by means of a protractor, 
an angle of 35° and choose 
a point P on the ter- 
minal line so that OP 
shall equal 100 units. 
Then from the figure we 
eH find that OM= 82 units 
Seek Al 2 8x 20! 80. 0 100 and MP= 57 — units. 

Fig. 88 Therefore 
sin 35° = ;57° = 0.57, cos 35° = 82, = 0.82, tan 35° = $4 = 0.70. 

The tangent may be found more readily if we start by tak- 
ing OA=100 units and then measure AB. In this case, 
AB = 70 units and hence tan 35° = 74%, = 0.70. 

It is at once evident that the graphic method, although 
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simple, gives only an approximate result. However, the values 
of these functions have been computed accurately by methods 
beyond the scope of this book. The results have been put in 
tabular form and are known as tables of natural trigonometric 
functions. These tables with an explanation of their use will 
be found in any good set of mathematical tables.* In order 
to solve several of the following exercises it is necessary to 
make use of such tables. 

Figure 89 makes it possible to read off the sine, cosine, or 
tangent of any angle between 0° and 90° with a fair degree of 
accuracy. The figure is self-explanatory. Its use is illustrated 
in some of the following exercises. ~ 


EXERCISES 


Find the other trigonometric functions of the angle @ when 
1. tang=—8. 3. cosé= 22. 5. sind = §. 
2. sind =— 3. 4. tand= #. 6. cos9=— 4 
* 7. sin @ = 3 and cos @ is negative. {| 
8. tan @= 2 and sin @ is negative. 
9. sin 6=— } and tan @ is positive. 

10. cos @ = j and tan @ is negative. 

11. Can 0.6 and 0.8 be the sine and cosine, respectively, of one and 
the same angle? Can 0.5 and 0.9? Ans. Yes; no. 

12. Is there an angle whose sine is2? Explain. 

13. Determine graphically the functions of 20°, 38°, 70°, 110°. Check 
your results by the tables of natural functions. 

14. From Fig. 89, find values of the following : 

sin 10°, cos 50°, tan 40°, sin 80°, tan 70°, cos 32°, tan 14°, sin 14°. 

15. A tower stands on the shore of a river 200 ft. wide. The angle of 
elevation of the top of the tower from the point on the other shore exactly 
opposite to the tower is such that its sine is #. Find the height of the 
tower. 

* See, for example, THE MACMILLAN TaBLEs, which will be referred to 
in connection with this book. 
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16. From a ship’s masthead 160 feet above the water the angle of de- 
pression of a boat is such that the tangent of this angle is ~;. Find the 
distance from the boat to the ship. Ans. 640 yards. 


17. A certain railroad rises 6 inches for every 10 feet of track. What 
angle does the track make with the horizontal ? 


18. On opposite shores of a lake are two flagstafis A and B. Per- 
pendicular to the line AB and along one’shore, a line BC = 1200 ft. is _ 
measured. The angle ACB is observed to be 40° 20’. Find the distance 
between the two flagstafts. 


19. The angle of ascent of a road is 8°. If aman walks a mile up the 
road, how many feet has he risen ? 


20. How far from the foot of a tower 150 feet high must an observer, 
6 ft. high, stand so that the angle of elevation of its top may be 23°.5 ? 


21. From the top of a tower the angle of depression of a stone in the 
plane of the base is 40°20’. What is the angle of depression of the stone 
from a point halfway down the tower ? 


22. The altitude of an isosceles triangle is 24 feet and each of the equal 
angles contain 40°20’. Find the lengths of the sides and area of the 
triangle. 


23. A flagstaff 21 feet high stands on the top of a cliff. From a point ~ 
on the level with the base of the cliff, the angles of elevation of the top 
and bottom of the flagstaff are observed. Denoting these angles by @ 
and 6 respectively, find the height of the cliff in case sina = and 
cos B = 32. Ans. 75 feet. 

24. A man wishes to find the height of a tower CB which stands on a 
horizontal plane. From a point A on this plane he finds the angle of ele- 
vation of the top to be such that sn CAB=%. From a point A! which 
is on the line AC and 100 feet nearer the tower, he finds the angle of 
elevation of the top to be such that tan CA’B = 3. Find the height of the 
tower. ‘ 


25. Find the radius of the inscribed and circumscribed circle of a regu- 
lar pentagon whose side is 14 feet. 


26. If a chord of a circle is two thirds of the radius, how large an 
angle at the center does the chord subtend ? 


27. A boy standing a@ feet behind and opposite the middle of a football 
goal observes the angle of elevation of the nearer crossbar to be a, and 
the angle of elevation of the farther crossbar to be 8. Prove that the 
length of the field is a[tan « — tan B]/tan p. 
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109. The Sine Function. Let us trace in a general way the 
variation of the function sin @ as 6 increases from 0° to 360° 
For this purpose it will be convenient to think of the distance 
r as constant, from which it follows that 
the locus of Pisa circle. When 6= 0°, the 
point P lies on the a-axis and hence the 
ordinate is 0, ie. sn0Q°=0/r=0. As 6 
increases to 90°, the ordinate increases 
until 90° is reached, when it becomes equal 
to r. Therefore, sn 90°=r/r=1. As 6 
increases from 90° to 180°, the ordinate de- . 
creases until 180° is reached, when it becomes 0. Therefore 
sin 180° =0/r=0. As 6 increases from 180° to 270°, the ordi- 
nate of P continually decreases algebraically and reaches its 
smallest algebraic value when @ = 270°. In this position the 
ordinate is —r and sin 270°=— r/r=—1. When @ enters 
the fourth quadrant, the ordinate of P increases (algebraically) 
until the angle reaches 360°, when the ordinate becomes 0. 
Hence, sin 360°= 0. It then appears that: 

as @ increases from 0° to 90°, sin 6 increases from 0 to 1; 

as @ increases from 90° to 180°, sin 6 decreases from 1 to 0; 

as 6 increases from 180° to 270°, sin 6 decreases from 0 to —1; 
- as 6 increases from 270° to 360°, sin 6 increases from — 1 to 0. 

It is evident that the function sin 9 repeats its values in the 
same order no matter how many times the point P moves 
around the circle. We express this fact by saying that the 
function sin @ is periodic and has a period of 360°. In symbols 
this is expressed by the equation 
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sin [@ + n- 360°]= sin 0, 


where n is any positive or negative integer. 
The variation of the function sin @ is well shown by its 
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graph. To construct this graph proceed as follows: Take a 
system of rectangular axes and construct a circle of unit radius 


Fig. 91 
with its center on the waxis (Fig. 91). Let angle XOP=#. 
Then the values of sin 6 for certain values of 6 are shown in 
the unit circle as the ordinates of the end of the radius drawn 
at an angle 6. 


80° 45° 60° 90° 


MP; Mz P2 M3 P3 MaPs 


Now let the number of degrees in 6 be represented by dis- 
tances measured along OX. At a distance that represents 30° 
erect a perpendicular equal in length to sin 30°; at a distance 
that represents 60° erect one equal in length to sin 60°, ete. 
Through the points O, P,, P,,+---draw a smooth curve; this 
curve is the graph of the function sin 0. 

If from any point P on this graph a perpendicular PQ is 
drawn to the #-axis, then QP represents the sine of the angle 
represented by the segment OQ. 

Since the function is periodic, the complete graph extends 
indefinitely in both directions from the origin (Fig. 92). 

a6 


y=sin «© 
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110. The Cosine Function. By arguments similar to those 
used in the case of the sine function we may show that: 
as 6 increases from 0°to 90°, the cos 6 decreases from 1 to 0; 
as 6 increases from 90° to 180°, the cos 6 decreases from 0 to —1; 


as 0 increases from 180° to 270°, the cos 6 increases from —1 to 0; 


as @ increases from 270° to 360°, the cos @ increases from 0 to 1. 
The graph of the function is readily constructed by a method 


similar to that used in case of the sine function. This is 
illustrated in Fig. 93. 

The complete graph of the cosine function, like that of the 
sine function, will extend indefinitely from the origin in both 
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directions (Fig. 94). Moreover cos 6, like sin 6, is periodic and 
has a period of 360°, i.e. 


cos [6 +7 - 360°]= cos 8, 


where n is any positive or negative integer. 
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111. The Tangent Function. In order to trace the varia- 
tion of the tangent function, consider a circle of unit radius 
with its center at the origin of a system of rectangular axes 
(Fig. 95). Then construct the tangent to 
this circle at the point M(1, 0) and let P 
denote any point on this tangent line. If 
angle MOP = 6, we have tan 6 = MP/OM 
= MP/1 = MP, i.e. the line MP represents 
tan 0. = 

Now when 6 = 0°, MP is 0, i.e. tan 0° is 0. 
As the angle 6 increases, tan @ increases. As 
6 approaches 90° as a limit, MP becomes 
infinite, ¢.e. tan @ becomes larger than any number whatever. 

At 90° the tangent is undefined. It is sometimes convenient 
to express this fact by writing 
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tan 90° =o. 


However we must remember that this is not a definition for 
tan 90°, for o is nota number. This is merely a short way of 
saying that as 6 approaches 90°, tan @ becomes infinite and 
that at 90° tan 9 is undefined. See § 36. 
Thus far we have assumed 6 to be an 
acute angle approaching 90° as a limit. 
Now let us start with 6 as an obtuse angle 
and let it decrease towards 90° as a limit. 
In Fig. 96 the line MP’ (which is here 
negative in direction) represents tan 0. 
Arguing precisely as we did before, it is. Fic. 96 
seen that as the angle 6 approaches 90° 
as a limit, tan @ again increases in magnitude beyond all 
bounds, i.e. becomes infinite, remaining, however, always 
negative. 


' 
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We then have the following results. 

(1) When @ is acute and increases toward’ 90° as a limit, 
tan @ always remains positive but becomes infinite. At 90° 
tan @ is undefined. . 

(2) When @ is obtuse and decreases towards 90° as a limit, 
tan @ always remains negative but becomes infinite. At 90° 
tan @ is undefined. , 

It is left as an exercise to finish tracing tHe variation of the 
tangent function as 6 varies from 90° to 360°. Note that 
tan 270°, like tan 90°, is undefined. In fact tan n - 90° is unde- 
fined, if n is any odd integer. 
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To construct the graph of the function tan 6 we proceed 
along lines similar to those used in constructing the graph of 
sin@ and cos@. The following table together with Fig. 97 


illustrates the method. 


90° 120° | 185°| 150°} 180° | 210° 


tané|0 | MP,| MP2| MP3 undefined] MP4 MP;| MP;|MP;=0| MP; 
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It is important to notice that tan 6, like sin @ and cos 8, is 
periodic, but its period is 180°. That is 


tan (6 + n- 180°)= tan 8, ° 


where n is any positive or negative integer. 


EXERCISES 
1. What is meant by the period of a trigonometric function ? 
2. What is the period of sin @? cos@? tan @? 
8. Is sin 6 defined for all angles ? cos 6? 


4. Explain why tané is undefined for certain angles. Name four 
angles for which it is undefined. Are there any others ? 


5. Is sin (6 + 360°) =sin@? 
6. Is sin (9+ 180°) =sin@? 
7. Is tan (6 + 180°) = tan @? 
8. Is tan (6 + 860°) = tan 6? 


Draw the graphs of the following functions and explain how from the 
graph you can tell the period of the function : 


9. sin @. 11. tan 0. 13>- 1 
cos 6 

10. cos @. “ : 14. fe he. : 

sin @ y tan @ 
Verify the following statements : 
15. sin 90° + sin 270° = 0. 18. cos 180° + sin 180° =— 1. 
16. cos 90° + sin 0° = 0. » 19. tan 860° + cos 360° = 1. 
17. tan 180° + cos 180° =— 1. 20. cos 90°+tan 180°—sin 270°=1. 


21. Draw the graphs of the functions sin @, cos 6, tan 0, making use of 
a table of natural functions. See p. 538. 


22. Draw the curves y =2sin@; y=2cosé; y =2tan@. 
23. Draw the curve y = sin @ + cos @. 


24. From the graphs determine values of @ for which sin @ = 3; sin 8 
=k; Raa cos#é= 4; cosd=1. 
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112. Polar Coédrdinates. It is convenient at this point to 
introduce a new way of locating the position of a point ina 
plang, and of representing the graph of a function. To this end 
(Fig. 98) let O.A be a directed line in the plane which we shall 
call the initial line or the polar axis. 
This line is usually drawn horizontally 
and directed to the right. The point O 
is called the pole or the origin. Let P 
be any point in the plane and draw the 
line OP. The position of P is then 
located completely if we know the angle AOP=8@ and the dis- 
tance OP=p. The two numbers (p, @), called respectively the 
radius vector and the vectorial angle, are known as the polar 
coordinates of the point P. 

In Fig. 98 we have represented a case in which @ and p are 
both positive. Either 6 or p or both may be negative under 
the following conventions. The angle 6 is positive or negative 
according to the direction of its rotation, as in § 98. The 
positive direction on OP is the direction from O along the 
terminal side of the angle 8, i.e., it is the direction into which 
OA is rotated by a rotation through the angle 6. 

With these conventions a point P- whose polar coérdinates ~ 

(p, 6) are given is completely de- 
(2,30) termined. Figure 99 shows points 
whose polar coérdinates are (2, 30°), 
(— 2, 30°), 2, — 30°), and (— 2, 


Fig. 98 


(-2,-30°) 


A 
— 30°). It will be noted that, if p is 
Ans : , de of 
2/30") (230°) positive, F i on the tecmina) side o 
, Sara. 99 6, while if p is negative, P is on the 


terminal side produced through O. 
On the other hand, a given point P has an unlimited number of 
polar codrdinates (p, 6). Even if we confine ourselves to angles 
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in absolute value less than 360°, a point has in general four dif- 
ferent sets of polar codrdinates. Fig. 100 shows that the same 


e 


point P may be designated by any one of the pairs of values 
(2, 30°), (2, — 380°), (— 2, 210°), and (— 2, — 150°). 


EXERCISES 
1. Locate the points whose polar coérdinates have the following values : 
(4, 80°), (—2, 45°), (— 8, — 60°), (2, — 150°), (8, — 90°), (2, 180°), 
(—2, 0°), (0, 90°), (—2, 180°), (— 8, 270°). 
2. For each of the points in Ex. 1, give all other sets of polar codrdi- 
nates for which @ is in absolute value less than 860°. 


8. What exceptions are there to the statement ‘‘6 being confined to 
angles in absolute value less than 360°, every point has four and only 
four distinct sets of polar codrdinates’’ ? 


4, Where are all the points for which @ is a given constant ? 
5. Where are all the points for which p is a given constant ? 


113. Graphs in Polar Coérdinates. Polar coérdinates may 
be used to represent the graph of a given function, in a way 
quite similar to that in the case of rectangular coérdinates. 
Fig. 101 gives an example it which the idea of polar coor- 
dinates is used in practice. In this example the 6-scale rep- 
resents time, the p-scale represents temperature.* Some forms 
of self-recording hygrometers employ the same idea. 

* It will be noted that in this example the radius vector is measured along 
a circular arc instead of along a straight line. This is due to the mechanical 


construction of the instrument. Cf. footnote, p.9. The fundamental idea is 
nevertheless, that of polar coordinates. “th 
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In plotting the graph of a function in polar codrdinates we — 
proceed as in the case of rectangular codrdinates. A table of 


RS wf 
SOS 
SK 


Fic. 101 


a 
, 
) 

; 

¥ 
fi 
‘ 
} 
7 


corresponding values of the variable 6 and the function p is 
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constructed. Each such pair of values is then plotted as a 
point, and a curve drawn through these points. 


Examete. Plot in polar coérdinates the graph of p=sin 6. We ob- 
tain the table below. Figure 102 exhibits the corresponding points, with 


6 p=sin 6 
0° .00 
30° .50 
45° 71 
60° 87 
90° 1.00 
120° .87 
135° Athi 
150° .50 
180° .00 
210° | — .50 
225° | — .71 
240° | — .87 
270° | — 1.00 
300° | — .87 
Steele: 
330° | — .50 
360° .00 


a curve drawn through them. Observe that each point serves to represent 
two pairs of corresponding values. Thus the pairs (4, 30°) and (— 4, 210°) 
are represented by the same point. This curve suggests a circle, of diame- 
ter unity, tangent to the polar axis at the origin. 


114. The Graph of sin @ and cos 6 in Polar Coordinates. 

We may now prove: 

The graph, in polar codrdinates, of the function p = sin is a 
circle of diameter unity, tangent to the polar axis at the origin. 

Let P (p, 6) be any point on such a circle (Fig. 103). Then, 
for any value 6 in the first quadrant 


OP 


eee aig at 
OulasL sin@ or p=sin 6. 
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‘Conversely, if p= sin 6, the point P is on the circle. Why? 
A similar proof, which is left as an exercise, may be given 
when @ is in the second, third, or fourth quadrants (Fig. 104). 
Similarly, we may prove: 


The graph of 
p = cos 6 


in polar codrdinates is a circle of diameter unity, passing through 
the pole and having its center on the polar axis. 

The proof of this statement is left as an exercise. See Figs. 
105, 106. 

On account of their simplicity, the polar graphs of sin @ and 
cos @ are very serviceable. It is for this réason that we have 


Fig. 106 


introduced them at this point. Polar coérdinates will be dis- 
cussed again, particularly in Chapter XIV, and incidentally 
in other chapters. 
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EXERCISES 

1, From Fig. 101, find the temperature at 9 p.m. on Tuesday ; at 3 p.m. 
on Monday. When was the temperature a maximum ? a minimum ? 

2. Plot in polar codrdinates the graph representing the variation in 
temperature given in Ex. 1, p. 16. 

8. Plot the graph in polar codrdinates of the function p=tané@. Why 
is this graph not convenient to represent the function tan 0 ? 

4. Prove that the graph, in polar codrdinates, of p= a cos @ is a circle 
of diameter a, passing through the origin and with its center on the polar 
axis. 

5. Prove a theorem regarding the graph of p = asin 0. 


115. Other Trigonometric Functions. The reciprocals of 
the sine, the cosine, and the tangent of any angle are called, 
respectively, the, cosecant, the secant, and the cotangent of 
that angle. Thus, 


distance of P__ 


cosecant @ = —————"—_—_ = 
ordinate of P 


" (provided y +0). 
y 


distance of P_r # 

te =e ee 
secan ARERR (provided a + 0). 
abscissa of P_ « 


=- ided 
ordinate othe ge eee 


cotangent 6 = 


These functions are written esc 6, sec 6, ctn 6. From the 
definitions follow directly the,relations 


1 1 i 
csc 6 = ——_, sec § = ——_, 6 : 
sin 0 cos8’ an 
or 
esc @- sind =1, sec@-cos@=1, ctné-tan@ =1. 


To the above functions may be added versed sine (written versin), 
the coversed sine (written coversin), and the external secant (written 


« 
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exsec), which are defined by the equations versin 6 = 1 — cos 0, coversin 0 
= 1 — sin @, and exsec 6 = sec 0 — 1. 


It is left as an exercise to trace the variation of esc 6, sec 6, — 
ctn 6, as @ varies from 0° to 360°. Be careful to note that 
ctn 0°, ctn 180°, ese 0°, ese 180°, sec 90°, see 270° are undefined. 
Why? 


116. The Representation of the Functions by Lines. We 
have seen in §§ 109-111, that if we take a unit circle we may 
represent sin 6, cos 6, and tan @ by means of lines. We will 
now extend this representation to include esc @, sec 6, ctn 6. 


cos 6 


Fria. 107 


Figure 107 shows the functions in a unit circle for an angle 
6 in the first quadrant. We have 


MP = sin§ AT = tan 6 OT = sec 0 
OM = cos 0 BS = ctn 0 OS = csc 6 


- Draw similar figures for angles in each of the other quad- 
rants. The points may be so labeled that the results given 
for the first quadrant hold in any quadrant. 
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117. Relations among the Trigonometric Functions. As 
one might imagine, the six trigonometric functions sine, cosine, 
tangent, cosecant, secant, cotangent are connected by certain 
relations. We shall now find some of these relations. 

From Fig. 80 (§ 102) it is seen that for all cases we have 
(1) a? yy? = 7, 

If we divide both sides of (1) by 7?, we have 


2 


Vee 
Sets ate 1 (by hypothesis r + 0); 


or 
sin? § + cos? § = 1. 


Dividing both sides by 2, we have 
yf & 2 : 
1+ ne (if 2 + 0). 
Therefore ante 
1 + tan? 6 = sec? 6. 
Similarly dividing both sides of (1) by y? gives 
v2 


athe (if y #0); 


or 
ctn?§ + 1 = csc? 6. 


‘ 


Moreover, we have 


Sere 
tan § = 2 ee sin 0 
x x cos® 
Lr 
and, similarly, 
4 _ cos 8 
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118. Identities. By means of the relations just proved 
any expression containing trigonometric functions may be 
put into anumber of different forms. It is often of the 
greatest importance to notice that two expressions, although 
of a different form, are nevertheless identical in value. (See 
§ 47 for the definition of an identity.) 

The truth of an identity is usually established by reducing 
both sides, either to the same expression, or to two expres- 
sions which we know to be identical. The following examples 
will illustrate the methods used. 


ExampteE 1. Prove the relation sec? 6 + csc? 6 = sec? 6 csc? 6. 
We inay write the given equation in the form 


1 
cos? @ i sin? 6 perme oer: 
or 
sin?d + cos? 8 = sec? 6 csc? 6, 
cos? @ sin? 6 
or 
1 


—————. = sec? 6 csc? 8, 
cos? 9 sin? 6 


which reduces to 
sec? @ csc? 6 = sec? 6 esc? @. 


Since this is an identity, it follows, by retracing the steps, that the 
given equality is identically true. 

Both members of the given equality are undefined for the angles 0°, 90°, 
180°, 270°, 360° or any multiples of these angles. 

Exampce 2. Prove the identity 1+ sin @= corde} 
1—sin 6 
Since cos? @ = 1 — sin? 6, we may write the given equation in the form 
1 — sin? 0 
1—sin 6 

As in Example 1, this shows that the given equality is identically true. 

The right-hand member has no meaning when sin @ = 1, while the left- 
hand member is defined for all angles. We have, therefore, proved that 
the two members are equal except for the angle 90° or (4 n + 1) 90°, where 
nis any integer. 


1+siné@= orl+sing=1+4sin@. 
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The formulas of § 117 may be used to solve examples of the 
gs given in § 107. 

-Exampxe 3. Given that sin 6 = ,5, and that tan @ is negative, find the 
values of the other trigonometric functions. 


‘Since sin? 6 + cos? @ = 1, it follows that cos@ =+ }2, but since tan 6 is 
negative, @ lies in the Lecond quadrant and cos @ must be — +2. More- 


over, the relation tan 6 = sin @/cos@ gives tan@ =— ;. ‘The reciprocals 
of these functions give sec @ = — 43, csc @ = 48, ctngé =— 12. 
EXERCISES 


‘1. Define secant of an angle ; cosecant; cotangent. 


2. Are there any angles for which the secant is undefined? If so, 
what are the angles? Answer the same questions for cosecant and co- 
tangent. 


8. Define versed sine ; coversed sine. 
4. Complete the following formulas: 

sin? 6 + cos?6=? 1+tan?¢=? 1+ctn?6=? tan@=? 
Do these formulas hold for all angles ? 


5. In what quadrants is the secant positive ? negative? the cosecant 
positive ? negative ? cotangent positive ? negative ? 

6. Is there an angle whose tangent is positive and whose cotangent is 
negative ? 


7. In what quadrant is an angle situated if we know that 
(a) its sine is positive and its cotangent is negative ? 
(6) its tangent is negative and its secant is positive ? 
(c) its cotangent is positive and its cosecant is negative ? 


8. Express sin?@-+ cos@ so that it shall contain no trigonometric 
function except cos @. 


. ai 
9. Transform (1 + ctn?@) csc @ so that it shall contain only sin 6. 


10. Which of the trigonometric functions are never less than one in 
absolute value ? 


11. For what angles is the following equation true: tan @ = ctn@? 
12. How many degrees are there in 6 when ctn@=1? ctng=—1? 
secO=V2? cscd=V2? 


13. Determine from a figure the values of the secant, cosecant, ena 
cotangent of 80°, 150°, 210°, 330°. 
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14. Determine from a figure the values of the-secant, cosecant, and 
cotangent of 45°, 135°, 225°, 316°; 


15. Determine from a figure the values of the sine, cosine, tangent, 
secant, cosecant, and cotangent of 60°, 120°, 240°, 300°. 

16. Show that the graphs of the function secé@, csc 6, ctn 6 have the 
forms indicated in the adjacent figures. 


Prove the following identities and state for each the exceptional values 
of the variables, if any, for which one or both members are undefined : 


17. cos @tan@=sin@. 
18. sin é@ctn@=cosé. 
14+ sin 6 _ cosé_ 
cos 0 1 —sin@ 
20. sin? 6 — cos? @ = 2sin?6— 1, 
21. (1 — sin? @)csc? 6 = ctn?9¢. 
22. tané@+ ctn é = sec @csc 6. 
23. [xsiné+ y cos6]? + [x cos 6 — ysin 0)? = a? + y%. 


. 24, oe Oe OS pad. 


tan 6 + ctn @ 

25. 1 — ctn*@ = 2csc? @ — cscté. 
_ 26. tan? 6 — sin? 6 = tan? @sin? 0. 

27. 2(1+ sin 6)(1 + cos #)=(1 + sin @ + cosé)2. 
28. sin® @ + cos®@ = 1 — 3 sin? 6 cos? 6. 
: esc 0 esc 6 
esc@—1 escd+1 
1—tan @_ctn@—1_ 
1+tan@ ctn@+l1 


= 2 sec? 6, 
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$1. [1+ tan 6 +sec 6][1 + ctn 6 — csc 0]= 2. 
1 + sin 0 

1 — sin@ 

83. csc#é@ (1 — cos*@) —2ctn?6=1. 

$4, (tan 0 — ctn #)sin @ cos @ = 1 — 2 cos? 4. 


32. (tan é+secé@)?= 


g5, Sec9— tan? _ 1 _ osecotane + 2 tan29. 
sec 6 + tan 0 : 


tan @ + tan B Ae 
* ctna + ctn B 
37. sin @ (sec @ + csc 0) — cos @ (sec 6 — csc @) = sec A csc 0. 


tan a@ tan B. 


Find algebraically the other trigonometric functions of the angle @ 
when 

38. ctn @ = 4 and sin @ is negative. 

39. sin @ = 3 and sec 6 is positive. 

40. sec 6 = 2 and tan @ is negative. 

41. csc @ =— 5 and ctn 0 is positive. 


119. Trigonometric Equations. An identity, as we have 
seen (§ 47), is an equality between two expressions which is 
satisfied for all values of the variables for which both expres- 
sions are defined. If the equality is not satisfied for all 
values of the variables for which each side is defined, it is 
called a conditional equality, or simply an equation. Thus 
1 — cos 6 = 0 is true only if 6 =n -360°, where n is an integer. 
To solve a trigonometric equation, 7.e. to find the values of 6 
for which the equality is true, we usually proceed as follows. 

1. Express all the trigonometric functions involved in terms 
‘of one trigonometric function of the same angle. 

2. Find the value (or values) of this function by ordinary 
algebraic methods. 

3. Find the angles between 0° and 360° which correspond to 
_ the values found. These angles are called particular solutions. 

4. Give the general solution by adding n- 360°, where n is - 
any integer, to the particular solutions. : 
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Exampte 1. Find 6 when sin 6 = }. 
The particular solutions are 30° and 150°. The general solutions are 
30° + n - 360°, 150° + n - 360°. 


Examp_eE 2. Solve the equation tan @ sin @— sin@= 0. 

Factoring the expression, we have sin 6 (tand—1)=0. Hence we 
have sin@ = 0, or tané—1=0. Why? 

The particular solutions are therefore 0°, 180°, 45°, 225°. The general 
solutions are n - 360°, 180° + m - 360°, 45° + » - 360°, 225° + n . 860°. 

Examp.e 3. Find 6 when tan 6+ ctné@ = 2. 

The given equation may be written 

tan 6+ ab, =a 
tan @ 
or 
tan?@ —2tand+1=0; 
therefore 
(tan@é—1)?=0, or tandé=1. 
It follows that @ = 465° or 225°; or, in general, 
6 = 45° + n - 360° or 225° + n - 360°. 


EXERCISES 


Give the particular and the general solutions of the following equations: 


1. sin @ =}. 9. tand=— 1. 
2. sing = — }. 10, ctn@g=— 1. 
3. cosé=}. li tang. 
4. cos@=—}. 12. cin @= 1. 
5. sec d= 2. 13. tan?.6 = 3. 
6. sec? = — 2. 14. sing=0. 
i. CAC O=— 2, 15. cos 6 = 0. 
8. csc @ =— 2. 16. tang =0. 


Solve the following equations giving the particular and the general 
solutions in each case: 

17. sind =cos@. Ans. 45°, 225°; 45° + n - 360°, 225° + n - 360°. 

18. tan? 6 + 2sec?6 = 5. 

19. 5sin0@ + 2cos?6=5. . Ans. 90°; 90° + 7 - 360°. 

20. cos? @ + 5sin@ = 7. 


176 


21. 
9a. 
23. 
24, 
25. 
26. 
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4sin 0 — 8csc 0 = 0. 


‘2sin 6 cos? 6 = sin 0. 


cos 8 + sec 0 = 3. 
2 sin 6 = tan 0. Ans. Particular solutions: 0°, 180°, 60°, 300°. 
8 sin 6+ 2cos@= 2. 


2cos? 6 —1=1 — sin?6. 


120. The Trigonometric Functions of —@. Draw the angles 
6 and — 6, where OP is the terminal line of 6and OP is the 
terminal line of — 6. Figure 108 shows an angle @ in each of 


Fia. 108 


the four quadrants. We shall choose OP = OP’ and (a, y) as 


the coérdinates of P and (a, y') as the codrdinates of P’. In 
all four figures 


Hence 


Also, 


ae, y=—y, 7 =r 
SY ee. 
sin (— DS ee 
as 
cos (— 6) =— =~= 08 8, 


esc (— #)= — csc 6; sec (— 0)= sec 9; ctn(— 6)=—ctn8, 
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121. The Trigonometric Functions of 90°— 6. Figure 109 
represents angles 6 and 90° — 6, when @ is in each of the four 
quadrants. Let OP be the terminal line of 6 and OP’ the 


ye 
Fig. 109 


terminal line of 90°— 6. Take OP’= OP and let (a, y) be the 
coérdinates of P and (2’, y’) the codrdinate of P’. Then in all 
four figures we have 


Hence 
sin (90° — 6) = Y=" = cos 8, 
(te 
90° — = 2 a asi 
cos ( as cng sin 6, 
tan (90° — 6)= ="= cine 
wy 
Also, 


esc (90° — 6)= sec 8, 
sec (90° — 6)= csc 6; 
ctn (90° — 6)= tan 0. 


Derinition. The sine and cosine, the tangent and cotan- 
gent, the secant and cosecant, are called co-functions of each 
other. 

The above results may be stated as follows: Any function 
of an angle is equal to the corresponding co-function of the com- 
plementary angle.* 

* Two angles are said to be complementary if their sum is 90°, regardless of 


the size of the angles. 
N 


‘- 
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122. The Trigonometric Functions of 180°—®. By draw- 
ing figures as in §§ 120, 121, the following relations may be 
proved : 


sin (180° — @)= sin 6, esc (180° — 6)= esc 6, 
cos (180° — 6) = — cos 8, sec (180° — 6) =— sec, 
tan (180° — 6)=— tan 6, | ctn (180° — 6)= — ctn 6. 


The proof is left as an exercise. 


123. The Trigonometric Functions of 180°+ 6. Similarly, 
the following relations hold: 


sin (180° + 6)=-— sin 8, esc (180° + 6) = — esc 6, 
cos (180° + 6) = — cos 8, sec (180° + 0) =— sec 8, 
tan (180° + 6) = tan 6, ctn (180° + 6) =-ctn 6. 


The proof is left as an exercise. 


124, Summary. An inspection of the results of §§ 120-123 
shows: 

1. Each function of — @ or 180° + 6 is equal in absolute value 
(but not always in sign) to the same function of 6. 

2. Each function of 90° — 6 is equal in magnitude and in sign 
to the corresponding co-function of 6. 

These principles enable us to find the value of any function 
of any angle in terms of a function of a positive acute angle 
(not greater than 45° if desired) as the following examples 
show. 


ExampLe 1. Reduce cos 200° to a function of an angle less than 45°, 
Since 200° is in the second quadrant, cos 200° is negative. Hence 
cos 200°= — cos 20°. Why ? 


Exampe 2. Reduce tan 260° to a function of an angle less than 45°. 
Since 260° is in the third quadrant, tan 260° is positive. Hence 
tan 260° = tan 80° = ctn 10° (§ 121). 


1 


rae 


Ls 


iy 


_ (b) sin (180° — 6)= sin é. 
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EXERCISES 
Reduce to a function of an angle not greater than 45°: 
1. sin 163°. 5. esc 900°. 
2. cos(— 110°). 6. ctn (— 12165°). 
Ans. — cos 70° or — sin 20°. 7. tan 840°. 
3. sec (— 265°). 8. sin 510°. 
4. tan 428°. 


Find without the use of tables the values of the following functions : 
9. cos 570°. 


13. cos 150°. ~ 
10. sin 330°. ~ 


11. tan 390°. 14. tan 300°. 

12. sin 420°. 

Reduce the following to functions of positive acute angles : 
15. sin 250°. 18. sec (— 245°). 


Ans. — sin 70° or — cos 20°. 19. csc (— 321°). 
16. cos 158°. 20. sin 269°. 
17. tan (— 389°), 
21. Prove the following relations from a figure : 
(a) sin (90° + @)=cos8@. (c) sin (180° + 6)=— sin @. 


cos (90° + @)=— sin @. cos (180° + 6) =— cos @. 
tan (90° + 6)=— ctné. tan (180° + @) = tan 6. 
esc (90° + 6) = sec 0. esc (180° + 6) =— esc 0. 
sec (90° + 6)=— csc é. sec (180° + 6)=— sec 6. 
ctn (90° + 6) =— tan @. ctn (180° + 6) = ctn 0. 


(d) sin (270° — 6) = — cos 0. 


cos (180° — #)=— cos 0. cos (270° — 0) =— sin @. 


tan (180° — @)=— tan 8. tan (270° — @)= ctn a. 
esc (180° — 6) = csc 4. esc (270° — 6) = — sec 0. 
sec (180° — @) =— sec 0. sec (270° — 6) =— csc 6. 


ctn (180° — @)=— ctn 4. ctn (270° — @)= tan 0. 
(e) sin (270° + ¢)=— cos. 
cos (270° + @)= sin 0. 
tan (270° + @)=— ctn @. 
esc (270° + 6) =— sec 6. 
sec (270° + 6)= csc 0. 
ctn (270° + 0)=— tan 6. 
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125. Law of Sines. Consider any triangle ABC with the 
altitude CD drawn from the vertex C (Fig. 110). 


CG C 
at | a 
Was eeee 
A DiB Ds Are Bars B 
Fia. 110 


In all cases we have sin A= a sin B =". 


Therefore, dividing, we obtain 


sin A_a@ 
sin BD’ 
or 
56 SO (2) 


If the perpendicular were dropped from B, the same argu- 
ment would give 
a c 
—————— 3} 
sin A sin@ @) 
Combining results (2) and (3) we have 


ea OE ec 
sinA sinB sinC’ 


This law is known as the law of sines and may be stated as 
follows : 

Any two sides of a triangle are proportional to the sines of the 
angles opposite these sides. 


126. Law of Cosines. Consider any triangle ABC with the 
altitude CD drawn from the vertex .O (Fig. 111). 
In Fig. 111 a4 
AD=bcos A; CD=bsinA; DB=c— bcos. 
In Fig. 111 } 
AD=— bcos A; CD=bsin A; DB=c— bcos A 


% 
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In both figures 
a= DB* + CD. 


Therefore 
a* = c? — 2be cos A + Bb? cos? A + b? sin? A 
= ¢ — 2 be cos A + (cos? A + sin? A) 5%, 


Uprasa---y 2 


whence 


a’? = b?+ c? —2 bc cos A. 
Similarly it may be shown that 


= c? + a —2ca- cos B, 
C= a?+ b?—2ab-cos C. 


Any one of these similar results is called the law of cosines 
It may be stated as follows: 

The square of any side of a triangle is equal to the sum of the 
squares of the other two sides diminished by twice the product of 
these two sides times the cosine of their included angle.* 


127. Solution of Triangles. To solve a triangle is to find 
the parts not given, when certain parts are given. From 
geometry we know that a triangle is in general determined 
when three parts of the triangle, one of which is a side, 


* Of what three theorems in elementary geometry is this the equivalent ? 
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are given.* Right triangles have already been solved 
(§ 106 ff.), and we shall now make use of the laws of sines and 
cosines to solve oblique triangles. The methods employed 
will be illustrated by some examples. It will be found 
advantageous to construct the triangle to scale, for by so doing 
one can often detect errors which may have been made. 


128. Illustrative Examples. 


Exampitel. Solve the triangle ABC, given 


Cc 
b a=2g 4 = 30° 20', B= 60° 45’, a = 276. 
Ae es SoLurTIon : 


A 3} ne B C = 180° —(A + B)=180° — 91° 5! = 88° 55/; 
pat sin B _ 276 sin 60° 45’ _ (276) (0.8725) _ 476.9 - 
~ sin A sin 30° 20! 0.50680 Sage 
also 


asin C _ 276 sin 88° 55! =m” ue 


J sin A _ sin 30° 20/ 0.505 
CueEck : It is left as an exercise to show that for these values we have 
c? = a? + b?—2abcos C. 
Exampie 2. Solve the triangle ABC, given 
A=380, D=10, a=6. wes ; 
Constructing the triangle ABC, we see that —% 
two triangles 4 B,C and AB2C answer the descrip- A B, D&B, 


tion since b >a > altitude CD. Fie. 113 
So.tution: Now 


= 646.4. 


sin Bi_b ,or sin By = bsin A = 0.833, 
sin A a’ a 
whence B, = 56.5°. 

. But ; 
Bz = 180° — B, = 180° — 56.5° = 123.5°, 
and 

C; = 180° —(A + By) = 180° — 86.5° = 93.5°, 
C2 = 180° —(A + Bo) = 180° — 153.5° = 26.5°. 


* When two sides and an angle opposite one of them are given, the triangle 
is not always determined. Why ? 
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Now 
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sin C2 oO os asin Cy _ (8) 0-5) BGK 


sin A sin A~ 
- Sin or or ¢,=% sin Oy = OC: ow) = = 11.98. 
sin A sin A 


cy? = a? + b2? —2abcos Cj. 


143.5 = 36 + 100 + (2) (6) (10)(0.061) = 143.8. 


Co? = a? + Fb? — 2 ab cos C2. 


28.62 = 36 + 100 — (2)(6) (10) (0.895) = 28.60. 
ExampPte 3. Solve the triangle ABC, given a= 10, b=6, C=40°. 


SoLuTion: c? = a? + b?—2 ab cos C 


Therefore c= 6.64. Now 
ey | =asn Ce GR ae 68S) = = 0.968, 


100 + 36 —(120)(0.766) = 44.08. 
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C a=10 B 
ie. A= 104.5°. Likewise UE 
sin B = 28in C _ (6) (0.648) _ 9 591 
¢ 6.64 
t.e. B= 35.5°. 
q A Cueck: A+ B+ C=180.0° 
=z b=3 
= Exampte 4. Solve the triangle ABC when 
B — C a=7, b=8, c=5 
Fig. 115 From the law of ae 
ee CE ee AE 
Oe A RE she 2 
a oe Ee 18 008 
dare Bae, |. 4a ew 
eb? — 7 1) 0 7868 
cos C= Sas td 786. 
Therefore 


A= 120°) B= 2182, C198 27. 


Cuecxk: 4+ B+ C= 180.0°. 


EXERCISES 


1. Solve the triangle ABC, given 


(a) A= 30°, 
(b) A = 40°, 


Be Or. a=100; 
vO 75 e=110; 


(c) A=45.5°, C=68.5°, b=40; 
(2) B=60.5°, C= 44°20, ¢=20; 
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(ce), @=30; b=64 10 = 507; (7) G= 10, (b= A2 no — 4 
(Gay Westh Chesil) (Or —Gih (iva 20," b= 22 enc — 20, 

2. Determine the number of solutions of the triangle ABC when 
(@))-A = 2 80°,56 = 100, = 7105 ae) 4 — 30° 100 ia — a2 
(CO) A= 802% bi= 1100; a’ = 1005 i) ea 1062 ba 20 ee 
(c) A= 80°, b=100, a= 50; (g) A= 90°, b= 165, a= 14. 
(d) A= 380°, 6=100, a= 40; 

3. Solve the triangle ABC when 
(ay A=37° 20% a= 20;) b= 265) (a(c)) A= 205) ¢ — 22 bee, 
(0) A=37°20', a=40, b=26; 


4, In order to find the distance from a point A to a point B, a line 


AC and the angles CAB and ACB were measured and found to be . 


300 yd., 60° 30’, 56° 10’ respectively. Find the distance AB. 
5. In a parallelogram one side is 40 and one diagonal 90. The angle 


between the diagonals (opposite the side 40) is 25°. Find the length of 


the other diagonal and the other side. How many solutions ? 


6. Two observers 4 miles apart, facing each other, find that the angles 
of elevation of a balloon in the same vertical plane with themselves are 
60° and 40° respectively. Find the distance from the balloon to each 
observer and the height of the balloon. 


7. Two stakes A and B are on opposite sides of a stream ; a third 
stake C' is set 100 feet from A, and the angles ACB and CAB are observed 
to be 40° and 110°, respectively. How far is it from A to B? 


8. The angle between the directions of two forces is 60°. One force 
is 10 pounds and the resultant of the two forces is 15 pounds. Find the 
other force.* 


9. Resolve a force of 90 pounds into two equal components whose 
directions make an angle of 60° with each other. 


10. An object B is wholly inactessible and invisible from: a certain 
point A. However, two points C and D on a. line with A may. be found 
-such that from these points B is visible. If it is found that CD= 
800 feet, CA = 120 feet, angle DCB=70°, angle CDB = 60°, find the 
length AB. ' f meh. 
* It is shown in physics that if the line segments AB 
Y and AC represent in magnitude and direction two forces 
acting at a point A, then the diagonal AD of the parallelo- 

gram ABCD represents both in magnitude and direction 

B the resultant of the two given forces. 


- 


a 


eT 
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11. Given a, 5, A, in the triangle ABC. Show that the number of 
possible solutions are as follows : 
A< 90° 

a<bdsin A no solution, 
bsin A<a<b two solutions, 
a=zb 

a@=bsin A 


A>90° 
a@<b nosolution, 
a@>b_ one solution, 


one solution. 


12. The diagonals of a parallelogram are 14 and 16 and form an angle 
of 50°. Find the length of the sides. 


13. Resolve a force of magnitude 150 into two components of 100 and 
80 and find the angle between these components. 


14. It is sometimes desirable in surveying to extend a line such as AB 


A B WY; B 


Cc 


in the adjoining figure. Show that this can be done by means of the 
broken line ABCDE. What measurements are necessary ? 

15. Three circles of radii 2, 6,5 are mutually tangent. Find the angles 

between their lines of centers. 
_ 16. In order to find the distance between two objects A and B on op- 
posite sides of a house, a station C was chosen, and the distances C/A 
= 500 ft., CB=200 ft., together with the angle ACB = 65° 30! were 
measured. Find the distance from A to B. 

17. The sides of a field are 10, 8, and 12 
rods respectively. Find the angle opposite the 
longer side. 

18, From a tower 80 feet high, two objects, 
A and B, in the plane of the base are found to 
have angles of depression of 13° and 10° respec- 
tively; the horizontal angle subtended by A and B at the foot C of the 
tower is 44°. Find the distance from A to B. 
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129. Areas of Oblique Triangles. 
1. When two sides and the included angle are given. 


Denoting the area by S, we have from geometry 


C S=tch, 
but h = bsin A; therefore 
(4) S=tcb sin A. 
A B 9 a 
Likewise, 
Fia. 116 


S=tabsinC and S=facsin B. 


2. When a side and two adjacent angles are given. 

Suppose the side a and the adjacent angles .B and C to be 
given. We have just seen that S=iacsin B. But from the 
law of sines we have . 


Therefore 


But sin A = sin [180°—(B+ C)]=sin(B+C). Therefore 
_ @ sin Bsin C 
2 sin (B+ C) 
3. When the three sides are given. 


We have seen that S=4bcsin A. Squaring both sides of 
this formula and transforming, we have 


nem. Bc? 
Fae Si a5 (1 — cos? A) 
= "(1 + cos A)» 24 
pay | + cos es — cos A); 


whence, 


be b? + c? — a?\. be b? + c? — a? 
S72 si a eee 
at uF 2 be ) ak 2 be ) 


va 
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—2be+P4+C—a 2he—b—c?+a? 
4 4 


a ee 


2 2 2 ar. 
which may be written in the form 
S? = s(s — a)(s — b)(s—o), 
where 2s=a+b+c. Therefore, 
(5) S =Vs(s — a)(s — b)(s — ¢). 


130. The Radius of the Inscribed Circle. If, is the radius 
of the inscribed circle, we have from elementary geometry, 
since s is half the perimeter of the triangle, S = 7's; equating 
this value of S to that found in equation (5) of the last article 
and then solving for r, we get, 


? [(e— a)(s — b)(s—c) | 
4 8 


EXERCISES 
Find the area of the triangle ABC, given 
eae — 20, 0 — ol.4,. Ci 80> 25! on — LOT Oi ignen Ci 00r. 
$20 = 24, -e=— 34.5, -A =— 60° 25). 5.5 — 10) b= 12) OC. = 607, 
Sena ae, CO a0. 6a = 10> bi 128 CS see 
7. Find the area of a parallelogram in terms of two adjacent sides 
and the included angle. 


8. The base of an isosceles triangle is 20 ft. and the area is 100/-V3 
sq. ft. Find the angles of the triangle. Ans. 30°, 80°, 120°. 


9. Find the radius of the inscribed circle of the triangle whose sides 
are 12, 10, 8. 


10. How many acres are there in a triangular field having one of its 
sides 50 rods in length and the two adjacent angles, respectively, 70° 
and 60° ? 


CHAPTER VII 
TRIGONOMETRIC RELATIONS 


131. Radian Measure. In certain kinds of work it is more 
convenient in measuring angles to use, instead of the degree, 
a unit called the radian. A radian is defined as the angle at 
the center of a circle whose subtended arc is equal in length — 
to the radius of the circle (Fig. 117). Therefore, if an angle 6 
at the center of a circle of radius r units subtends an arc of 
s units, the measure of @ in radians is 
(1) o=5. 


r 


Since the length of the whole circle is 27r, it follows that 


2 SS or radians = = 360°, 


Jes\ 
or 


(2) tw radians = 180°. 


Fic. 117 Therefore, 


180° 


1 radian = —— = 57°17' 45" (approximately). 


It is important to note that in radian * as defined is a con- 
stant angle, i.e., it is the same for all circles, and can therefore 
be used as a unit of measure. 


* The symbol ~ is often used to denote radians. Thus 2” stands for 2 — 
radians, 77 for 7 radians, etc. When the angle is expressed in terms of 7 (the 
radian being the unit), it is customary to omit ™. Thus, when we refer to an 
angle 7, we mean an angle of 7 radians. When the word radian is omitted, it 
should be mentally supplied in order to avoid the error of supposing 7 means 
180. Here, as in geometry, r= 3.14159. ... 


188 
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From relation (2) it follows that to convert radians into 
degrees it is only necessary to multiply the number of radians 
by 180/7, while to convert degrees into radians we multiply 
the number of degrees by 7/180. Thus 45° is 7/4 radians ; 
a/2 radians is 90°. 

132. The Length of Arc of a Circle. From relation (1), 
§ 131, it follows that 8-70 


s= 176 
That is (Fig. 118), if a central angle is measured Se 
in radians, and if its intercepted arc and the 
radius of the circle are measured in terms of 
the same unit, then 
length of arc = radius x central angle in radians. 


Fig. 118 


EXERCISES 
1, Express the following angles in radians : 
25°, 145°, 225°, 300°, 270°, 450°, 1150°. 
2. Express in degrees the following angles: 
rg Tn 57 3 


FOG ees 

3. A circle has a radius of 20 inches. How many radians are there in 
an angle at the center subtended by an arc of 25 inches? How many 
degrees are there in this same angle ? Dey Agk e 71° 37! approx. 

4. Find the radius of a circle in which an arc 12 ae long subtends 
‘an angle of 35°. 

5. The minute hand of aclock is 4 feet long. How far aoge its ex- 
tremity move in 22 minutes ? 

6: In how many hours is a point on the equator carried by the rotation 
of the earth on its axis through a distance equal to the diameter of the earth ? 

7. A train is traveling at the rate of 10 miles per hour, on a curve of 
half a mile radius. Through what angle has it turned in one minute ? 

8. A wheel 10 inches in diameter is belted to a wheel 3 inches in 
diameter. If the first wheel rotates at the rate of 5 revolutions per 
minute, at what rate is the second rotating? How fast must the former 
rotate in order to produce 6000 revolutions per minute in the latter ? 
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133. Angular Measurement in Artillery Service. The 
‘divided ‘circlés by ‘means of which the guns of the United States Field 
‘Artillery’ are ‘ainied | ‘are ‘graduated neither in degrees nor in radians, but 
‘in ‘nits called ‘mils. The mil is defined as an angle subtended by an arc 
‘of edn’ ofthe circumference, and is therefore equal to 


Qr _ 3.1416 
6400 3200 


The mil is therefore approximately one thousandth of a radian, 
(Hence its name.)* 
Since (§ 132) 


length of arc = radius x central angle in radians, - 


= 0.00098175 = (0.001 — 0.00001825) radian. 


it follows that we have approximately 


radius 


length of arc = "000i x central angle in mils ; 


’ ¢.e. length of arc in yards = (radius in thousands of yards) - (angle 
in mils). The error here is about 2%. 


5500 yds. 


Exampte 1. <A battery occupies a front of 60 yd. If it is at 
oud. 6500 yd. range, what angle does it subtend (Fig. 119)? We 
Fia. 119 have, evidently, 


angle = “ == amis) 


Example 2. Indirect Fire.t A battery posted with its right gun at G 
‘is to open fire on a battery at a point 7, distant 2000 yd. and invisible 


* To give an idea of the value in mils of certain angles the following has 
been taken from the Drill Regulations for Field Artillery (1911), p. 164: 

‘Hold the hand vertically, palm outward, arm fully extended to the front. 
Then the angle subtended by the 


width of thumbis . ¢ : : : 3 - 40 mils 
width of first finger at second joint: ingore : : - 40 mils 
width of second finger at second jeint is : : ; . 40 mils 
width of third finger at second joint is . ‘ ‘ ‘ - 35 mils 
width of little finger at second jointis . : . 30 mils 


width of first, second, and third fingers at nah joint is . 115 mils 
These are average values.”’ 


+ The limits of this text preclude giving more than a single illustration of 
the problems arising in artillery practice. For other problems the student is 
referred to the Drill Regulations for Field Artillery (1911), pp. 57, 61, 150-164; 
and to ANDREws, Fundamentals of Military Service, pp. 153-159, from which 
latter text the above example is taken. 
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from G@ (Fig. 120). The officer directing the fire takes post at a point 
B from which both the target J and a church spire P, distant 3000 yd. 
from @are visible. Bis 100 yd. at the right of the line GT and 120 yd. 
at the right of the line @P and the officer finds by measurement that the 
angle PBT contains 3145 mils. In order to train the gun on the target 
the gunner must set off the angle PGT on fp yd 
the sight of the piece and then move the gun 
until the spire P is visible through the sight. 
When this is effected, the gun is aimed at T. 

Let F and £ be the feet of the perpen- 
diculars from B to GT and GP respectively, 
and let BT’ and BP’ be the parallels to 
GT and GP that pass through B. Then, 
evidently, if the officer at B measures the F 
angle PBT, which would be used instead @ 
of angle PGT were the gun at B instead 
of at G, and determines the angles TBT' = 


FTB and PBP!=EPB, he can find the dé 
angle PGT from the relation Fie. 120 > 
PET=PBT= PBI — TB — PBP'. 
FB EB: 
==—, tan FPB = —. 
Now tan FTB TF an ae 


Furthermore if FTB and EPB are small angles, i.e., if FB and HB are 
small compared with GT and GP respectively, the radian measure of the 
angle is approximately equal to the tangent of the angle. Why? Hence 
we have 


FTB = tan FTB = ze 
EB approximately. 
‘PB = tan LPB =— 
7H an GP 
100 c : 
Therefore Pa Ee 5000 radians = 50 mils, 
Ppp = EPB = 2 radians = 40 mils. 
8000 
Hence PGT = PBT — TBT' — PBP 
= 3145 — 50 — 40 
== 8055 mils, 


which is the angle to be set off on the sight of the gun. 
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Hence for the situation indicated in Fig. 120 we have the following 
rule : * 

(1) Measure in mils the angle PBT from the aiming point P to the 
target J as seen at B. 

(2) Measure or estimate the offsets FB and EB in yards, the range 
GT and the distance GP of the aiming point P in thousands of yards. 

(3) Compute in mils the offset angles by means of the relations 


TBT' = FTB, 
PBP! = pee 
TB =F8 
ae 
pap 222. 
GP. 


(4) Then the angle of deflection PGT is equal to the angle PBT 
diminished by the sum of the offset angles. 


EXERCISES 


1. A’ battery occupies a front of 80 yd. It is at 5000 yu range. 
What angle does it subtend ? 
2. In Fig. 120 suppose PBT = 3000 mils, FB = 200 yd., GT = 8000 yd., 
EB = 150 yd., GP = 4000 yd. Find the number of mils in PGT. 
3. A battery at a point @ is ordered to take a masked position and be 
‘ready to fire on an indicated hostile battery at a point 7 whose range is 
known to be. 2100 yd. The battery commander finds an observing station 
B, 200 yd. at the right and on the prolongation of the battery front, and 
175 yd. at the right of PG. An aiming point P, 5900 yd. in the rear, is 
found, and PBT is found to be 2600 mils. Find PGT. 


134. Inverse Trigonometric Functions. The equation 


= siny (1) 
may be read: 
y is an angle whosg sine is equal to 2, 


a statement which is usually written in the contracted form 
. y = are sin + (2) 


* There are three cases with corresponding rules, depending on whether P 
is in front of, rear of, or on the flank of G. 

t Sometimes written y = sin-17%. Here —1 is not an algebraic exponent, 
but merely a part of a functional symbol. When we wish to raise sin x to 
the power — 1, we write (sin #)-1. 


7 
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For example, # = sin 30° means that «= 4, while y =are sin4 
means that y= 30°, 150°, or in general (n being an integer), 


30° + n + 360°; 150° + n - 360°. 


Since the sine is never greater than 1 and never less than 
—1, it follows that—1<a¢<1. It is evident that there is 
an unlimited number of values of y = are sin # for a given value 
of x in this interval. 

We shall now define the principal value Arc sin a* of arc sin a, 
distinguished from are sin x by the use of the capital A, to 
be the numerically smallest angle whose sine is equal to 2. 
This function like arc sin w is defined only for those values of 


a for which 
—l<¢sl 


The difference between arc sinx and Arc sin is well illus- 
trated by means of their graph. It is 
evident that the graph of y= arc sin 2, 
ie. 2=siny is simply the sine curve 
with the réle of the x and y axes inter- 
changed. (See Fig. 121.) Then for every 
admissible value of a, there is an un- 
limited number of values of y; namely, 
the ordinates of all the points P,, P,, ---, in 
which a line at a distance # and parallel 
to the y-axis intersects the curve. The 

single-valued function Arc sin a is repre- ie ae 
sented by the part of the graph between ae 


' Mand N. 


Similarly arc cos a, defined as “an angle whose cosine is 2,” 


* Sometimes written Sin-1 x, distinguished from sin-!x by the ase of the 
capital S. 
art * 
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has an unlimited number of values for 
every admissible value of ¢(—1S # <1). 
We shall define the principal value Arc 
cos x as the smallest positive angle whose 
cosine is x. That is, 


0< Arc cos @< 7. 


Figure 122 represents the graph of 

y = are cos wand the portion of this graph 

between VM and W represents Arc cos a. 
Similarly we write «= tan y as y =arc 


Y= are cos @ . 
y=Are cosy tana, and in the same way we define the 
Fia. 122 symbols are ctna; arc secx; are csc a. 


The principal values of all the inverse trigonometric functions 
are given in the following table. 


y= Are sin x Are cos & Are tan & 


Range of x SS SIDS all real values 

Range of Se 
a 2 2° 2 

x positive 1st Quad. Ist Quad. 1st Quad. 

x negative 4th Quad. 2d Quad. 4th Quad. 


Are ctn x Are sec & Are csc «© 


Range of x all values 


Range of 0 tor 0 to r 


x positive 1st Quad. 1st Quad. Ist Quad. 
x negative 2d Quad. 2d Quad. 4th Quad, 


In so far as is possible we select the principal value of each 
inverse function, and its range, so that the function is single- 
valued, continuous, and takes on all possible values. This ob- 
viously cannot be done for the Arc sec # and for Arc esc y. 


—— CU 
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EXERCISES 
1. Explain the difference between arc sin x and Arc sin x. 
2. Find the values of the following expressions : 
(a) Are sin }. (6) are sin 4. (c) arc tan 1. 


(d) Arc tan — 1. (e) are cos “3. (f) Are cos se 


3. What is meant by the angle r? 7/4? 


4. Through how many radians does the minute hand of a watch turn 
in 30 minutes ? in one hour ? in one and one half hours ? 


5. For what values of x are the following functions defined : 
(a) are sin x? (b) are cos x? (¢) are tan a? 
(d) are ctn x? (e) arc sec %? (f) are ese x? 


6. What is the range of values of the functions: 


(a) Arc sin x? (6) Arc cos x? (c) Arc tan x ? 
(d) Arc ctn x? (e) Are sec x? (f) Arc esc x? 
7. Draw the graph of the functions: 

(a) are sin x. (6) are cos x. (c) are tan x. 

(d) arc ctn x. (e) arc sec x. (f) are ese x. 


8. Find the value of cos (Arc tan $#). 
Hint. Let Arctan?=6@. Then tan 6=jand we wish to find the 
value of cos 6. 


9. Find the values of cos (are tan $). 
10. Find the value of the following expressions : 

“ (a) sin (arc cos $). (c) cos (Arc cos 5%). (e) sin (Arc sin 4). 
(b) sin (arc sec 3). (d) sec (Arc csc 2). (f) tan (Are tan 5). 
11. Prove that Arc sin (2/5) = Arc tan (2/V21). 

12, Find x when Arc cos (2%? — 2x)= 27/3. 


Find the values of the following expressions : 
13. cos [90° — Arc tan ?]. 

14, sec [90° — Arc sec 2]. 

15. tan [90° — Arc sin ,]. 
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135. Projection. Consider two directed lines p and g in a 
plane, ¢.e. two lines on each of which one of the directions 
has been specified as positive (Fig. 123). Let A and B be 
any two points on p and let A’, B' be the points in which per- 


+ 
Fic. 123 


pendiculars to g through A and B, respectively, meet g. The 
directed segment A'B! is called the projection of the directed seg- 
ment AB on q and is denoted by 


A'B' = proj, AB. 


In both figures AB is positive. In the first figure A'B' is posi- 
tive, while in the second figure it is negative. 
As special cases of this definition we note the following: 
1. If p and q are parallel and are directed in the same way, 
we have 
proj, AB = AB. 
2. If pand q are parallel and are directed oppositely, we 
have ’ 
proj, AB =— AB. 
_ 3. If p is perpendicular to g, we have 
proj, AB=0. 


It should be noted carefully that these propositions are true 
no matter how A and B are situated on p. 
We may now prove the following important proposition: 


a 
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If A, B are any two points on a directed line p, and q is 
any directed line in the same plane with p, then we have both in 
magnitude and sign: 

(1) proj, AB = AB - cos (qp), 
where (qp) represents an angle through which q must be rotated 
in order to make tts direction coincide with the direction of p. 

We note first that all possible determinations of the angle 
(gp) have the same cosine, since any two of these determina- 
tions differ by multiples of 360° (Fig. 124). We shall prove 


Fie. 124 
the proposition first for the case where AB has the same direc- 
tion as p, i.e. where AB is positive. To this end we draw 
through A (Fig. 125) a line g; parallel to g and directed in the 


Fia. 125 
same way. (We may evidently assume without loss of gener- 
ality that q is horizontal and is directed to the right.) 

Let A'B' have the same significance as before and let BB’ 
meet g, in B; Then, by the definition of the cosine, we have 
AB, 

= GCOS = Cos 
AB (UP) (7p); 


in magnitude and in sign ; or 
AB, = AB cos (q p). 
But 
AB/= A‘R!' = proj, AB. 
Therefore - 
proj, AB = AB cos (qp). 
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Finally, if AB is negative, BA is positive, and, by the result 
just obtained, we should have 


B'A'= BA cos (qp). 


Hence, changing signs on both sides of this equation, we 


have 
A'B' = AB cos (gp). 


The special cases-1, 2, 3 listed on p. 196 are obtained from 
formula (1) by placing (yp) equal to 0°, 180°, 90°, respectively ; 
for cos 0° =1, cos 180° =— 1, cos 90° = 0. 


136. Application of Projection. In Physics, forces and 
velocities are usually represented by line segments. A force 
of 20 pounds, for example, is represented by a segment 20 units 
in length and drawn in the direction of the force. <A velocity 
of 20 feet per second is represented by a segment 20 units in 
length and drawn in the direction of the motion. 

The projection on a given line 7 of a segment representing 
a force or velocity represents the component of the force or 
velocity in the direction of J. 


Exampue. A smooth block is sliding down a smooth incline 
which makes an angle of 30° with the horizontal. If the block 
weighs 10 lb., what force acting directly up 
the plane will keep the block at rest? 


directly downward to represent the force 
exerted by the weight. Project this segment 
on the incline and call this projection AC. 
Nowangle ABC = 30°. Therefore AC = ABsin 30° = 5. This 
is the component of the force AB down the plane. Therefore 
a force of 5 lb. acting up the plane will keep the body at rest. 


Fig. 126 


Draw the segment AB 10 units in length, 
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Turorem. Jf A, B, Care any three points in a plane, and 1 
is any directed line in the plane, the algebraic sum of the projec- 
tions of the segments AB and BC on 1 is equal to the projection of 
the segment AC on l. 


As a point traces out the path from A to B, and then from 
B to C (Fig. 127), the projection of the point traces out the 
segments from A' to B' and then from B’ 


to C’. The net result of this motion is a e B 
motion from A’ to C’ which represents 
the projection of AC, i.e. a 
eA IAC: Be 
A'B'+ BIC'= A'C". Fie. 127 


EXERCISES 
1.. What is the projection of a line segment upon a line J, if the line 
segment is perpendicular to the line 7? 


2. Find proj, AB and proj, AB* in each of the following cases, if a 
denotes the angle from the z-axis to AB. 


(a) AB=5, a = 60°. (c) AB=6, = 90°. 
(Gy AB= 10, a = 800°. (d) AB =20, @=/2102% 
3. Prove by means of projection that in a triangle ABC 
a=bcosC+c cosB. 
4. If proj, AB = 3 and proj, AB =—4, find the length of AB. 
5. A steamer is going northeast 20 miles per hour. How fast is it 
going north ? going east ? 


6. A 20 lb. block is sliding down a 15° incline. Find what force 
acting directly up the plane will just hold the block, allowing one half a 
pound for friction. 

7. Prove that if the sides of a polygon are projected in order upon any 
given line, the sum of these projections is zero. 


* Proj, AB and proj, AB mean the projections of AB on the x-axis and 
the y-axis, respectively. 


a 


- 


3g 
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137. Rotation ina Plane. Suppose that a point P(@, y) in 
a plane moves on the arc of a circle with center at the origin O, 
_ through an angle a. Suppose that its position after this 
rotation is P'(w', y') referred to the same axes of coérdinates. 
We desire to find. «' and y’ in terms of a, y, and «. 

In Fig. 128 we have 
drawn P and its codrdi- 
natesx = OM,y = MP, and 
the new position OM'P' of 
the triangle OMP after a 
rotation about the origin 
through an angle a The 
coérdinates 2! = ON, y'= 
NP’ of FP’ are the pro- 
jections of OF’ on the 
e-axis and the y-axis re- 

Fic. 128 spectively, and these pro- 

jections are equal respec- 

tively to the sum of the projections of OM' and M'P' on the 
respective axes. Hence, 


x' = proj, OP’ = proj, OM' + proj, M'P’ 
= OM' cos (OX, OM')+ M'P' cos (OX, M'P') 
= £08 « + y Cos (a + 2/2) 
= xcos a — ysina. 

yg ==pro| OP == proj, OM' + proj, M'P’ 
= OM'cos(OY, OM')+M'P' cos ( OY, M'P’) 
= cos (— 7/2 + «)+ ycos a 
= 2 sina + ¥ COS «. 


Therefore, if the point P(«, y) is rotated about the origin 
through an angle a, the codrdinates (a', y') of its new position 
are given by the formulas j 


ee 
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x’=xcosa—ysina 
@) ty =x sina+ 

= ycos a. 
It should be noted that the above méthod of derivation is 
entirely general, i.e. it will apply to a point P in any quad- 
rant and to any angle «. 


138. The Addition Formulas. We may now enter upon a 
more detailed study of the properties = bat 
of the trigonometric functions. We P(z,y) 
shall first express sin(a+) and 
cos(a#-+ 8) in terms of sing, cosa, 
sin 8, cos8.* To this end let OP be 
the terminal side of any angle « (Fig. 
129). If OP is then rotated about O 
through an angle £8 to the position 
OF', the terminal line of the angle 
a+ Bis OP'. If P has the codrdinates (x, y) and P’ the 
codrdinates (2’, y'), then from (1) § 137, 


Fie. 129 


x' = xcos B — ysin B, 
y' = «sin B + y cos B. 
t 
Now sin (a + 8) is by definition equal to im and cos («+ £) 


to w where r = OP’ = OP. Hence 
- 


t 
sin (a + p)=%=* sing +4 cos 8, 


ie 

or 

(1) sin (a + B)=sina cos B + cosa sin B. 
oop Gos (a 4- 2)=*- =" cog go — “cin A, 

or Py ark Yr 

(2). cos (a + B)= cosa cos B — sina sin B. 


* We have already had occasion to note that sin(&-+ 8) is not in general 
equal to sin@+sin8. (See Ex. 5, p. 151.) 
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Further we have 


tan (a + £) __ sin (@ + 8) _ sin «cos B + cos @ sin 8 


cos(a+ 8) cosacosB —sinasinB 


Dividing numerator and denominator by cos # cos B, we have 


tana + tanB 


(3) tan(a +B) =; faa ate 


Furthermore, by replacing B by — B in (1), (2), and (8), and 
recalling that 


sin (— 8)= — sin B, cos (— 8)= cos B, tan (— 8) =— tan, 


we obtain 


(4) sin (a — B) = sina cos B — cosa sin B, 
(5) cos(a — B)=cosa cos B + sina sin B, 
tana — tanB 
6 tan (a— §) =e 
(6) ¢ as 1+ tana tan B 
EXERCISES 
Expand the following : 
1. sin (46°+ @)= 3. cos (60° + a) = 5. sin (80° — 45°) = 
2. tan (30° — B)= 4. tan (45° + 60°)= 6. cos (180° — 45°) = 
7. What do the following formulas become if a = B ? 
pin (a@+pB)= sin & cos +f. Cos isin Be etd (a + B) = tana + tang 
sin (@ — 8) = sin & cos B — cos sin B. 1 — tan & tan B 
cos (& + B) = cos& cos B — sin KsinB. tan (a — B) = tan @ — tan B 
cos (& — 8) = cose cos + sine sin B. 1+ tan a@ tan B 
8. Complete the following formulas : 
sin2a@cosa@+cos2asina = tan2@+tana _ 
sin 8 @ cosa@ — cos3 asin @ = 1—tan2atane 


9. Prove sin 75° =V8+1  oog7p¢ V8 =1 tan 759 = V8 +1, 


2V/2 2V2 Vv3—1 


10. Given tan a = 3, sin 6 = ,5,, and w and B both positive acute angles, 
find the value of tan(@ + 8); sin (@—); cos(@ + B) ; tan (@ — 8). 
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11. Prove that 
(a@) cos (60° + &) + sin (80° + &)= cosa. 
(6) sin (60° + 6) — sin (60° — 9)= sin #. 
(¢) cos (30° + 6)— cos (80° — 6) =~— sing, 
(d) cos (45° + 8)+ cos (45° — 0) = V2- cos 8. 


(e) sin («+5) + sin(a—Z) = sina. 
(f) cos («+ F) + cos («—) = v3- cosa. 
(g) tan (45° + 6)= cee. (h) tan (45° — 9) = L= tan 6 


— tand 1+ tané 


12. By using the functions of 60° and 30° find the value of sin 90°; 
cos 90°. 


13. Find in radical form the value of sin15°; cos15°; tan15°; 
sin 105°; cos 105°; tan 105°. 


14. If tane = 4, sing = ;4, and «@ is in the third quadrant while 6 is 
in the second, find sin(@ + 8); cos(@ +); tan(@ + 8). 


Prove the following identities : 


15. sin(@ + 6) _ tana + tang 16. Bae 5 C082 ing 
sin(@—f8) tanae—tang sec a csc & 
17, tan@—tan(@—8) _in 8. 19. (a) sin (180° — 6)=sin8. 
1+ tan @ tan (a@ — 8) (6) cos (180° — 6) =— cosé. 
18. tan(@ + 45°)+ ctn (6 $ 45°)=0. (c) tan (180° — 6) =— tan 8. 
20. cos (a + B) cos (@ — 8) = cos? a& — sin? B. 
21. sin(@ + 8)sin(@ — 8) =sin?@ — sin? . 
ctn @ cot B—1 ctnectnB+1 
22. otn (+8) = ecm B 23. ctn (0. — 8) = eta 


24. Prove Arc tan 4 + Arctan+ = 7/4 

[Hinr: Let Are tan}=a and Arctan4=y. Then we wish to prove 
“2+y=7/4, which is true since tan (x + y)=1.] 

25. Prove Arc sina + Arc cosa =o ih Oo <1. 


26. Prove Arc sin, + Arc sin?= Are sin }{. 

27. Prove Arc tan2 + Arc tan =7/2. 

28. Prove Arc cos3 + Arc cos (— #;) = Are cos (— §%). 

29. Prove Arc tan 8 + Arc tan $ = Arc tan 74. 

30. Find the value of sin[ Arc sin# + Arc ctn $]. 

$1. Find the value of sin [Arcsin a+ Arcsin 6] if0<a<1, 0<d<1, 
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82. Expand sin(z + y +2); cos(%+y+2). 

(Hint: ¢+y+2=("%+y)+ 2] 

33. The area A of a triangle was computed from the formula 
A=abdsin 6. If an error e was made in measuring the angle 6, show that 
the corrected area A! is given by the relation A’ = A(cose + sinectn 6). 


189. Functions of Double Angles. In this and the follow- 
ing articles (§§ 139-141) we shall derive from the addition 
formulas a variety of other relations which are serviceable m 
transforming trigonometric expressions. Since the formulas 
for sin (« + 8) and cos (a + £) are true for all angles a and £, 
they will be true when B=e. Putting B = a, we obtain 


(1) sin 2a = 2sinacos a, 
(2) cos 2. = cos? a — sin? a. 
‘Since sin? « + cos? a = 1, we have also 

(3) cos2a=1-— 2sin?a 

(4) = 2cos?a — 1. 


Similarly the formula for tan (@ + 8) (which is true for all 
angles «, 8, and «+ 8 which have tangents) becomes, when 
B=, 

(5) fan Soe 

1 — tan’a 
which holds for every angle for which both members are 
defined. 

The above formulas should be learned in words. For ex- 
ample, formula (1) states that‘the sine of any angle equals 
twice the sine of half the angle times the cosine of half the 
angle. Thus 

sin6#=2sin3 2 cos3a, 


eee 2tan2e 
1 — tan?2 2 


cos # = cos?” — gin?” 
2 2 
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140. Functions of Half Angles. From (3), § 139, we have 
2sint5=1 — COS a. 
Therefore 
(6) sin = + Ae 
From (4), § 139, we have 
2 cost = 1 + cos a. 


Therefore 


7 & 1+ cos oe 
(7) cos 5 2 eer ao 


Formulas (6) and (7) are at once seen to hold for all angles 
a. Now, if we divide formula (6) by formula (7), we obtain 


1— cose 
8 tan? = ot 
(8) "3 = 1+ cos @’ 


which is true for all angles « except n- 180°, where n is any 
odd integer. 


Exampie. Given sin A =— 3/5, cos A negative; find sin (4/2). 
Since the angle A is in the third quadrant, A/2 is in the second or 
fourth quadrant, and hence sin (A/2) may be either positive or negative. 


Therefore, since cos A =— 4/5, we have 
aCA, 1+4 3 3 
sin— = — = + — Ht v10. 
2 2 " V10 ‘i 10 
EXERCISES 


Complete the following formulas and state whether they are true for 
all angles: 


1. sin2e¢ = ; 3, tan2a= 5. cos 


2. cos2a@= (three forms). 4, sin s= 6. tan 


7. In what quadrant is ¢/2 if @ is positive, less than 360°, and in the 
second quadrant ? third quadrant ? fourth quadrant ? 
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8. Express cos 2 & in terms of cos 4 @. 

9. Express sin 6 « in terms of functions of 3 z. 
10. Express tan 4 & in terms of tan 2 a. 
11, Express tan4 @ in terms of cos8 a. 
12. Express sin x in terms of functions of #/2. 


13. Explain why the formulas for sin « and cos x in terms of functions 
of 2% have a double sign. 


14. From the functions of 30° find those of 60°. 
15. From the functions of 60° find those of 30°. 
16. From the functions of 30° find those of 15°. 

17. From the functions of 15° find those of 7.5°. 


18 Find the functions of 2a if sna@=% and @ is in the second 
quadrant. 


19. Find the functions of w/2 if cosa =— 0.6 and & is in third quad- 
rant, positive, and less than 360°. 


20. Express sin3a@ in terms of sing. [Hint: 3@=>2a+44a.] 
21. From the value of cos 45° find the functions of 22.5°. 


22. Given sing = “ and & in the second quadrant. - Find the values of 


(@) sin 2a. (c) cos2 a. (e) tan2«. 
b) sin®. d) cos. tan”. 
(6) sing (d) cos (f) tang 
23. If tan 2«@ =: find sin @, cos &, tana if @ is an angle in the third 
quadrant. 
Prove the following identities : 
. 
a4, 14 CO8e = on &, a7, L—00s26+sin20_ 9 
sin & 2 1+ cos26+ sin2 0 


25. [sing —cosS] =1—sine. 28. sin +eosS=+ V1 + sina, 
cos2@+cosé+1 

sin 26 + sin @ 

30. 2 Arc cosx = Arc cos (242 — 1). 
31. 2 Arc cosz = Arcsin (2¢V1 — 22). 


= ctn 6. 29. seca + tan « = tan a + 3): 
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2Va2 —1 
2— x2 


32. tan [2 Arc tan a]= an 34, tan [2 Arcseca]=+ 


ge” 


83. cos [2 Are tan 2]= ; = = 35. cos (2 Arc sina) = 1 — 2a”, 
Solve the following equations: 

86. cos2x2+ 5sinz = 8. 40. sin? 2% —sin? a = 3. 

37. cos2%—sinag =}. 41. sin2%=2 cos. 

38. sin2a” cos“ =sin 2. 42. 2sin?2%4—1—cos2¢a. 
39. 2sin? x + sin?2 a= 2. 43 ctnax— cse2e”=1. 


44. A flagpole 50 ft. high stands on a tower 49 ft. high. At what dis- 
tance from the foot of the tower will the flagpole and the tower subtend 
equal angles ? 


45. The dial of .a town clock has a diameter of 10 ft. and its center is 
100 ft. above the ground. At what distance from the foot of the tower 
will the dial be most plainly visible? [The angle subtended by the dial 
must be as large as possible. ] 


141. Product Formulas. From § 138 we have 
sin (2 + 8)= sin « cos B+ cos asin B, 
sin (@ — 8) = sine cos B — cose sin B. 
Adding, we get 


(1) sin (« + 8)+ sin (a — 8)= 2 sin a@ cos B. 
Subtracting, we have 
2) sin (# + 8)— sin(a — B)= 2 cos a@ sin B. 
Now, if we leba+P=P and a— B= Q, 
then c= Eta, p= "S Paw. 
Therefore formulas (1) and (2) become 
sin P+ sin Q=2sin fate P+ @cosP— 2 
sin P—sinQ=2cos*+9sin?— 9 tite 


2 


Similarly, starting with cos («+ 8) and cos (a — @) and per- 
forming the same operations, the following formulas result: 
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cos P + cos Q = 2 cos —_= 5 


2 


cos P—cos Q=— 2sin 


= 
P+ OU eng) 
cre ae 
In words : 
the sum of two sines = é 
twice sin (half sum) times cos (half difference), 
the difference of two sines = 
twice cos (half sum) times sin (half difference),* 
the sum of two cosines = : 
twice cos (half sum) times cos (half difference), 
the difference of two cosines = 
minus twice sin (half sum) times sin (half difference).* 
ExamPie 1. Prove that 


cos 8a + cosx 


= ctn 22, 
sin3a%+sin x 


for all angles for which both members are defined. 
cos38a+ cosa _ 2cos}4 (8"%+%) cos} (8%—2) _cos2a_ 


———— ctn 2 x. 
sinSa+sine 2sini(8e+2)cos4(82—2) sin2x 


Examrte 2, Reduce sin 42 + cos 2 to the form of a product. 
We may write this as sin 4 @ + sin (90° — 2x), which is equal to 


te} 
2 ain 2% + 00° — 24,40 — 00" + 2e = 2sin (45° + x) cos (3 x — 45°). 


2 2 
EXERCISES 
Reduce to a product : 
1. sin46—sin2 6. 4. cos20 + sin2 6. T. cos8%+sin 5. 
2. cosé-+cos3 0. 5. cos30—cos66. 8. sin 20° — sin 60°. 
8. cos6@ + cos 20. 6. sin (# + Ax) — sin x, 
Show that 
‘ te} ‘. Ol J te} +: Qa s (eo) 
9. sin 20° + sin 40° = cos 10°. 12. sin Lux + sin ie —~— tan 60°. 
10. cos 50° + cos 70° = cos 10°. sin 15° — sin 75 
i ° — sin 15° sin 3 6— sin596 
qi) 20 15" — sin 15° Stan 80? pis eee ese 
cos 75° + cos 15° cos3 6 — cos 60 nae 


* The difference is taken, first angle minus the second. 


wr 
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Prove the following identities : 


14. sinda + sind _ on, 15. sin @ + sing _tan}(@ +8). 
cos 3 @ — cos 4a 2 sina@—sing tan}(@—6) ~~ 


16 cos & + 2cos8a@+cos5a@ _ cos8a 
cos8a@+2cos5a@+cosT7a@ cosda 


cos@—cos8___tand(@+ 8) 4g sin(m—2)0+sinnO_ ip 


“cos@+cosB  ctn} (a — B) cos (n — 2) @ — cosné 
Solve the following equations: 
19. cos@+cos5@=Ccos8 0. 22. sin4d@ —sin26=cos30. 
20. sind+sin5é@=sin38é. 23. cos76—cosé=— sin4@. 


21. sin36@+ sin7@=sin59@. 


142. Law of Tangents. A method for shortening computa- 
tion will be presented in the next chapter. In applying this 
method to the solution of triangles the formulas given below 
are valuable. We shall state first the so-called law of tangents: 


The difference of two sides of*a triangle is to their sum as the 
tangent of half the difference of the opposite angles is to the tan- 
gent of half their sum. 


pa 


in 
sin B 


nm 


PrRoor. 


O18 


Hence, by proportion, we have 
a—b_sinA—sinB 
a+b sinA+sinB 


But 
: 2coe 4+ Fain 2=3 tun A= 
sin A—sin B _ 2 a Z 
snA+sinB 9,,A+8,,,4-B fan 2 
2 2 2 
- tan 2= 8 
j a—b 
Therefore Sea 7” eg 
ners) 
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143. Angles of a Triangle in Terms of the Sides. Con- 
0G struct the inscribed circle of the triangle 
vas and denote its radius by 7. If the perim- 

E D eter a+b+c=2 s, then (Fig. 130) 


\ AH = AF=s—4a. 


A<~sa—f B 5 BD = BF =s— b. 
Fic. 130. CD = CE=s — ec. 
Th tani A= tan LR m=“ ton OSS 
en tan4 capa AT eee er 


where, from § 130, 
‘ anit — a)(s — b)(s — 6). 


s 


MISCELLANEOUS EXERCISES 

1, Reduce to radians 65°, — 135°, — 300°, 20°. 

2. Reduce to degrees 7, 37, — 27, 47 radians. 

8. Find sin (@ — 8) and cos (a@ + 8) when it is given that @ and 8 are 
positive and acute and tan « = $ and sec B = 43. 

4. Find tan (@ + 8) and tan (@ — 8) when it is given that tana = } 
and tan B = 4. 

5. Prove that sin4 @ = 4sin @ cos @ — 8 sin? w@cos a. 
6. Given sin 0 =a and @in the second quadrant. Find sin 2 6, 


2) 
cos 2 0, tan 2 0. 


Prove the following identities : : 
1— tan? @ 


7, sin Qe = eee 8. cos2a= 
1+ tan? @ ‘ 14+ tan? a 
5 ‘ 
9.rsee 2 eee 10; tan @ eee 
esc? @ — 2 1+cos2@ 


11. sin (a + B) cos 8 —cos(@+ 8)sinfB =sin a. 
12. sin2e+sin26+sin2y=4sinesin @siny, ifa+ 6B + 7.= 180°. 
1 tan 
cosa _ 2 


1 — sing 1— tan $ 


13. 
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14. 1 + tane tan S = S00 at 


15 sin’ e+ cos’a@ 2 —sin2a 


sina+cosa 2 
16, 824% _ 9 os2 a, 
sin2@ 


17. Arc cos $+ Arc tan $ = Arc tan 27, 
Solve the following equations : 

18. cos2 «= cos? a, 

19. 2sina@ =sin2 «a. 

20. cos2a@+cosa=——1. 

21. sing +sin2e@+sin3ae=—0. 

22. sin2a@—cos2a@—sina+cosa=0. 
23. Arc tan x + Arc tan (1 — x) = Arc tan 4. 


24. Arcsinz + Arcsin22 =F 


25. Arc tan 7+ : + Arc Gott 180° + Arc tan (— 7). 
x x 


26. Arcsin x + Arc sing = 120°, 


27. Arcsinz +2 Arccos x = 22. 


In a right triangle ABC, right angled at C, prove 


Bente it ag eo Bao": (B09. tan 22 
2 2¢ 2 2¢ ; a+b 
81. Solve for x and y the following equations : 
zsing +ycosa=sinad, 
xcosa&@—y sind = cosa. 
32. Solve for x and y the following equations : 
“cos é@— ysiné = sin 0, 
zsin @+ y cos 6 = cos @. 
; 33. If 2z is less than 90° and sina=cos(2x + 40°), find the value of a. 
34. Find @ so that the equation 2? + 2%cos a+ 1= 0 shall have equal 


roots. 


35. Find @ so that the equation 3”2+2aseca+1=0 shall have . 
equal roots. 


CHAPTER VIII 
THE LOGARITHMIC AND EXPONENTIAL FUNCTIONS 


144, The Invention of Logarithms. In the last two chap- 
ters we have had occasion to do a considerable amount of 
numerical computation. In spite of the fact that we have 
confined these computations to comparatively small numbers 
and have had the assistance of tables of squares and square 
roots, the calculations have often been laborious. 

To carry out by the methods thus far at our disposal the 
computations involved in many of the problems of insurance, 
engineering, astronomy, etc., would require a prohibitive 
amount of labor. That it is now practicable to effect such 
computations is largely due to the invention of logarithms by 
John Napier (1550-1617), Baron of Merchiston, in Scotland. 

As in the case of many epoch-making inventions, the funda- 
mental idea of Napier was extraordinarily simple. It may be 
explained as follows. Consider the function y= 2%. We 
readily obtain the following table of corresponding values : 


x 2) 3) 4 1) 6 6 


(1) eae a 


y = 27/2/41) 8 | 16 | 82 | 64 | 128 | 256 | 512 | 1024 | 2048 | 4096 


Now, since 2"- 2” = 2***, it is clear that, if we desire to ob- 
tain the product of two numbers in the lower line of the table, 
we need only add the two corresponding numbers in the upper 
line (the exponents), and then find the number in the lower 

212 
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line which corresponds to this sum. For example, to find the 
product of 128 x 16, we find from the table that the numbers 
corresponding to 128 and 16 are 7 and 4, respectively; the sum 
of the last pair is 11 and the number in the lower line corre- 
sponding to 11 is 2048, which is the product sought. Or again, 
to find 4096 ~ 512, we find the corresponding exponents 12 and 
9 in the table, subtract (12 — 9 = 3), and find the required quo- 
tient to be 8. How would you justify the latter procedure? 

While the fundamental idea here described is simple, con- 
siderable insight was required to make the idea practicable. 
For, the above table makes possible the finding of the product 
of two numbers only when the numbers in question and 
their product are to be found in the lower line of the table. In 
order to be useful in practical computation it is obviously 
necessary to construct a table which will contain every number, 
or at least from which the corresponding “ exponent” of any 
number can easily be obtained either precisely or witha high 
degree of approximation. The problem confronting Napier 
was to fill in the gaps in the numbers of the lower line of the 
table on p. 212, while preserving the fundamental property of 
the table, viz. that to the product of any two numbers of the lower 
line corresponds the sum of the two corresponding numbers of the 
upper line. 


145. Extension of the Table. An examination of table (1) 
reveals the following properties: (a) the values of x form an 
arithmetic progression (A.P.), since every number after the 
first is obtained by adding 1 to the preceding number; (6) the 
values of y form a geometric progression (G.P.), since every 
number after the first is obtained by multiplying the preceding 
number by 2. These considerations suggest the possibility of 
extending the table in two ways. 
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In the first place, we may extend it to the left so as to make 
the lower line contain numbers less than 2. To do this, we 
need only subtract 1 successively from the numbers of the upper 
line and divide by 2 successively the numbers of the lower 
line. We then obtain a table extending in both directions: 


Or 
fon) 
-1 


—5 —4 —3 -2|=1 


1/2 


0.08125) 0.0625 | 0.125 0.26 | 0.5 


| 


This table is still satisfactory. If we desire to multiply 128 
by 0.0625, we add the corresponding numbers of the upper line, 
namely, 7 and —4; thus we obtain the number 3, which 
according to the previous rule should give 128 x 0.0625 = 8, 
which is correct. That the rule still applies may be tested on 
other products; the fact that it does will be proved later. 

In the second place we may find new numbers to fill the gaps 
in the original table, by inserting arithmetic means between 
the successive values of x and geometric means between the 


successive values of y. Thus, if we take the following portion 
of the preceding table , 


and insert between every two successive numbers of the upper 
line their arithmetic, and between every two successive num- 
bers of the lower line their geometric mean, we obtain the table 


‘4v2|1|v2| 2 lave] 4 |4v3/ 8} sv2lie] 
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If the radicals are expressed approximately as decimals, this 
table takes the form 


— 2.0)— 1.5)— 1.0)— 0.5 


0,25 | 0.85 | 0.50 | 0.72 | 1.00) 1.41] 2.00) 2.83) 4.00) 5.66) 8.00] 11.81] 16 


Repeating this process of inserting means, we get the follow- 
ing table. To save space, we have begun the arithmetic pro- 
gression with 0 and the geometric progression with 1, and have 
not carried the table as far as in the preceding case. 

. | | 


a2 (A.P.) 1.00 | 1.25 | 1.50 | 1.75 | 2.00 | 2.25 


(4) 


y (G@.P.) 2.00 | 2.38 | 2.83 | 3.36 | 4.00 | 4.76 


The rule for multiplying two values of y seems to apply also 
to this table, at least approximately. For example, if we apply 
the rule to find 3.36 x 1.19, we note that the sum of the cor- 
responding values of # is 1.75 + 0.25 = 2.00 and conclude that 
3.36 x 1.19 = 4.00. Actual multiplecation gives 3.36 x 1.19 
= 3.9984. The discrepancy we may attribute to the fact that 
the values of y other than 1, 2,4 are only approximations to 
the true values.* 

' The process used in constructing this table may be continued 
indefinitely. It enables us to interpolate a new value of x be- 
tween any two successive values of x and a new value of y 
between the two corresponding values of y. But this means 
that we can make the values of « and y as dense as we please, 
in other words, we can make the difference between successive 
values of y as small as we please. By continuing the process 


* In fact the rules for computing with approximate numbers would lead us 
to write 4.00 in place of 3.9984 as we have no right to retain more than two 
decimal places. See § 160. 
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long enough we can make any number appear among the values 
of y to as high a degree of approximation as we desire and our 
intention of filling the gaps will then be attained. We must 
now prove, however, that the rule for multiplication does really 
hold in the extended table. Thus far we have merely verified 
this rule for special cases. 


EXERCISES 


1. Assuming that the rule for multiplication applies, find by means of 
table (4) the following products. 
8.86 x 1.41, 1.68 x 2.38, (1.68)?, (1.19)5. 
Check by ordinary multiplication. 


146. Arithmetic and Geometric Progressions. The tables 
constructed consist of an arithmetic progression one term of 
which is the number 0 (the terms of this arithmetic progression 
we denoted by x) and a geometric progression one term of 
which is the number 1 (the terms of this geometric progression 
we denoted by x). Moreover, to every value of « corresponds a 
definite value of y in such a way that to x = 0 corresponds y = 1, . 
and that to each succeeding (or preceding) value of x corre- 
sponds the succeeding (or preceding) value of y. Now suppose — 
that the common difference of the arithmetic progression is d 
and that the common ratio of the geometric progression is r. 
The correspondence between the values of wand y would then 
be exhibited in the following table. 


= 9d! = ad) O+d\ 2a) Sa |x 


We shall now prove that in this table, to the product of any 
two values of y corresponds the sum of the two corresponding 
values of #. | 
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If the two values of y are both to the right of y = 1, for ex- 
ample y, = r?, y,; = 71%, then the corresponding values of x are 
pd and qd. To the product y,y,= r?r*. corresponds (p+q) d. 
If the two values of yare both to the left of y = 1, the proof is 
similar. It is left as an exercise. 

Tf one value is to the left of y =1, for example, y = 1/r?, and 
the other value is to the right, for example y, = 72, the cor- 
responding values of « are — pd and qd respectively. The 
product yy, is equal to (1/r?)r7 =r” if g>p, and is equal . 
to 1/r>* if g<p. The value of x corresponding to yy, is 
then (q—p)d,ifqg>pand—(p—g)difqg<p. But(q—p)d 
=—(p-—gqd=qd+(—pd). The discussion of the case 
p= is left as an exercise. If one of the values of y is 1, the 
desired result follows immediately. Why? 

In view of this theorem the validity of the rule used in the 
last article for multiplication is established. For tables (2) 
and (4) are both tables of the type (5), the former having 
d=1and r= 2, the latter having d = 0.25 and r= \/2 = 1.19 
(approximately). 


147. The Exponential Function a*(a>0). Let us now con- 
sider the table 


where a represents any positive number.* This table defines y 
as a function of z Morover, this table is a table of the type 
(5); and all tables obtained by interpolating arithmetic means 
between two successive values of # and the same number of 
geometric means between the corresponding values of y are of 


* The value a=1 leads to trivial results. Hence, we assume also that a1. 
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the type (5). Thus if we interpolate q arithmetic means be- 
tween « = 0 and a =1, and g geometric means between y = 1 
and y= a, we obtain the following table: 


(Yay (Yay 


which is a table of the type (5), with d = 1/q and r =V/a.* 

The function y of x thus defined is y = a’, for x = 1, 2, 3,-- 
We are therefore led to define the expression a* for fractional 
and negative values of x and for x = 0 as follows: 

(Ly) iatan 1. 

(2) ala means */a, where q is a positive integer. 

(3) ap/a means (4/a)”, or its equal </aP, where p and q 
are positive integers. 

(4) a” means 1i/a”, where n is any positive rational number. 

In view of the fundamental property of any table of type 
(5), whereby to the product of any two values of y corresponds 
the sum of the two corresponding values of w, we have 

a’.qv= qutv 

for all values of uw and v for which the expressions a, a’, and 
a+» have been defined. 

The function y= a*(a >0) has now been defined for all 
rational values of x. To complete the definition of this func- 


* We should keep in mind that the symbol Va (a>0) means the positive 
qth root of a. Thus ~/16 = 2, not —2. 
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tion for all real values of 2, we must indicate the mean- 
ing of a* when & is an irrational number. To carry this 
definition through in all its details is beyond the scope of 
an elementary course. But we have seen that any irrational 
number may be represented approximately by a rational num- 
ber, with an error as small as we please. (See §29.) Thus 
3 is represented approximately by the rational numbers 1.7, 
1.73, 1.732, +... Our previous definitions have given a definite 
meaning, for example, to 21-7, 21-73, 21.782, .... The values of the 
latter expressions are by desinition approximate values of 2V°. 
We take for granted without proof the fact that the successive 
numbers 

(6) QUT, QU73 O1732 

as the exponents represent closer and closer approxima- 
tions to V3, approach closer and closer to a definite number. 


This definite number is by definition the value of 2¥%. Similar 
considerations apply to the definition of a*, where a is any 
positive number and x is any irrational number. The principle 
involved is briefly expressed as follows: 


An approximate value of x gives an approximate value of at. 
The value of a* can be found as accurately as we please by using 
a sufficiently accurate approximation to x. 


The objection might be raised that the calculation of 217 involves the 
extraction of the 10th root of 2 and the calculation of 21:78 involves the 
extraction of the 100th root of 2, etc., and perhaps we do not know how 
to extract these roots. As a matter of fact we can calculate 2Y% as ac- 
curately as we please by extracting square roots only. The process is as 
follows: We know that V3 = 1.7320 accurately to four decimal places. 
Now by table (4), p. 215, we see that 21.50=2.83 and 2.75 — 3.36, We carry 
the computation to more places and have 21-400 —2,8284 and 21.750 — 3.3635, 

Now, 1.7320 lies between 1.5000 and 1.7500, the arithmetic mean of 
- which is 1.6250. The geometric mean of 2.8384 and 3 3635 is 3.0844 
According to our previous definitions we have then 21.650 = 3.0844. 
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Inserting means between the last two results we have 21-6875 — 3.2909, 
By inserting arithmetic means between the properly selected exponents 
and geometric means between the corresponding powers of 2 we can ulti- 
mately obtain the value of 217820. The results of the necessary steps are : 
O18 — 3.2915, 21-7844 — 3.3274, 21.7266 — 3.3094, 21-7805 — 3.3182, 
21.7825 — 3.8228, 21-7815 = 83,3205, 21.7820 = 3.3217. 

The process here illustrated makes it possible to calculate 2Y% to as high 
a degree of approximation as we please, since we can carry the computa- 
tion to as large a number of decimal places as we please. 


148. The Laws of Exponents. The function y=a* (a>0) 
is now defined for all real values of x This function is called 
the exponential function of base a. The laws of exponents 


I. qu.qv= qutv 
IL. (avjv = ave |, a>0, b>0, 
III. ate. bY = (ab)u 


which were derived previously (§ 42) for positive integral ex- 
ponents, hold for all real values of wand v. The first of these 
we have already derived. The last two may be readily proved 
for negative, fractional, and zero psy ee by using the defini- 
tion of a*. 

Thus by definition, if w= p/q and v = n, where p, g, n are 
positive integers, we have 


(ay = (a= ((Vayy= (Van =at = am, 


If uw is any positive rational number and v=p/q, where p, g are 


positive integers, we have, : 
2 — up 
(a)? an (a)a ——eN/, (av)? = X/ que =az=a”. 
If w=—n, where n is a positive rational number, and if 


v= p/q, where p and q are ea integers, we have 
(a")° a (ayrr=( Vey=5 =o ee <= ne = ee = qa, 


If w is any rational number and y=—n, where n is any 
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positive rational number, 


(a*)*==(a* ae =—=q = q’, 


If either uw or v is zero, the result isimmediate. Hence the law 
IT is proved for rational exponents. 
A similar proof of the law III is left as an exercise. 


149. The Graph of the Exponential Function. Figure 131 
represents the graph of the function y = 27, drawn from the 
tabular representation given in the first table on p. 215. 


‘@ 
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Fia. 131 Fig. 132 


It will be noted that all curves of the system y = a? pass 
through the point (0,1). By hypothesisa>0. Ifa> 1, the 
function a? is an increasing function; while if a < 1, the func- 
tion is a decreasing function. Figure 132 shows some of the 
curves of the system y = a*. 
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EXERCISES 
1. Calculate the value of the exponential function 37 
(a) for the values of x = 1, 2, 3, 4,0, —1, —2, — 38, —4; 
(b) for the values x = 0.5, 1.5, 2.5, 3.5, — 0.5, — 1.5, — 2.5; 
(c) for the values x = 0.25, 0.75, 1.25, 1.75. 
Arrange the results in the form of a single table. 


2. Show how to use the table constructed in Ex. 1 to solve problems in 
multiplication, division, raising to powers, and extracting roots. Make up 
your own problems and check your results by the methods of arithmetic. 


3. Describe in detail how you would find the value of 3”? Between 


what two numbers in the table found in Ex. 1 does the value of 3Y? lie ? 
4. Construct the graph of y = 87 for values of x between — 2 and 3. 
5. What is meant by ai? a? (1/y)8 2 
6. What is the value of 8 ? 277? (0.001)?? (4)8? 
7. Simplify (18)? + (3)? 
8 


. Perform the following indicated operations : 


(a) (2#)8. (a) eS es 
3 aby # 
(2) (atohetyt (e) (a2 + yp, 
(c) (82a0y'0)8. cr) (284. 
9. Multiply 
(a) (a! + a)(a-1 — a). (b) (a-1—a®) (a-2—a@°) (a-~8—a’). 


(c) (a — y)(at — 8), 
(d) Ga ae g by $ + y) at —%£ —} yt + y—). 


3 4 2 1 
(e) 26430) ee a* +2. 
2 1 2 
(f) anole nencen aay 
10. Divide 
(a) (2 +1) by (Vz +1). (0) (ab — 98) by (ate — yy, 


(c) (at — ab? + a2 — b4) by (a? — 04). 
(d) (a-1 +40? + 6a! +4a* +a) by (a — a). 
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11. Simplify 


9 3 
2 


(a) 12° 4 (0) era 
64 m-Spt 


12. Simplify 
E bet V(4 2/1 + moe a +e-* -\()-1], 
2 2 
13. Which of the two numbers V5 and V8 is the greater and why ? 


14. Simplify 
(24 x 28) = (54)8. 
15. Prove that, if 


then 


ee ea 
(1 + p?) a 


16. Reduce to simplest form 


a4 ax(a-1% — axl) 
(a) Qn+2 ai a3 = at 


(c) (at + xt) (a? — 22)? — (a2 — 22)? 


150. Definition of the Logarithm. The logarithm of a 
number NW to a base 6(6>0, #1) is the exponent x of 
the power to which the base must be raised to produce the 
number NV. 


That is, if 
be = N, 


then ; 

x =log,N. 
These two equations are of the highest importance in all work 
concerning logarithms. One should keep in mind the fact 
that if either of them is given, the other may always be 
inferred. 
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The graph of the logarithm function (Fig. 133) is obtained 
from the graph of the corresponding exponential function by 
simply turning the latter graph over about the line pape ~ 
the origin bisecting the first and third quadrants. 


EEE EEE 
CECE EEE ERRERE SSS 


SRR ea eee ase N OS. 
Pt A eet sk Se ee 


AREY eRe 
ees all eal See ast | 


| | lol f ERE DMRRE AEE: 
RES NBEGARAoeP eee eee 
aH ee 
SGP PERERA OEE RE Shay 


Fig. 183 


EXERCISES 
1. When 8 is the base what are the logarithms of 9, 27, 8, 1, 81, 4, 
ahy: 272? 
2. Why cannot 1 be used as the base of a system of logarithms ? 
3. When 10 is the base what are the logarithms of 1, 10, 100, 1000 ? 


4. Find the values of « which will satisfy each of the following 
equalities : 


(a) logs27 = «. (d) logga = x. (g) logs x = 6. 
(b) log, 3 = 1. (@) logal ==. (A) logs.” = t. 
(c) log, 5 = 4. (Ff) logs sj; = «. (2) log.oo1% = .00001. 


5. Find the value of each of the following expressions: 
(a) loge 16. (c) loge sty. (e) loges 125. 
(b) logsss 49. (d) loge vi6. (f) loge d&. 


"= 
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151. The Three Fundamental Laws of Logarithms. From 
the properties of the exponential function (p. 220) we derive 
the following fundamental laws. 


I. The logarithm of a product equals the sum of the logarithms 
of its factors. Symbolically, 


log, MN = log, M+ log, N. 


Proor. Let log, M=.a, then b?=M. Let log, V=y, then 
b¥=N. Hence we have MN = b*, or 


log, MN=a2+y, te. log, MN=log, M+ log, N. 


Il. The logarithm of a quotient equals the logarithm of the 
dividend minus the logarithm of the divisor. Symbolically 


logs > = log, M — log, N. 


Proor. Let log, M=2, thend?=M. Let log, N= y, then 
by= N. Hence we have M/N = b>”, or - 


M ; M 
log, — z—y, te. log, 7 log, M — log, NV 


Ill. The logarithm of the pth power of a number equals p 
times the logarithm of the number. Symbolically 


log, M” = p log, M. 


Proor. Let log, M=«2, then b?=M. Raising both sides 
to the pth power, we have b” = M”. Therefore 


‘ log, M? = px = p log, M. 


- From law III it follows that the logarithm of the real positive 
nth root of a number is one nth of the logarithm of the number. — 
Q 
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EXERCISES 


1. Given logi)2 = 0.3010, logig3 = 0.4771, logio7 = 0.8461, find the 
value of each of the following expressions: 


(a) logio6. (f) logio 5. 
(Hint: logio 2x 3=logio 2+ login 3.] [Hint : logio5 = logio 4°] 
(b) logio 21.0. (9) 1010 150. 
(c) logio 20.0. (h) logio V14. 
(d) logy 0.03. (Z) logio 49. 
(e) logio }. (9) login V2#.75. 


2. Given the same three logarithms as in Ex. 1, find the value of each 
of the following expressions: 


(a) logio 4 nae <. (b) logio a (c) logis see 
(@) logio (2)%5. (e) logio (8)8(5)°. (f) logio (28) (4). 


152. The Systems most Frequently Used. From the defi- 
nition of a logarithm (§ 150) any positive number except 1 can 
be used as the base of asystem of logarithms. As a matter of 
fact, however, the numbers generally used are (1) a certain 
irrational number which is approximately equal to 2.71828 
and is denoted by e and (2) the number10. Logarithms to the 
base e are important in certain theoretical problems; loga- 
rithms to this base are called natural. For numerical compu- 
tation it will be seen presently that the base 10 has numerous 
advantages. Since different systems of logarithms are in use, 
it is important to know how ‘to change from one system to 
another. The following law explains how this can be done. . 

IV. The logarithm of a number M to the base b is equal to the — 
logarithm of M to any base a, divided by the aa. of b to the 
base a. Symbolically, 


log, M 
1 M=—eSe. 
me log, 6 
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Proor. Letlog, M=2, then b* = M. Taking the logarithms 
of both sides to the base a, we have 


log, & = log, M, or wlog,b= log, M, 
M 


a= log, M= log, M 
og, 0 
153. Logarithms to the Base 10. Logarithms to the base 
10 are known. as common logarithms, or as Briggian logarithms, 
after Henry Briggs (1556-1631) who called attention to the 
advantages of 10 as'a base. These advantages appear below. 
If 10 is the base, log 10 = 1, log 100 = 2, log 1000 = 3, ete. 
It follows that if a number be multiplied by 10, or by any 
positive integral power of 10, the logarithm of the number is 
increased by an integer. In other words, the shifting to the 
right of the decimal point in a number changes only the in- 
tegral part of the logarithm and leaves unchanged the decimal 
part of the logarithm. 


An example will make this clear. Given logi92 = 0.801038, we have 
logyo 20 = 1.30103, logio 200 = 2.30108, etc. Or, again, given logio 4.5607 
= 0.65903, we have log 45.607 = 1.65903, login 456.07 = 2.65908, 
logi9 4560.7 = 3.65903, logio 45607.0 = 4.65903. 

It should be clear from these examples that the decimal part 
of the logarithm of a number greater than 1 in this system 
depends only on the succession of figures composing the num- 
ber, irrespective of where the decimal point is located ; while 
the integral part of the logarithm of the number depends 
simply on the position of the decimal point. 

The decimal part of a logarithm is called its mantissa, the 
_ integral part its characteristic. In view of what has been said 
above only the mantissas of logarithms to the base 10 need be 
tabulated. The characteristic can be found by inspection. 
This follows from the following considerations. 
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The common logarithm of a number between 1 and 10 lies 
between 0 and 1. 

The common logarithm of a number between 10 and 100 lies 
~between 1 and 2. 

The common logarithm of a number between 100 and 1000 
lies between 2 and 3. 


The common logarithm of a number between 10" and 10"#4 
lies between n and n + 1. 

It follows that a number with one digit (+ 0) at the left of 
the decimal point has for its logarithm a number equal to0+ a 
decimal; a number with two digits at the left of its decimal 
point has for its logarithm a number equal to 1+ a decimal; a 
number with three digits at the left of the decimal point has 
for its logarithm a number equal to 2+ a decimal, etc. We 
conclude, therefore, that the characteristic of the common loga- 
rithm of a number greater than 1 is one less than the number of 
digits at the left of the decimal point. 

Thus, as before, logip 456.07 = 2.65903. 

The case of a logarithm of a number less than 1 requires 
special consideration. Taking the numerical example first con- 
sidered above, if logy, 2=0.30103, we have log, 0.2=0.30103—1. 
Why? This is a negative number, as it should be (since the 
logarithms of numbers less than 1 are all negative, if the 
base is greater than 1). But, if we were to carry out this 
subtraction and write log, 0:2 =— .69897 (which would be 
correct), it would change the mantissa, which is inconvenient. 
Hence it is customary to write such a logarithm in the form 
9.30103 — 10. : 

If there are n ciphers immediately following the decimal 
point in a number less than 1, the characteristic is —n — 1. 
For convenience, if n < 10, we write this as (9 —n)—10. This 
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characteristic is written in two parts. The first part 9—n is 
written at the left of the mantissa and the — 10 at the right. 

In the sequel, unless the contrary is specifically stated we 
shall assume that all logarithms are to the base 10. We may 
accordingly omit writing the base in the symbol log when there 
is no danger of confusion. Thus, the equation log 2 = 0.30103 
means log, 2 = 0.30103. 


' 154. Use of Tables. Since the characteristic of the loga- 
rithm of a number may be found by inspection, a table of 
logarithms contains only the mantissas.. To make practical 
use of logarithms in computation it is necessary to have a con- 
veniently arranged table from which we can find (a) the 
logarithm of any given number, and (b) the number corre- 
sponding to a given logarithm. Tables of logarithms differ 
according to the number of decimal places to which the man-— 
tissas are given and also in incidental details. However, the 
general principles governing their use are the same. These 
principles are explained for a four-place table (p. 536) by the 
following examples. 


Problem A. To find the logarithm of a given number. 
(1) When the number contains three or fewer figures. 


Exampce. To find the logarithm of 42.7. 

First, by § 153, the characteristic is 1. We accordingly write (provi- 
perauy) log 42.7 = 1. 
Next we look up in the tables the mantissa corresponding to the succes- 
sion of figures 4, 2,7. We run a finger down the first column of the 
table until we reach the figures 4, 2, hold it there while with another 
finger we mark the column headed with the third figure, 7. At the 
intersection of the line and column thus marked, we find the desired 
mantissa: 6304. The desired result is then 


- log 42.7 = 1.6804. 


230 MATHEMATICAL ANALYSIS [VIII, § 154 


To find the logarithm of 0.0427, we should proceed in precisely the 
same way, the only difference being that the characteristic is now 8 — 10. 


Hence, log 0.0427 = 8.6304 — 10. 


(2) When the number contains four significant figures. 


Exameie. To find log 32.73. 
We see that again the characteristic is 1, and we write provisionally 
log 32.73 = 1. 
Now, the mantissa of log 32.73 lies between the mantissas of log 32.70 and 
log 82.80; i.e. (from the table) between 5145 and 5159: The difference 
between these two mantissas (called the tabular difference at that place in 
the table) is 14, and this difference corresponds to a difference in the 
numbers of .10. According to the principle of linear interpolation,* the 
difference in the mantissas corresponding to a difference in the numbers 
of .03 is 14 x .8 = 4.2 or (rounded) 4. The mantissa corresponding to 
32738 is then 5145 + 4 = 5149, and we obtain 
log 32.73 = 1.5149. 


Problem B. To find the number corresponding to a given 
logarithm. Here we simply reverse the preceding process. 


Examp te. To find the number whose logarithm is 0.8485. 

We first seek the mantissa 8485 in the table. We find that it lies be- 
tween 8482 and 8488, corresponding respectively to the successions of 
figures 7050 and 7060. The tabular difference here is 6, while owr differ- 
ence, t.e. the difference we have to account for (8485 — 8482) is 3. 
Hence the corresponding difference in the numbers is 3 of 10 or 5. Hence 
the succession of figures in the number sought is 7055. Since the char- 
acteristic is 0, the number sought is 7.055. Or, log 7.055 = 0.8485. 

If the mantissa is found exactly in the table, of course no interpolation 
is necessary. Thus the number whose logarithm is 9.7348 — 10 is 0.5430. 


EXERCISES 
1. Find the logarithms of the following numbers from the table on 
pp. 586-7: 482, 26.4, 6.857, 9001, 0.5932, 0.08628, 0.000388. 


2. Find the numbers corresponding to the following logarithms: 
2.7935, 0.3502, 7.9699 — 10, 9.5300 — 10, 3.6598, 1.0958. 


* One should convince oneself that the conditions for linear interpolation 
are satisfied by this table. In fact, it is readily seen that for several numbers 
immediately preceding and following 327, the tabular differences are 13 and 14. 


VII, § 155] EXPONENTS — LOGARITHMS 231 


155. Use of Logarithms in Computation. The way in which 
logarithms may be used in computation will be sufficiently ex- 
plained in the following examples. A few devices often neces- 
sary or at least desirable will be introduced. The latter are 
usually self-explanatory. Reference is made to them here, in 
order that one may be sure to note them when they arise. 
The use of logarithms in computation depends, of course, on 
the fundamental properties derived in § 151. 

Exampte 1. Find the value of 73.26 x 8.914 x 0.9214. 

We find the logarithms of the factors, add them, and then find the 


number corresponding to this logarithm. The work may be arranged as 
follows : 


Numbers Logarithms 
73.26 (—) - 1.8649 
8.914 (—>) 0.9501 
0.9214 (—>) 9.9645 — 10 
12.7795 — 10 
- Product = 601.9 Ans. (<—) 2.7795 
Exampie 2. Find the value of 732.6 + 89.14. 
Numbers Logarithms 
732.6 (—>) 2.8649 
89.14 (—>) 1.9501 
Quotient = 8.219 Ans. (<—) 0.9148 
Exampce 3. Find the value of 89.14 + 732.6. 
Numbers Logarithms 
89.14 (—>) 11,9501 — 10 
732.6 (—>) 2.8649 
Quotient = 0.1217 Ans. (<—) 9.0852 — 10 


¢ 763.2 x 21,63 | 
986.7 

Whenever an example involves several different operations on the 
logarithms as in this case, it is desirable to make out a blank form. When 
a blank form is used, all logarithms should be looked up first and entered 
in their proper places. After this has been done, the necessary opera- 
tions (addition, subtraction, etc.) are performed. Such a procedure 
saves time and minimizes the chance of error. 


Exampie 4. Find the value o 
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Form ; 
Numbers Logarithms 
763.2 (—>) : bie 
21.63 =>) (+) oe 
product ay) <6 
986.7 (=>) CH) sts 
Ans. (<—) Olean 
Form Fitztep In 
Numbers Logarithms 
763.2 (—>) 2.8826 
21.63 (—) 1.3351 
product 4.2177 
986.7 (—>) 2.9942 
16.73 Ans. (<) 1.2235 
Exampre 5. Find (1.357)§. 
Numbers Logarithms 
1.357 (—) 0.1326 
(1.857)5 = 4.602 Ans. (<—) 0.6630 
Examp.te 6. Find the cube root of 30,11. 
Numbers Logarithms 
30.11 (—>) 1.4787 
V30.11 =38.111. Ans. (<) 0.4929 
ExamMpPLe 7. Find thecube root of 0.08244. 
Numbers Logarithms 
0.08244 (—>) 28.9161 — 30 


V0.08244 = 0.4352 Ans. (<—) 9.6387 — 10 


EXERCISES 
Compute the value of each of the following expressions using the table 


on pp. 536-537. 


1. 34.96 x 4.65. 

2. 618.7 x 9.02 x .0472. 
0.5683, 

0.8216 

6.007 x 2.483, 

6.624 x 1.110 


3. 


5. (84.16 x .238)2, 
6. = 572 x 1.973 x( 8728)?. 


7. | 648.8 
(21. 4)2 
8. 1879 . 


2791 


ee 
: 
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[2.8076 x 8.184 18. 2100, 


ary (2.012)8 


by = ee 
10, 2/2941 x17 82. 14. 160° — 100%. 
2178 x 18.76 


15. (0.02735). 


41, 0.00732. 
V735 16, 8275. 
12. (20.027). (2.01) 
17. The stretch s of a brass wire when a weight m is hung at its free 
end is given by the formula 
pr mgl 
rk 


where m is the weight applied in grams, g = 980, J is the length of the 
wire in centimeters, r is the radius of the wire in centimeters, and & is a 
constant. If m= 844.9 grams, 7 = 200.9 centimeters, 7 = 0.30 centi- 
meters when s = 0.056, find k. 


18. The crushing weight P in pounds of a wrought iron column is given 


by the formula ‘ 
po 299,600, 


where d is the diameter in inches and 7 is the length infeet. What weight 
will crush a wrought iron column 10 feet long and 2.7 inches in diameter ? 


19. The number n of vibrations per second made by a stretched string 
is given by the relation a 


where / is the length of the string in centimeters, Mis the weight in grams 
that stretches the string, m the weight in grams of one centimeter of the 
string, and g=980. Find » when M = 5467.9 grams, 1 = 78.5 centi- 
meters, m = 0.0065 grams. , 

20. The time ¢ of oscillation of a pendulum of length 7 centimeters is 
given by the formula ee 
980. 

Find the time of oscillation of a pendulum 73.27 centimeters in length. 


t= 


21. The weight w in grams of acubic meter of aqueous vapor saturated . 
at 17° C. is given by the formula 

1298 x 12.7 x5 
(1 + sys) (760 x 8) 


w= 
Compute w. 


234 MATHEMATICAL ANALYSIS [VIII, § 156 


156. Exponential Equations. An equation in which the 
unknown is contained in an exponent is known as an eaxponen- 
tial equation. Some such equations may be solved by taking 
the logarithms of both sides after Ve equation has been 
properly transformed. 

Examp te 1. Solve the equation Bas + 7=165. 

Transposing the 7 and taking logarithms of both sides we obtain 

(2% +1)log3 =log8. 


Hence we find 
—1plog8_ 1| ; 
2Llog 3 


Examp.e 2. Money is placed at interest, compounded annually. Find 
a formula for the amount at the end of n years. Also a formula giving 
the number of years necessary to produce a given amount. 

Let C be the original capital and 7 the given rate of interest (i.e. if 
the interest is 5 per cent, r= 0.05). The amount A; at the end of the 


first year is 
=C+ Cr=C(1+4+7). 


At the end of two years we have 
Ag = A\(1+r)=C(1+ r)2. 
At the end of n years, the amount is 
A=A,= (Cl r)s: 
This is the formula required. To find n, given A, C, r, we take the 
logarithms of both sides and find 


log A — log C, 


A 
log ==nlog (1 = 
og CO nlog(l+r), or n ica 


x 


EXERCISES 


. Solve for x the equation 27 = 5. 
Solve for y the equation 8” +2 = 9. 
. Solve for x and y the simultaneous equations 87+v = 4, 22-v = 3, 


ee bea 


Solve for « and y the simultaneous equations 27+y = 6¥, 32-1 = 2u+t, 


5. Find the amount of $1000 in 25 years at 5 per cent compound 
interest, compounded annually. 
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6. Find the amount of $600 in 10 years at 4 per cent compound inter- 
est, compounded semiannually. 


7. In how many years will a sum of money double itself at 5 per cent 
interest compounded annually ? semiannually? 


8. A thermometer bulb at a temperature of 20° C. is exposed to the air 
for 15 seconds, in which time the temperature drops 4 degrees. If the 
law of cooling is given by the formula 6 = @e-t, where 0 is the final tem- 
perature, @ the initial temperature, e the natural base of logarithms, and 
¢ the time in seconds, find the value of b. 


MISCELLANEOUS EXERCISES 


1, What objections are there to the use of a negative number as the 
base of a system of logarithms ? 


2. Show that q@%at = x. 


3. Write each of the following expressions as a single term : 
(a) log a + log y — log z. (6) 8logx — 2logy + 3logz. 
(¢c) 3loga— log («+ y) — 4 log (cu + d)+ log Vw+ a. 

4. Solve for x the following equations : 
(a) 2 log,” + log,4=1. (c) 2logyo% —3loginp2 =4 
(b) logs x — 3log32 = 4. (d) 3logex + 2log.8 = 1. 


5. How many digits are there in 28 ? 3142? 312% 25? 

6. Which is the greater, (24)! or 100? 

7. Find the value of each of the following expressions. (See § 152.) 
(a) loge 35. (0) logs 34. (c) log, 245. (d) logy3 26. 

8. Prove that log, a-log,b = 1. 


9. Prove that Vga 
)) eve = ie 2 log, [a y2—1 
08a VI Sa [t+ V ip 
10. The velocity v in feet per second of a body that has fallen s feet is 


given by the formula v = V 64.3 s. 
What is the velocity acquired by the body if it falls 45 ft. 7 in. ? 


11. Solve for x and g the equations: 27 = 164, «+4y=4. 


a 


CHAPTER IX 


NUMERICAL COMPUTATION 


I. ERRORS IN COMPUTATION 


157. Absolute and Relative Errors. In § 29 we noted that 
the numerical result of every observed measurement is an 
‘approximation. The difference between the exact value of 
the magnitude and this observed value is a concrete number 
called the absolute error.* Often the absolute error is not the 
most serviceable measure of the precision of a measurement. 
The relative error, which is defined as the ratio of the absolute 
error to the exact value, is often found more serviceable. Since 
the relative error is a ratio, it is an abstract number, and is 
therefore sometimes expressed in per cent. For example, if 
the diagonal of a square 10 in. on a side be measured and 
and found to be 14.1 in., the absolute error is less than 1/10 
of an inch. The relative error is less than (1/10)+10V2 
= 1/141, approximately, 7.e. less than 0.71 per cent. 


158. Rounded Numbers. Significant Figures. When the 
result of a measurement is expressed in the decimal notation, 
a generally adopted convention makes it possible to determine 
the degree of precision of the measurement from the number 


of significant figures contained in the number expressing the - 


measure. This convention simply specifies that no more digits 
shall be written than are (probably) correct. Thus a measure- 


* The absolute error is therefore positive or negative according as the ob- 


served value is too small or too large. 
236 
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ment of a length expressed as 14.1 in. means that the measure 
is exact to the nearest tenth of an°inch. If on the other hand 
the measurement of this length were exact.to the nearest 
hundredth of an inch, the measure would have been expressed 
by the number 14.10.* 

We should note, then, that the two numbers 14.1 and 14.10 
do not mean precisely the same thing, when they express the 
result of a measurement. 

Again we may note that the absolute errors involved in the 
expression 4371.52 ft. and 42.81 ft. are each less than one 
hundredth of a foot; whereas the relative error is in the first 
case less than 1/437152 and in the second only less than 
1/4281. 

Sometimes we are furnished with numbers expressing meas- 
ures which are given with greater accuracy than we can use, or 
care to use. Thus suppose we want to express a measured 
length of 3.5 in. in terms of centimeters. We find in a table 
of equivalent lengths that 1 in. = 2.54001 cm. It would be 
obviously absurd to use this expression as it stands. We 
accordingly round it off to 2.54 or even to 2.5 and find that 3.5 
in. =8.9em. If, on the other hand, we wish to express 3.50000 
in. in centimeters, we should have to use the value 2.54001. 

A number is rounded off by dropping one or more digits at 
the right, and, if the last digit dropped is 5*, 6, 7, 8, or 9, in- 
creasing the preceding digit by 1.+ Thus the successive 
approximations to w obtained by rounding = 3.14159 .. 
3.1416, 3.142, 3.14, 3.1, 3. 

*In other words x = 14.1 means that the exact value of « lies between 14.05 


and 14.15; and x = 14.10 means that the exact value of x lies between 14.095 
and 14.105. - 

+ In rounding off a 5, computers use the following rule: Always round off 
a 5 to an even digit. Thus 1.415 would be rounded to 1.42, whereas 1.445 
would be rounded to 1.44. The reason for this rule is that, if used con- 
sistently, the errors made will in the long run compensate each other. 
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The significant figures of a number may now be defined as 
the digits 1, 2, 3,+--,9 together with such zeros as occur 
between them,or as have been properly retained in rounding 
them off. Thus 34.96 and 3,496,000 are both numbers of four 
significant figures. On the other hand 3,496,000.0 has eight 
significant figures, since the 0 in the first decimal place accord- 
ing to the convention adopted means that the number is exact 
to the nearest tenth. This zero is then essentially a digit 
properly retained in rounding off, and should be counted as one 
of the significant figures. 

Confusion can arise in only one case. For example, if the 
number 3999.7 were rounded by dropping the 7, we should 
write it as 4000 which, according to the rule just given, we 
would consider as having only one significant figure, whereas in 
reality we know from the way in which the number was ob- 
tained that all four of the figures are significant. When such 
a case arises in practice we may simply remember the fact, or ; 
we can indicate that the zeros are significant by underscoring 
them, or by some other device. Computers adopt devices of 
their own to avoid errors in such cases. 


159. Computation with Rounded Numbers. Addition. 
Since the (absolute) error of any approximate number can be 
at most one half the unit represented by the last digit at the 
right, the sum of x such numbers can be in error by at most 
n/2 times the unit represented by the last figure. These con- 
siderations lead to the following convention: in adding a 


column of approximate numbers first round off the given — 


numbers so that not more than one column at the right is 
broken; round off the sum so that the last figure to the right 
comes in the last unbroken column. This last figure is then 
uncertain. Nevertheless, it is usually retained temporarily. 
As a matter of fact, even the figure preceding this last one is 
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not certain, since the errors may accumulate in adding several 
numbers. 
For example, in adding 21.64 
3.8576 
5.259743 
10.31 
we first round off: 21.64 
3.858 
5.260 
10.31 
41.068 = 41.07 


The final sum is written 41.07, but even the last figure 7 is 
open to question. Show that the true result may be as low as 
41.06 or as high as 41.08. 

To retain all the figures in the second and third of the num- 
bers originally given would be absurd and would give in the 
result a misleading pretense of accuracy which does not exist 
in fact. 

In subtraction round off similarly. 


160. Multiplication. Let a and b be approximate numbers 
and let their relative errors be « and B respectively. The 
exact numbers are then (nearly) a+ae and b+. Their 


Poceucks ab + aba + abB + abaB. 
The error committed in using ab as the product is then 
ab(a+ B+ @) 


and the relative error is therefore nearly 

a+B+aB. 
Now in practice « and £ are small fractions, so that @@ is in- 
significant when compared with « + 8. (For example, if « and 
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B are both equal approximately to 0.001, #8 is equal approxi- 
mately to 0.000001.) Hence, we conclude that the relative 
error of the product of two numbers is approximately equal to the 
sum of the relative errors of the factors. : 

Hence, in finding the product of two approximate numbers, 
round off so that the two numbers have the same number of 
significant figures, and retain only this number of significant 
Jigures in the product.* Even then the last figure retained may 
be unreliable. 


Examete. Multiply 27.17 by 3.14159. Round off the second factor to 
8.142, and multiply: 
27.17 x 3.142 
5434 

10868 

2717 
8151 
85.36814 = 85.87 


Even the figure 7 may be in error. Show that the true answer may be as 
low as 85.35. 

The labor involved in such a multiplication may be considerably re- 
_ duced by slightly modifying the method used, as follows: 
27.170 x 8.142 After having equalized the number of significant fig- 
——..——— ures annex a zero to the multiplicand. Multiply by the 


eH first figure on the left of the multiplier. Drop the last 
1087 figure of the multiplicand and multiply by the second 
b4 figure of the multiplier. Drop the next figure of the 


ed multiplicand and multiply by the third figure of the 
85368 = 85.37 ee . 
multiplier (but ‘‘ carry’? the amount from the figure ~ 

dropped : thus in the example having dropped the 7 and multiplying by 4, 
we say 4 x 7= 28, carry 8,4x1=4, +8=7, which is the first figure 
we write), and so on, arranging all the partial products so that the last 
figures from the left fall into the same vertical column ; then add in the 
usual way. 


* Since 2 = 3.1428571, while 7 = 3.1415927, the value 42 may be used for + 
when the uncertainty of the other factors ina product in which it appears 
is greater than 1 part in 3000 (approximately). 


Se 
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161. Division. In case either the dividend (MN) or the 
divisor (D) is an approximate number, the following shortened 
method may be used :: 


1. Equalize the relative accuracy of N and D; but if D is 
larger at the left, keep one extra figure on W (as in the example 
below). 

2. Divide as in long division, but drop successive figures in 
D, instead of adding successive zeros to WN. 


ExamMpLe. Find 295.679 + 7.53. (As 7 is greater than 2, we retain 
four figures in the dividend.) 


7.58| 295.7 |39.8 
2259 [8 x 753] 
69 8 [divide by 75, gives 9} 
67 8 [9 x 3 = 27, carry 3; 9 x 75 = 675, + 3 = 678] 
20 [divide by 7, gives 3 (nearer than 2) } 


EXERCISES 


1. Add the following numbers, each representing the result of a meas- 
urement: 25.62, 341.718, 2.62394, 28.7125. 

2. Express 5.216 inches in centimeters. 

8. Express 53.291 cm. in inches. 

4. A rectangular table top is measured, and is found to be 
2'4/'.5 x 3/6/'4, Find its area. Find the error caused in this area if the 
measurements are each 0//,1 too short. Find the relative error in the 
area. 

-6. Assuming that you can estimate the length and the breadth of a 
room which is about 15’ by 18/ to within 2’, how nearly can you estimate 
its area ? ; 

6, Assuming that you can measure each of the dimensions of the room 
of Ex. 5 with a yardstick to within 1’! error, how nearly can you find the 
area of the floor? If the height of the room is about 10’, how nearly can 
you find the volume of the room by measurement ? 

7. Assuming that you can measure the radius of a circle about 5!’ in 
diameter to within 0/’.1 error, how nearly can you find its area? How 
nearly could you find by measurement the volume of a cylinder about 5! — 
high and about 5/’ in diameter ? 
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II. LOGARITHMIC SOLUTION OF TRIANGLES 


162. Logarithmic Computation. We have already had ~ 


occasion to observe that many computations in engineering, 
astronomy, etc., are carried out by means of logarithms. In 
the last chapter a few examples of the use of logarithms in 
computation were given in connection with a four-place table. 
Such a table suffices for data and results accurate to four sig- 
nificant figures. When greater accuracy is desired we use a 
five-, six-, or seven-place table. 

The methods used in connection with such a table differ 
slightly from those used ordinarily with a four-place table. 
Accordingly we take up briefly at this point some problems in- 
volving computation with a five-place table of logarithms. 

No subject is better adapted to illustrate the use of logarith- 
mic computation than the solution of triangles, which we shall 
consider in some detail. Five-place tables and logarithmic 
solutions ordinarily are used at the same time, since both tend 
toward greater speed and accuracy. 


163. Five-place Tables of Logarithms and Trigonometric 
Functions. The use of a five-place table of logarithms differs 
from that of a four-place table in the general use of so-called 
“interpolation tables” or “tables of proportional parts,” to facil- 
itate interpolation. Since the use of such tables of proportional 
parts is fully explained in every good set of tables, it is unnec- 
essary to give such an explanation here. It will be assumed 
that the student has made himself familiar with their use.* 

In the logarithmic solution of a triangle we nearly always 
need to find the logarithms of certain trigonometric functions. 


* For this chapter, sucha five-place table should be purchased. See, forex- 
ample, THE MACMILLAN TABLEs, which contain all the tables mentioned here 
with an explanation of their use. 
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For example, if the angles A and B and the side a are given, 
we find the side } from the law of sines given in § 125, 
b= 2 sin B 
sin A 

To use logarithms we should then have to find log a, log (sin B) 
and log (sin A). With only a table of natural functions and a 
table of logarithms at our disposal, we should have to find first 
sin A, and then log sin A. For example, if A= 36° 20’, 
we would find sin 36° 20’ = 0.59248, and from this would find 
log sin 36° 20' = log 0.59248 = 9.77268 — 10. This double use 
of tables has been made unnecessary by the direct tabulation 
of the logarithms of the trigonometric functions in terms of 
the angles. Such tables are called tables of logarithmic sines, 
logarithmic cosines, etc. Their use is explained in any good 
set of tables. 

The following exercises are for the purpose of familiarizing 
the student with the use of such tables. 


EXERCISES 
1, Find the following logarithms: * 
(a) log cos 27° 40/.5. (d) log etn 86° 53/.6. 
(6) log tan 85° 20/.2. (e) log cos 87° 6.2. 
(c) log sin 45° 40/.7. (f) log cos 36° 53/.3. 
_ 2. Find A, when 
(a) logsin A = 9.81632 — 10. (d) log sin A = 9.78332 — 10. 
(b) log cos .A = 9.97970 — 10. (e) log etn 4 A = 0.70352. 
' (ce) log tan A = 0.45704. (f) log tan} A = 9.94865 — 10. 
, : _ 476.32 x 89.710. 
8. Find 6, if tan ¢= 37308 


4. Given a triangle ABO, in which ZA = 82°, 2B = 27°, a =5.2, find 
b by use of logarithms. 


* Five-place logarithms are properly used when angles are measured to the 
nearest tenth of a minute. For accuracy to the nearest second, six places 
should be used. 
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164. The Logarithmic Solution of Triangles. The effective 


use of logarithms in numerical computation depends largely on a 
proper arrangement of the work. In order to secure this, the 
arrangement should be carefully planned beforehand by con- 
structing a blank form, which is afterwards filled in. Moreover 
a practical computation is not complete until its accuracy has 
been checked. The blank form should provide also for a good 
check. Most computers find it advantageous to arrange the 
work in two columns, the one at the left containing the given 
numbers and the computed results, the one on the right contain- 
ing the logarithms of the numbers each in the same horizontal 
line with its number. The work should be so arranged that 
every number or logarithm that appears is properly labeled ; 
for it often happens that the same number or logarithm is used 
several times in the same computation and it should be possible 
to locate it at a glance when it is wanted. 

The solution of triangles may be conveniently classified 
under four cases: 


Case I. Given two angles and one side. 

CasE II. Given two sides and the angle opposite one of the 
sides. 

Case III. Given two sides and the included angle. 

Casze IV. Given the three sides. 


In each case it is desirable (1) to draw a figure representing 


the triangle to be solved with,sufficient accuracy to serve as a 
rough check on the results; (2) to write out all the formulas 
needed for the solution and the check; (3) to prepare a blank 


form for the logarithmic solution on. the basis of these. 


formulas; (4) to fill in the blank form and thus to complete 
the solution. 

We give a sample of a blank form under Case I; the student 
should prepare his own forms for the other cases. 
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165. Case I. Given two Angles and one Side. 


EXAmp.e. 


Check : 


Given > a=480.17, A=47° 18'.2, B=52° 20'.6, (Fig. 184) 
To find: CO, d, 6. 
Formulas: 


C = 180°—(A +8), 


b=—“% sin B, 
A 


sin 
= we i 
c or hoe C. ' 
c—b_ tan}(C—B). A B 


c+b. tand(C+B) Fie. 134 


The following is a convenient blank form for the logarithmic solu- 
tion. The sign (+) indicates that the numbers should be added; the 
sign (—) indicates that the number should be subtracted from the one just 


ae % Numbers Logarithms 
ee Serer 
(+) B=. 
AA B=| «: gers 
179° 60/.0 
a=. - (—>>) 
sin A = sin a) (=). ae ee 
a/sin A : 
sin B = sin - (—>) (4) 
a/sin A 
sin C = sin ‘ (—>) (4+) 
C=. . (<—) 
Check 
c—b= - (—>) 
c+b= (>) (-) ; 
(1) 
6B 2 
C+B=. (Logs (1) and (2) 
‘tan 3(C — B) = tan . (—>) . should be equal 
tan 3(C + B)= tan - (>) (-) for check.) 


(2) 
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Filling in this blank form, we obtain the solution as follows. 


Numbers Logarithms 
= 47 ole 
B= 62° 20'.6 
A+ B= 99° 42).8 
179° 60/.0 
C= 80? 17.2 
a = 480.17 (—) 2.63364 
sin A = sin 47° 13/.2 (—>) (—) 9.86567 — 10 
a/sin A 2.76797 
sin B = sin 52° 29'.6 (—>) (+) 9.89943 — 10 
= 464.94 Ans. (<—) 2.66740 
a/sin A 2.76797 
sin C = sin 80° 17/.2 (—>) (+) 9.99378 
¢ = 577.70 Ans. (<—) 2.76170 
Check 
c—b= 112.76 (—>) 2.05215 
c+ b= 1042.64 (—) (—) 8.01818 
9.03402 — 10 


C—B= 27° 47'.6 
C+ B= 182° 46/.8 


tan $(C — B)= tan 18° 53/.8 (—>) 9.39342 — 10 pecs 
tan 4(C + B)= tan 66°23'.4 (—>) (—) 0.35942 
9.03400 — 10 J 
EXERCISES 


Solve and check the following triangles ABC: 

1. @=872.5, A =265° 30/, B= 47° 50!. 

2. ¢ = 827.85, A = 110° 52/9, B=40°31'.7. Ans. C= 28° 35!.4 
a = 640.11, b = 446.20. 

35 @= 63.276, A= 108° 500, C= 57° 13"2: 

4. b = 22.766, B= 141° 59/.1, OC = 25° 12'.4. 

5. 6 = 1000.0, B= 30° 30/.5, C = 50° 50/.8. 

6. a= 257.7, A= 47° 25’, B= 82° 26/. 
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166. Case II. Given two Sides and an Angle opposite 
one of them. 

If A, a, b are given, B may be determined from the relation 

(1) aim Ae OO 

a 

If log sin B = 0, the triangle is a right triangle. Why? 

If log sin B > 0, the triangle is impossible. Why ? 

If log sin B < 0, there are two possible values B,, B, of B, 
which are supplementary. 

Hence there may be two solutions of the triangle. (See Ex. 1, 
page 249.) 

No confusion need arise from the various possibilities if the 
corresponding figure is constructed and kept in mind. 

It is desirable to go through the computation for log sin B 
before making out the rest of the blank form, unless the data 
obviously show what the conditions of the problem actually 
are. 


“EXaMPLE 1. Given: A = 46° 22/.2, a = 1.4063, b=2.1048. (Fig. 135) 
To find: B, C, c. 
Formula: sin B= 


bsin A 
a 


Fie. 135 
Numbers Logarithms 
b = 2.1048 (—>) 0.32321 
sin A = sin 46° 22/.2 (—>) (+) 9.85962 — 10 
bsin A 0.18283 
a = 1.4063 (—>) (—) 0.14808 
sin B (<) 0.03475 


Hence the triangle is impossible. Why ? 
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ExamMpue 2, Given: a= ae b=101.58, A= 40° 22’.3. (Fig. 186) 
To find: B, C, 
Formula: sin aa = _b bens. A, 
Numbers Logarithms 
b = 101.53 (—) 2.00660 
sin A =sin 40° 22/.3 oe (+) 9.81140 — 10 
bsin A 11.81800 — 10 
@ = 78.221 (—) (—) 1.86464 
sin B 9.953386 — 10 


The triangle is therefore possible and 
has two solutions (as the figure shows). 
We then proceed with the solution as 
follows : 

We find one value B; of B from 
the value of log sin B. The other 
value Bz of B is then given by B2= 
180° — By. 


Other formulas : 
C = 180° —(A + B). 
a8 sin C_ 
sin A 
— 6b_ tan }(C— B) 
heck: S—° — . 
eee c+b tan}(C +B) 
Numbers Logarithms 
sin B 9.95336 — 10 
By, = 68° 55'.2 
179° 60/.0 
Be = 116° 4/.8 
A+ By, = 104° 17.6 | 
179° 60’.0 
Ci, = 75° 42/.6 
cate tS Ca Get) 5 186884. 
sin A (—>) (—) 9.81140 — 10 
a/sin A ; 2.05324 


sin O; = sin 75° 42.5 (—>) (+) 9.98634 — 10 
c= 109.64 °° =. (<+) ~—-2.03058 
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a—-b= 801 (—>) 0.90863 
Ci+6=211.07 —(—>) (—) 2.32448 
8.57920 — 10 


C,—Bi= 11° 47'.8 
Cy + By = 189° 87!.7 
tan 4(C, — B,)= tan 5° 53/.6 (—>) 9.01377 — 10 
tan 4(C; + B,) = tan 69° 48/.8 (—>) 0.48455 
8.57922 — 10 


One solution of the triangle gives, therefore, B=63° 55/.2, C = 75° 42!.5, 
c = 109.54. 

To obtain the second solution, we begin with By, = 116° 4/.8. We find 
C2 from C2 = 180° —(A + Be); i.e. Co = 28° 32/.9. The rest of the com- 
putation is similar to that above and is left as an exercise. 


Check * 


EXERCISES 

1. Show that, given A, a, b, if A is obtuse, or if A is acute anda>b, 
there cannot be more than one solution. 

Solve the following triangles and check the solutions : 
~ @=82.479, 6= 40.176, A=387° 26!.1, 
b = 4168.2, c= 3179.8, B=61° 21'.4. 
~ @= 2.4621, b= 4.13847, - B= 101°. 87'.8: 
@= 421.6, ¢= 6821, A= 49° 2118, 
= 461.5,5 6= 121-2. 9 6 ='22> 31.6. 
. Find the areas of the triangles in Exs, 2-65. 


1D OP w Pe 


167. Case Ill. Given two Sides and the Included Angle. 


Exameie. Given: a=214.17, 6=3856,21, 
C= 62° 21'.4. (Fig. 187) 
To find: A, B, c. 
Formulas : 


tan }(B— A) = Fe tan (B+ A); 


B+ A= 180° — C=117° 38/.6; 
— asin C sin Oe b sin @ 
“sin A “sin B- 


* A small discrepancy in the last figure need not cause concern. Why? 
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Numbers Logarithms 
b—a = 142.04 (—>) 2.15241 
b+ a = 570.38 (—>) (—) 2.75616 
(6 —a)/(b+ a) 9.389625 — 10 
tan 4 (B+ A) = tan 58° 49’.3 (—>) (+) 0.21817 
tan 4 (B — A) = tan 22° 22'.2 (<—) 9.61442 — 10 
Bee 7a | ees 86° 27'.1 Ans. 
B=  81°11'.5 Ans. 
@ = 214.17 (—>) 2.33076 
sin A = sin 36° 27'!.1 (—>) (—)_ 9.77889 — 10 
a/sin A 2.55687 
sin C = sin 62° 211.4 (—>) (+) 9.94736 — 10 
c= 319.382 Ans. (<—) 2.50423 


Check by finding log (0/sin B). 


EXERCISES 
Solve and check each of the following triangles. 
a=74.801, b =87.502, C= 68° 35/.5. 
- @= 423.84, b= 350.11, C= 48° 14!.7. 
b = 275, C= 315, A = 30° 30’. 
a=1650.17, c= 251.09, B= 40° 40/.2. 
a = 0.25089, 6 = 0.80007, C = 42° 30! 20’. 
. Find the areas of the triangles in Exs. 1-5. 


Oe CVn ia ig boners 


168. Case IV. Given the three 


Sides. x 
EXAMPLE. Given: a= 261.62, 
b = 822.42, 
c = 291.48. * 
To find: A, B, C. 
Formulas : 


s=i(a+b+¢). 
4 Cano I NGSD). 


§ 


tanjA=—, tang B=—"_. tango =— —.. (§ 148) 


s—b’ s—c¢ 
Check: A+ B+ C= 180°. 
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Numbers Logarithms 
a = 261.62 
b = 822.42 
c = 291.48 
2s = 875.52 
s = 437.76 
s—a=176.14 (—) 2.24586 
s— b= 115.34 (—>) 2.06198 
s—c= 146.28 (—), (+) 2.16518 
2s = 875.52 (Check.) 6.47302 
s = 487.76 (—) (—) 2.64124 
r2 3.83178 
r 1.91589 
s—a 2.24586 
tan} A=tan 25°4’.1 (<~) 9.67003 — 10 
r 1.91589 
Aaa, 2.06198 
tan } B= tan 35° 32'4 (<-) 9.85391 — 10 
r= 1.91589 
s—c= 2.16518 
tan 4 C = tan 29° 23/.4+ (<—-) 9.75071 — 10 


A= 650° 8/.2 Ans. 
B= 1127438) Ans: 
C= 58° 46/.9 Ans. 


179° 59'.9 Check. 


EXERCISES 
Solve and check each of the following triangles : 
1. @= 2.4169, b = 3.2417, c = 4.6298. 
@ = 21.687, b.= 10.429, ¢ = 14.221. 
@ = 528.62, b = 499.82, c = 321.77. 
@ = 2179.1, b = 3467.0, c = 6061.8. 
a= 0.1214, b = 0.0961, c = 0.1573. 


Find the areas of the triangles in Exs. 1-5. 


a2 ne w PD 


. Find the areas of the inscribed circles of the triangles in Ex. 1-5. 
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Ill. THE LOGARITHMIC SCALE—THE SLIDE RULE 


169. The Logarithmic Scale. Let us lay off, on a straight 
line, segments issuing from the same origin and proportional. 
to the logarithms of the numbers 1, 2, 3, 4,--. The base of 
the system of logarithms is immaterial. Let us label the end- 
points of these segments by the corresponding numbers. This 
gives a non-uniform scale, which is called a logarithmic scale. 
Such a scale is pictured in Fig. 139. 


a 2 3 4 5 6 8 
Fic. 139 


A scale of this kind is easily constructed from the graph of 
the logarithmic function (Fig. 133). 


170. The Slide Rule. The slide rule is an instrument often 
used by engineers and others who do much computing.* It 
consists of a rule (usually made of wood faced with celluloid) 


VUATTeAUTTTCRRELERTCTT TC mii CTHUTTLANEAG TCT 
CUNT AAOTHLAEULLI CLM TOTTI eee 
(Cte et ee eB 


TTT Minn iin VaU CUENTA 
CO Se ar 


Fig. 140 


along the center of which a slip of the same material slides 
in a groove. This slip is called the slide. The face of the 
slide is level with the face of the rule. 


* Engineers usually purchase rather expensive slide rules made of wood 
and celluloid. These are onsale in all stores which carry draftsmen’s supplies. 
A very simple slide rule sufficiently accurate for class purposes is printed on 
hard pasteboard and is obtainable at reasonably small cost through any one 
of several manufacturers of instruments. Figure 140 is reproduced on a larger 
seale on the first fly-leaf at the back of the book. By cutting out this leaf 
and carefully cutting up the figure, a slide rule can be made by the student. 
This will not be very accurate, but it will suffice to illustrate the principles. 
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Along the upper edge of the groove are engraved two loga- 
rithmic scales, usually labeled .A and B, the scale A being on 
the rule, the scale B on the slide. (See Fig. 141.) 

The scales A and B are identical. The slide is simply a 
mechanical device for adding graphically the segments on 


ECE intl 
Se ee ee a HAUT TT 


as 
AOUAAAEAGAOLOATAATLATHCATTTTI TUT 
ETT PTE 


Fia. 141 


these scales. Since the segments represent the logarithms of 
the numbers found on the scale, the operation of adding the 
segments is equivalent to multiplying the corresponding num- 
bers. Thus, to find the product 2.5 x 3.2 move the slide to the 
right until the point marked 1 at the extreme left of the 
slide (scale B) is in contact with the point 2.5 on scale A 
(Fig. 141 shows the positions of scales d and B after this 
operation). The point 3.2 on scale Bis then opposite the point 
8.0 on scale A. The latter number is the required product: 
2.5 x 3.2 =8.0. A little reflection should make quite clear 
how the operation just performed is equivalent to adding the 
logarithms of 2.5 and 3.2 and then reading from the scale the 
number corresponding to the sum. We may note further that 
with slide set as in the example just worked it is set for 
multiplying any number by 2.5; i.e. every number of the scale 
A is the product of 2.5 by the number below it on scale B. 
The slide is therefore also set for division by 2.5. Every 
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number of scale B is the result of dividing the number above 
it by 2.5. Thus we read from the scale (set as before) that 
7.2 + 2.5 = 2.9 approximately. 

Having now shown very briefly how the slide rule may be 
used for multiplication and division, let us examine it a little 
more closely. Scales A and B are labeled with the numbers 

Ly 253) 45 D510, pO yO, chyeer eeeoy ie 

It is natural to ask why the number following the 9 in the 
middle of these scales is not labeled 10? The answer is that 
the numbers on the slide rule are given without any reference 
to the position of the decimal point, just as the numbers in a 
table of logarithms are given without reference to the decimal 
point. The number 1 at the extreme left of the scale may 
represent either 1, or 10, or 100, or 1000, etce., or .1, or .01, or 
.001, etc. If the 1 at the extreme left of the scale represents 
1, then the other numbers on the first half of the scale repre- 
sent 2, 3, «--, 9, the 1 in the middle represents 10, the 2 represents 
20, and the successive numbers represent 30, 40, ---,100 (the 
last being represented by the 1 at the extreme right of the 
scale). If on the other hand the 1 at the left represents 100, 
the successive numbers represent 200, 300, --:, 900, 1000, 2000, 

-, 10,000. If the 1 at the left represents .1, the successive 
numbers represent .2, .3, +, .9, 1.0, 2.0, -, 10.0; and so on. 

The reading of the subdivisions on the scales (A and B) 
should now offer little difficulty. Whenever an interval be- 
tween two successive numbers is divided by certain lines of the 
same length into 10 parts, each of these parts represents one 
tenth of the number represented by the interval in question. 
Thus, if we fix our attention on the division between 2 and 3, 
we note that a certain set of lines divides this interval into 10 
parts; if the 2 represent 2, these divisions represent respec- 
tively 2.1, 2.2, »-, 2.9. On the other hand, if the 2 is thought 
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of as representing 20, these divisions represent 21, 22, ..., 29: 
and soon. These divisions into ten are at some parts of the 
scale subdivided further into five or two parts. These parts 
then represent fifths or halves of the interval that represented 
a tenth. Thus we may readily locate on the scale the point 
representing 1.42 or the point representing 3.65. 

Turning our attention to scales C and D along the lower 
edge of the groove on the slide and the rule respectively, 
we note first that these two scales are also identical. Compar- 
ing them with scales A and B, we see that the unit chosen for 
Cand D is just twice the unit of A and B. Hence the scales 
C and D can be used for multiplying and dividing just as 
scales A and Bare used; however on C and D our range is 
smaller. The range of numbers on A and B is from 1 to 100; 
on Cand D only fromi1to10. To make up for this limitation, 
scales Cand D give greater accuracy. 

However, the principal reason for the existence of the second 
pair of scales is the fact that the two pairs of scales thus ob- 
tained furnish a table of squares and square roots. In view of 
the relation between the units with respect to which the two 
pairs of scales are constructed, every number of scale A is the 
square of the number vertically below it on scale D. Why? 
In order that corresponding numbers on scales A and D may be 
accurately read off, every slide rule is provided with a runner, 
the vertical line on which connects corresponding numbers of 
the upper and lower scales. The runner also enables us to 
perform calculations consisting of several operations without 
reading off the intermediate results, thus saving time and 
securing greater accuracy in the final result. The actual use 
of the slide rule will be explained in the next article. 

The successful use of the slide rule depends largely on the 
ability to read the scales readily and accurately, accuracy 


red Ta! 
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often necessitating the estimating of numbers falling between 
_the lines of division. The ability mentioned can be secured 
only by practice. A proficient operator, with a ten-inch slide 
rule, can always secure results accurate to three significant 
figures. This degree of accuracy is sufficient for many of the 
computations of applied science, manufacturing, etc., in which 
the slide rule is proving more and more useful. 


171. The Use of the Slide Rule. All calculations in mul- 
tiplication, division, proportion, etc., are worked on scales Cand 
D unless the answer is so large that it does not lie on the scale. . 
In that case scales A and Bare used. Let us begin with pro- 
portion. On this topic, and on the corresponding property of 
the slide rule, all computations involving multiplication or 
division, or both, may be made to depend in a very simple way. 

The property of the slide rule referred to is as follows: No 
matter where the slide be placed, all the numbers on the slide 
bear the same ratio to the corresponding numbers on the rule (due 
regard being had to the position of the decimal point). For 
example, if the slide be set so that 2 of C coincides with 4 of 
D, it will be observed that the same ratio 2:4 exists between 
every pair of corresponding numbers: 1:2, 3:6, 42:84, 
125 : 250, etc. Explain why this is true. This leads at once to 
the rule for finding the fourth term of a proportion, when the 
_ first three are given. We give this rule in diagrammatic form, 
as follows: * \ 

To find the fourth term of a proportion : | 


C| Set first term Under third term 


D | over second term, | find fourth term, 


* In this article we have followed to a considerable extent the treatment 
given in the Manualfor the use of the Mannheim Slide Rule, published by 
the Keuffel and Esser Co., New York. 


» aid 


sea ee 
t <* ~ 
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This gives the solution of the equation 


ac 
b a 
To find the product ab, solve the proportion 
Oe 
a x 


To find the quotient I solve the proportion 


boa 
b 
The following examples will make clear the procedure. 


x 


Exampre 1. Solve the proportion: 18/24 = 32/x. 


Set 13 Under 32 


over 24 find 59.1 Ans. 


ExamMpLe 2. Solve the proportion: 13/24 = 75/x. 

Sitice the first two terms of the proportion are the same as in the pre- 
ceding example, we set the slide as before. We now find, however, that 
75 on Cis beyond the extremity of D. Weaccordingly set the runner on 


the left-hand 1 of C, and then set the right-hand 1 of C on the runner. 


We find under 75 the number 138.5, the required value of x.* (Justify 
the above use of the runner.) 

The same example can be done on scales A and B with one setting, 
without using the runner. 


Exampte 3. Find the product: 23.2 x 5.3. 


Set 1 Under 5.3 
over 23.2 . find 123.0 Ans. 


Here we set the right-hand 1 on 23.2. Use whichever 1 serves. The 
decimal point, in this as in the other examples, is simply located by in- 
spection and a brief mental estimate of the answer. Here we see readily 
that the answer is something over 100; hence we locate the decimal 
point at the place to give us 123.0. 

* The .5 in this answer must be estimated. Usually, if more than three 
significant figures are obtained from the rule, the last is uncertain. 

8 


258 MATHEMATICAL ANALYSIS (IX, § 171 


Exampie 4. Find the value of 364 + 115. 


Set 364 Find 3.17, Ans. 


over 115 over 1 


Exampie 5, Find the circumference of a circle whose diameter is 42 
jt. We multiply the diameter by 7 =3.14.* Hence, 


Set 1 Under 42 


over 3.14 find 182.0 Ans. 


By ordinary multiplication we get 131.88; an example of the inaccur- 
acy of the fourth significant figure. 


Examp_e 6. Find the continued product: 1.6 x 4.2 x 5.3 x 2.8. 
The abbreviation R. denotes the runner on the slide-rule. 


C 
D 


Set 1 R. to 4.2} 1 to R. | R. to 5.3) 1 to R. | Under 2.8 
over 1.6 — — = — find 99.7 


Ans. 


We add a few more rules for computing various types of expressions 
involving scales A and B as well as C and D. 


(1) To find a xd: 


Find ab, Ans. 
over b. 


(2) To find a2 + b: 


Find a2+ 6, Ans. 
over 1, 


* The number # is usually marked on the scale. 
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(3) To find geometric mean between two numbers a and b; i.e. find z, 
so that a/e=2/b. Leta<b. 


(4) To reduce fractions to decimals - 


c@ | Set numerator Find equivalent decimal 


D over denominator | above 1 


These rules are not to be memorized. They will be used almost in- 
stinctively by one who has made the reason for each rule thoroughly clear 
to himself and who is in practice. 


EXERCISES 


1. With a slide rule compute the value of : 


(a) 2.13 x 4,42. (A) 2,856,000 x 256,700,000, 
(b) 1.98 x 5.24. ~ 5.43 x 81.5 
(c) 2.77 x 3.14 x 4.25. eee twree 
(d) 8.27/2.63. () 7.64 x 4.14 
(e) 5.48/3.26. 21.2 
(f) 10/3.14. (ny OTA x 25.5 x 19.7, 
(g) 0.000116 x 0.0392. 4.64 x 18.4 
2. With a slide rule compute the value of: 
. (a) (2.85)?. (c) (1.86)8. 
; (b) 3.72 x (2.28)2. (d) (6.24)2/26.3. 
3. Find the circumference and the area of a circle whose radius is 
4.16 in. 
4. What is the length in feet of 27.3 meters, given that 25 meters= 
‘82 feet ? Solve with one setting of the slide. , 
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IV. LOGARITHMIC PAPER 
172. Logarithmic Paper. Ruled paper is printed, on which 
the rulings in both directions are spaced according to the 
logarithmic scale (§ 169), i.e. precisely as on a slide rule.* 
Such paper is called logarithmic paper. Samples of this ruling 
are shown in Figs. 142-143. ~ 


173. Plotting Powers on Logarithmic Paper. The graphs 
of equations of the type 


(1) y = kan 


can be plotted very readily on logarithmic paper. For, if we 
take the logarithms of both sides, we find 


(2) log y = logk +n logz. 


Let us set Y=logy, K=logk, X=logz; 
then (2) becomes 


(3) Y=K+nX. 


Now the equation (3) represents a straight line if X and Y be 
‘taken as the variables. This is precisely what happens if we 
plot the values of x and y from equation (1) on logarithmic 
paper; for, when we plot a value for # on logarithmic paper, the 
distance from the left border is nothing else than log a, #.e. X; 
and similarly for Y. 

Moreover, the slope of the Straight line represented by (3) is 
n, the exponent of x in (1); and the intercept on the Y axis is ~ 
K=logk. Hence if values of a and y from (1) are plotted on 
logarithmic paper, the value of n in (1) appears as the slope of 
the straight line graph, and the value of k can be read off 
directly on the vertical axis. 

* On this account, it is possible to make a erude slide rule by using the 


edges of two sheets of logarithmic paper, sliding them along each other after 
the manner of a slide rule. 
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ExampLe 1. Draw the graph of the equation y = x? on logarithmic 
paper. 

Take x=1, theny=1. Take x= 10, then y=100. Plot these two 
points A (1, 1) and B (10, 100) (Fig. 142). Connect A and vit by a 
straight line. This is the required graph. 

The graph may be drawn also by noticing that its slope is the atponent 


y B 
Z HH ee ee 
su he ee ec fe Popa pepo AE EHH 
sree eases Pelt] at 
6 ALLL TTT _| BORnntutt ites LeU Te 
4 HEEL AEE a 
sH A Po Po 
Ot 2001 OR ET a3 
8 HTH ECC His SheiSaEop 
EEE 
ZOE pee adele | 
=a SSeS SSS 
= SSSSSSSEe 
43 Zaasmeees 
pa = i fe es ES es 
a Ea SR P| ed 
na as 
| Pe eto Seeds a ee al 
9 4 RE a a ET 
Ag fal lee Line em 
Aul ce hes be be eh Dees ee 
SII ASE REALE BaSteate) 
ji mee sameeafenit EEE 
47 MESMRA we ee ss 
al Pe AE mtr tie aL Teli [etwas 
PLETE CELL 
S=Se5 
= z 
a 
Gee | 
Sse Cla 


So 
ww 
Q 
a 
) 
es) 
<a) 
~ 


Fig. 142 


of x in the given equation, i.e. 2. Hence we may draw from. a line 
whose slope is 2. Show that this gives the same line, AB. 
We may use this graph to find squares or square roots. Thus, ify = 4, 
we can note the point on the graph directly over 4, and read the corre- 
sponding value of y, which is 16. Reversal of the process gives V16 = 4, 
Likewise, if « = 4.5, we find y = 20,2+; and V15 = 3.8, approximately. 
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Conversely; given a straight line on logarithmic paper, we 
know that its equation must be of the form (1). We can find 
n by actually measuring the slope, and we can read off k on the 
vertical line through the point marked (1, 1), since if we place 
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Fie. 143 
x =1 in equation (2), we have logy=logk, whence y= k. 
Any other value of # may be used instead of «= 1, but a =1 is 
most convenient because log 1 = 0. 


Exampire 2. A strong rubber band stretched under a pull of p kg. 
shows an elongation of e cm. The following values were found in an 
experiment : 
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1.5 | 2.0 | 2.6 | 3.0 | 3.5 | 4.0 | 4.5 | 5.0 | 6.0 | 7.0 


1.7 | 2.2 | 2.7 | 8.3 | 8.9 | 5.8 | 6.9 


If these values are plotted on logarithmic paper, it is evident 
that they lie reasonably near a straight line, such as that drawn in 
Fig. 143. 

By measurement in the figure, the slope of this line is found to be 1.6, 
approximately. Hence if we set 


P=logp, E=loge, 
we have E=K+1.6P, 


where X is a constant not yet determined ; whence 
loge = K+ 1.6 logp 
or e= kp}, 


where K=logk. If p=1, e=k; from the figure, if p=1,e=03; 


hence & = 0.3, and 
e=0.3 p!6. 


EXERCISES 

1. Plot on logarithmic paper the graph of each of the following equa- 
tions : 

a). ¢= 2. (c) y= 2°. (e) y=3a2. 

(b) yaa. (d) y = 2%, Cf) y= 4.6 215, 

2. Draw the graph of y=2x~-*. Note that the negative exponent — 2 
gives simply what we ordinarily call a negative slope of —2 for the 
straight line graph. 

3. When air expands or is compressed (as in an air compressor), with- 
out appreciable loss or gain of heat, the pressure p and the volume v are 
connected by the formula 

p= kv-1.4, approximately. 

Pressure is often measured in atmospheres, and volume in cubic feet. 

If we start with one cubic foot of air at one atmosphere of pressure, it is 


obvious that k=1. Draw the graph for this case, and from it find p 
when v= 0.5 cu. ft. Find v when p=5 atmospheres. Find v when 


p = 0.5 atmospheres. 


a Me 
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4. The intercollegiate track records for foot races (1916) are as 
follows, where d means the distance run, and ¢ means the record time : 


100 yd. 220 yd. 440 yd. 880 yd. 1 mi. 2 mi. 


0:09¢ | 0:21% 0:48 1:54¢ | 4:152 | 9:282 


Plot the logarithms of these values on squared paper (or plot the given 
values themselves on logarithmic paper). Find a relation of the form 
t=kd". What should be the record time for a race of 1320 yd.? 

(See Kennewtiy, Popular Science Monthly, Nov. 1908.) 


5. In each of the following tables, the quantities are the results of 
actual experiments; the two variables are supposed theoretically to be 
connected by an equation of the form y = kx”. Draw a logarithmic graph 
and determine % and n, approximately : 


(a) (Steam pressure ; v = volume, p = pressure. ) 


(SaXELsy. ) 
(b) (Gas engine mixture ; notation as above.) 


3.54 | 4.18 |4.78 | 5.85 | 6.94 | 6.55 | 7.14 | 7.73 | 8.05 


141.38} 115 | 95 | 81.4 | 71.2 | 63.5 | 54.6 | 50.7 | 45 


(GrBson. ) 


(c) (Head of water h, and time ¢ of discharge of a given amount. ) 


0.043 0.057 0.077 0.095 0.100 


(GIBSON. ) 
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CHAPTER X 
THE IMPLICIT QUADRATIC FUNCTIONS 


Two-valued Functions 
I. THE FORMS Ax?+ Ey + C=0 AND By?+ Dr+C=0 


174. The General Implicit Quadratic Function. We shall 

now return to the discussion of algebraic functions. We first 
discussed the explicit linear function y=ma-+-5, and the function 
y defined by the implicit relation Av + By +C=0 (Chapter , 
Ill). Then we discussed the explicit quadratic function of 
the form y = ax* + ba + ¢ (Chapter IV). We now propose to 
take up the discussion of the functions y defined by implicit 
quadratic relations, suchas 4 7? — 5a =0, 2 —47?+ 2@—4y—1 
=0, etc. The most general form of such an equation is 
(1) Ax? + Fay + By + Dv + Ey + C=0. 
The graphs of equations of this form are important curves, 
with interesting geometric properties, which we shall discuss 
in a later chapter. Our present purpose is to determine the 
general nature of these graphs (their shape, etc.) and to develop 
methods whereby the graph of a given equation of the type 
considered may be readily drawn. 

We may note at the outset that the function defined by an 
‘implicit quadratic relation between # and y will usually be 
two-valued, i.e. to each value of x will correspond, in general, 
two distinct values of y. This is due to the fact that if any 


particular value be assigned to x in equation (1) above, the - 
' 265 
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corresponding values of y are determined by a quadratic equa- 
tion, unless B = 0. 

We shall approach the discussion of equations of type (1) by 
considering in order certain simpler forms of this general 
type. First, we shall discuss equations of the two types 


A? + Hy + C=0 and By? + Dxr+ C=0. 


175. The Equations x2 — y=0 and y?—x=0. We can dis- 

pose of the equations x? —y=0 and y?— «= 0 very quickly. 
The first equation is equivalent to the equation y = 2’, already 
discussed in § 72. The second equation is equivalent to the 
equation 
(2) yy = a, 
or y =+V2. 
We can either plot the points (a, y) whose codrdinates satisfy 
this relation and thus obtain the graph desired *; or, we can 
note that the equation y2=« is obtained from the equation 
x? = y by simply interchanging w and y. Hence, the graph of 
y? =x is obtained from the graph of y=? by turning the 
plane of the graph of y = x over about the line through the 
origin bisecting the first and third quadrants. For, this opera- 
tion will interchange the a- and y-axes in the desired way. The 
two graphs are shown in Fig. 144. 

Certain properties of the graph of the equation y* = @ are at 
once evident from the form* of the equation: The graph is | 
symmetric with respect to the a-axis; for, if a point (h, k) 
satisfies the equation, the point (hk, —k) also satisfies the 
equation. Why? The graph lies at the right of the z-axis; 
for, any negative value of x would give rise to imaginary 
values of y. Why? 


* A table of square roots will facilitate the work. 
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sussccaes 


The most important properties of the double-valued function 
+ V2 to be noted are the following: 

(1) For every positive value of x there are two values of the 
function, viz. +a and —V/a. Therefore the function is two- 
valued. 

(2) As w increases numerically, the corresponding values of 
x increase numerically, i.e. the numerical value of Va is an 
increasing function of 2. 


176. The Form By?+ Dx=0. B+0. Since B+0, we 
may always write the equation in the form 


D 
(3) y= B a, ¥. 
‘t.e. in the form 
y = na, On 


where n=— D/B. The graph is 
then similar to that of 2? = ny, the 
only difference being that the réles 
of the w- and y-axes are interchanged. If the coefficient n is 
positive, the graph is at the right of the y-axis; if n is nega- 
; tive, the graph is at the left of the y-axis (Fig. 145). In both 
cases the graph is symmetric with respect to the a-axis, and 


yr=nx 


Fia. 145 
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passes through the origin, at which point it has a vertical tan- 
gent. Why? The curve defined by an equation of the type 
considered is called a parabola if D#0O. (See Chapter IV.) 
To sketch such a curve rapidly, knowing its general shape, we 
need only plot a few corresponding values of x and y. If D=0, 
the equation becomes By’=0. Its graph is then the z-axis. 


177. The Slope of the Curve By? + Dx =0. To determine 
the slope of the tangent to the curve 
By + Dxe= 0, 

we may proceed by the method used for similar problems in 

Chapters IV and V. To this end we first calculate the change 

ratio Ay/Aa, which is the slope of the chord PQ (Fig. 146). The 


Fic. 146 


slope of the tangent at P is then the limit which this ratio 
approaches when Aw approaches the value 0. 
Let P(%, y;) be any point on the curve, and Q(a, + Aa, y, + Ay) 
be another such point. Then we have 
By + Ay)? + Dm + Aa) = 0, 


By2+ D2, = 0. 


and 


Expanding the first of these equations, and subtracting the 
second from it, we get 


2 By,Ay + BAy? + DAw = 0, 
or 


(2 By, + Bay) SY =— D. 
Ax 
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Hence, the desired change ratio is 


A, eee D . 
Aw x By, aa Bay 


When Az approaches zero, Ay also approaches zero. Why? 
The desired slope of the curve 
By? + Dz =0 

at the point (2, y;) is, therefore, 
4 m= — ——, 
(4) > By, 

The expression for the slope exhibits certain properties of 
the curve: 

(1) The curve has a vertical tangent at the origin (y, = 0). 

(2) The slope of the curve above the #-axis is positive, if B 
and D have opposite signs; and negative, if B and D have the 
same sign. 

(3) The slope of the curve decreases indefinitely in absolute 
value as the point (a, y,) recedes indefinitely from the origin. 


EXERCISES 

1. For each of the following equations, determine the slope at the point 
(a1, yi) and sketch the curve represented. For each point plotted deter- 
mine the slope of the tangent and draw the tangent. 

(a) y2—40=0; (b) y2+2x=0; (c) 4a?—3y =0; 

(d) 4y?+9x2=0; (¢) 7? = 62, 

2. Derive the equation of the tangent to each of the curves in Ex. 1 at 
the point indicated : 

(a) (1,2); (6) (—2, — 2); (c) (—3, 12); (d) (—4, — 8); (e) 6,6). 

3. Show that the equation of the tangent to the curve y? = 2 px at the 
point (21, yi) on the curve is yiy =p (x + 21). 

4, Draw the curves y? = nx for several different values of n on the 
same sheet of paper. It issuggested that the values n =1, 2, 5, —1, — 2, 
0 be included. 
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Il. THE FORM Az? + By?+ C=0 
178. The Case A= B. The Equation x*+y?=a@. It so 
“happens that, if the units on the a and y-axes are equal, we can 
interpret the left-hand member of this equation geometrically. 
For, it is evident from the figure (Fig. 147) that, under the 


Fic. 147 


hypothesis of equal units, 2 + y’ is the square of the distance 
of the point («, y) from the origin. Hence the equation 

(5) ert OF = az 

states that the point (a, y) is distant a units from the origin. 
It follows that the points (a, y) satisfying this equation are all 
on the circle described about O as center with the radius a, and 
conversely the codrdinates of every point on this circle will 
satisfy the equation. The graph of the equation 2? + y?= a? is 
then a circle, if the units on the two axes are equal. 

If the units on the axes are unequal, the ordinates of the 
above circle must be shortened or lengthened in a certain ratio, 
according as the unit on the y-axis is less than or greater than 
the unit on the x-axis. In either case the graph of the equa- 
tion will be a closed curve. : 

Throughout the remainder of this chapter, however, we shall 
assume, in order to fix ideas, that the units on the axes are equal. 

If A= B(AB+0), the equation 


(6) Aa? + By +C=0 
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may be written in the form 2? + y?=— « . 


The graph of this equation is a circle, if — O/A is positive. If 
— C/A is negative, the equation has no graph, te. no pair of 
real values of x and y can satisfy it. Jf C=0, the only point 
satisfying the equation is the origin.* 


179. The Case A>0,B>0. Consider first the special 
case 2? ++4y?=9. If we solve this equation for y, we have 


(7) y=4t5V9—w, 

Now, we know from § 178 that the graph of the function 

(8) y=tiv9— 2 

is a circle with center at the origin and radius equal to 3. 


PEE 
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The ordinates of the points of (7) are then equal to one half 
the corresponding ordinates of the points on the circle (8). The 
construction of the graph of (7) should then be clear from the 
figure (Fig. 148). The graph in question is a closed curve, 
having a greatest length of 6 units and a greatest width of 3 
units. It is symmetric with respect to both axes. 


* The last locus may be considered as a circle with radius equal to 0; it is 
sometimes called a point circle. 
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The general form 
(9) Az’ + By? + C=0 


can be treated similarly, if A and B are both positive. The 
equation may be written in the form 

B C 
10 24 y=. 
(10) a ae eae 
This shows that there is no graph if the right-hand member is 
negative. If the right-hand member is 0, the point (0, 0) is the 
only point satisfying the equation. There remains only the 
case where — C/A is positive. 

Equation (10) gives 


(11) yay \-S-# - 


Now, the equation 


(12) yt] —o 


represents a circle. Equation (11) tells us that the desired 
graph is obtained by shortening or lengthening the ordinates 
soar +~C(«*f this circle in the ratio VA/B to 1. 


Exampie. If we solve the equation 9? 
+4? = 86 for y, we obtain y = + 8V4—2?; 
this tells us that the graph of the given 
equation is obtained from that of the circle 
y=+V4—22 by lengthening the ordinates 
of the latter to three halves their original 
length. ‘Figure 149 exhibits the result. 


The graph of an equation of the form 
Ax?+ By?+C=0 under the hypothesis 
_that A and B are:both positive and that C is negative, is then 
a closed curve symmetric with respect to both axes. 

The curve represented by an equation of the form (9) above 
is called an ellipse. An ellipse is symmetric with respect to 
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each of two perpendicular lines, called the axes of the ellipse. 
The intersection of the axes of an ellipse is called the center 
of the ellipse. Knowing the general shape of the curve, the 
quickest way to sketch it from the equation is to find the 
intercepts on the axes and draw a symmetric curve through 
the four points thus obtained. In the example 9 a? + 4 y?=36 
already considered, we find the intercepts to be a= + 2 (found 
by placing y= 0) and y=+3 (when x=0). If we mark the 
four corresponding points, the curve can be sketched readily. 


EXERCISES 

1. Discuss the locus of each of the following equations and, if the 
equation has a locus, sketch it and show how it is related to a certain 
cirele (if the locus is not itself a circle) : 

(a) «2+ y?= 16. (d) 447+ y?+16=0. (g) 42?+ 3y? = 12. 

(b). a?+4y?—16=0. (e) 27+ 9y?=0. 

(c) 4a?+y?—-16=0. (f) 222?+2y?=5. 

2. For what values of x in each of the equationsin Ex. 1 doesy become 
imaginary ? For what values of y does x become imaginary ? 


(h) ota. 


3. Show directly from the equations that each of the graphs in Ex. 1, 
if it exists, is symmetric with respect to both the x-axis and the y-axis. 


4. According to the definition above, is a circle an ellipse ? 


180. The Slope of the Curve represented by Ax? + By? 
+C=0. Here again we calculate the change ratio Ay/Aa, 
which is the slope of the secant joining the points P(a,, y,;) and 
Q(x, + Ax, y, + Ay) on the curve, and then find the limit which 
this ratio approaches when Q approaches P along the curve, i.e. 
when Az and, consequently, Ay approach 0. The calculation is 
as follows : 

Since P and Q both lie on the curve 
we have age a 
(13) Ax, + By? + C= 0, 
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and 
(14) A(a, + Ax)? + By; + Ay)? + C=0. 


| Expanding the squares in the last equation and subtracting 
(13) from (14), we have : 


2 AuAuw + AA? + 2 By,Ay + BAy*? = 0, 
or (2 By, + BAy) Ay =— (2 Aa, + AAz) Az, 


whence we obtain the slope of the line PQ, 


Ay ___ 2 Ax, + AAx (B+ 0). 
Ax 2 By, + Bay 


When Az and Ay both approach 0, we get for the slope of the 
curve at the point (a, 4) 


Ax 
15 m=] 
(15) By, 


An interesting verification of this result may be noticed. It is well 
known that the tangent to a circle at a point P is perpendicular to the 
radius OP. Now consider a circle with center at the origin. The slope of 

_the radius through (a, y;) is then clearly y;/ax;. The slope of the tan- 
gent should, therefore, be —%,/y;. But this is exactly what the preceding 
formula for the slope gives, when the equation represents a circle, 7.e. 
when A = B. 


EXERCISES 


1. Show from the result of the last article that at the points where the 
curve Ax? + By? + C=0 (ABC #0) crosses the y-axis its tangents are 
horizontal; and that at the points where it crosses the x-axis its tangents 
are vertical. 


2. Find the equation of the tangent to each of the following curves at 
the point indicated. Check the result by sketching the curve carefully 
and drawing the tangent from its equation. 

(a) 422 + y? = 25 at (2, 3). (b) 2+ 4y2 = 8 at (2,1). | 

(c) 842 4+4y2= 16 at (2, —1). 


ia 


—— 
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181. The Case A>0, B<0. We may always write the 
equation (9) so that A is positive. The case where A and B 
have unlike signs leads to a new type of graph. 

THe GRAPH oF 2?—y?=9. In seeking the graph of this 
equation, we observe first the following facts : 

(1) The graph crosses the x-axis at the points (3, 0) and 
(— 3, 0), and does not cross the y-axis. Why? 

(2) The curve is symmetric with respect to bothaxes. For, 
if the point (A, k) is on the curve, so also is the point (h, — hk). 
Hence, the curve is symmetric with respect to the a-axis. 
Similarly, if the point (hk, * is on the curve, so also is the 
point (— h,k). Hence the curve is symmetric with respect 
to the y-axis. 

(3) Solving the equation for y gives us 
(16) y=tvat— 9. 

This incidentally again establishes the symmetry of the curve 
with respect to the a-axis. But it shows further that, if 2°<9, 
y is imaginary. Hence, no part of the curve lies in the strip 
of the plane between the lines x =3 and a=—3. In other 
words all values of x between 3 and — 3 are excluded. Solv- 
ing the equation for x gives 

— @atVy +9. 
This shows that no values of y are excluded, since y?+9 is 
positive for every real value of y. 
(4) The slope of the curve at the point (a, y) is by § 180, 


mas. 

n 
This shows that the curve crosses the z-axis vertically, 7.e. the 
lines # = 3 and a =— 3 are tangent to the curve at (3, 0) and 


(— 3, 0) respectively. 
With these results in mind we now calculate the coérdinates © 
of a few points on the curve and the slope of the curve at these 
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points. We thus get the following table : 


We plot these points and those symmetrically situated with 
respect to the two axes and get Fig. 150. We know from 
equation (16) that y increases numerically from 0 as x increases 


PSASEECE HE 
ECR SECC 


numerically from 3. We have already seen that the curve 
consists of two branches. It remains only to consider what the 
character of the curve is for numerically large values of 2. 
Equation (16) tells us that y increases numerically without. 
limit, as a increases indefinitely in absolute value; i.e. the curve - 
recedes indefinitely from both axes. It recedes, however, in a 
very definite way. For, consider the slope m of the curve at 
any point (2, y;). From §180 we have, for d=1, B=—1, 


* 
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al Xy 
— ————) 


% +Vae—9 


the upper sign being used if y, is positive; the lower, if y, is 
negative, To fix ideas, let (a, y;) be a point in. the first quad- 
rant and let it move out along the curve indefinitely. We de- 
sire to see what happens to the slope of the curve under this 
condition ; i.e. when a, becomes indefinitely large. To this end 
we write m in a more convenient form, as follows: 


al il 
nm =—____— —. —_____., 
Va — 9 Ne hee 
aT xy? 


which shows that as 2, increases indefinitely, m approaches 
more and more nearly the value +1. This shows that the 
further the point (2,, y,) travels out along the curve in the first 
quadrant, the more nearly does the direction of its motion 
make an angle of 45° with the a-axis. 

Consider now the equation of the tangent to the curve at 
the point (a, 4%): 

ee Pig — %); 


or, 
Lye — YY = Ly — yy’, 
or, 
nye — yy = 9. 
This may be written 
= i | . —_— 9 . 
oH i, 


As a, and y, become indefinitely large, the slope 2/y,, as we 
have seen, approaches the value +1, while the term 9/y, evi- 
dently approaches the value 0. Therefore, the tangent to the 
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curve at the point (a, y,) approaches the line 
Y=. 


A line, which is the limiting position which the tangent to a 
curve approaches, as the point of contact recedes indefinitely 
along an infinite branch of the curve, is called an asymptote of 
the curve. 

If the point (#,, y,;) recedes indefinitely along the curve in 
the third quadrant (a, < 0, y, < 0), the slope is positive and the 
tangent approaches the same limiting position as before, 
namely, y=. Similar considerations (or the symmetry of the 
curve) show that the line 


ES) 


isalso an asymptote. The two asymptotes are also shown in 
the figure as they are a great help in drawing the curve. 

THe GRAPH oF 2—y?=a?, If, in place of the 9 in the © 
equation a? — y?= 9 just considered, we have any other positive 
number, say a’, the discussion is very similar and accordingly we 
can be brief. The curve of the equation x?— 7? =a? crosses the a- 
axis at the points (a, 0) and (—a, 0), 
and does not cross the y-axis. It 
is symmetric with respect to both 
axes. We have y=+./_2_ g2 


ahd m=<2,/y, We find also 


: <= a 
Fie. 151 ; x? 3 


from which we conclude that the curve approaches indefinitely 
near the straight lines y= and y=—a. The curve is, then, as 
drawn in Fig. 151. 
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Tue GENERAL CasE, wHEN C' 1s Necative. Any equation 
of the form 
Az? + By? +C=0, 
where A is positive and B and C are both negative, may now 
~ be treated without much difficulty. as such equation can be 
written in the form 


(17) v2 — ny? = ar 
From this we obtain 


fw a nee 
y= +—V22 — a2. 
Th 


But this shows at once, by com- 
parison with the last equation 
considered, that the ordinates of 
points on the curve 2?—ny?=a? 
are to the corresponding ordinates of the curve 2? — y2 = a? as 
1/n is to 1. In Fig. 152 we have drawn both the curve 
x? — y? = a? and the curve 2? —4y?=<a’, the ordinates of the 
latter being just one half of the corresponding ordinates of the 
former. The asymptotes of the latter are the lines y= }a@ and 
y=— 3. 

Since the asymptotes are a great help in sketching the curve, 
we should have a means of obtaining their equations quickly 
from the equation of the curve. From the result of § 180 
(A=1, B=— 7’) and considerations similar to those used in 
the discussion of 2?—y?=9, we find the equations of the 


Fra. 152 


asymptotes to be 
£ 1 
y=-—x and y=—=42, 
n n 


ora—ny=Oandx+ny=0. But these equations are found 
by placing equal to zero each of the factors of the left-hand 
member of the equation of the curve 2? — n*y’ = a’. 
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An example will show how these various results may be applied in 
sketching“a curve whose equation is of the form considered. ‘To sketch 
the graph of 4%? — 9y? = 36, we draw 
first the asymptotes 2x—3y=0 and 
22+3y=0 (Fig. 153). We next 
place y = 0, in the given eguation and 
find the x-intercepts to be x =3 and 
a@=—8. We can now sketch the 
curve with considerable accuracy, since 
we know what its general charac- 
teristics are. 


NSS 
2h Dae eee eh SS, 


Fig. 153 
The graph of any equation of the form 
xe? — ny? = a? (n#0,a#0) 


is a curve called a hyperbola. We have seen that it consists 
of two branches; it is symmetric with respect to each of 
two lines, which are called the axes of the curve. One of 
these cuts the curve in two points and is called the frans- 
verse axis; the other axis does not meet the curve at all. The 
intersection of the axes of the curve is called the center of the 
curve. The branches of the curve extend indefinitely and 
approach two straight lines, the asymptotes of the curve, 
which pass through the center. 

We may now complete the discussion of the graph of any 
equation of the form Aa?+ By?+ C= 0, under the hypothesis 
that A is positive and B negative. We have already disposed 
of the case C < 0, by considering the form a — n2y? =a. The 
case C > 0 leads similarly to the form #?—ny=—a%. By 
interchanging « and y this reduces to the form na? — y? = a2, 
which on division by n? reduces to the case C< 0 already con- 
sidered. The graph of an equation Au? + By? + C=0, when 
A is positive, B negative, and C positive, is therefore a hyper- 
bola with the center at the origin and with its transverse axis 
coinciding with the y-axis. 


X, § 182] IMPLICIT QUADRATIC FUNCTIONS 281 


The following example will illustrate the method of sketching the 
curve: Sketch the graph of x2—4y?4+4=0. The asymptotes are a—2y=0 
and «+2y=0 (Fig. 154). Placing x =0, 
we find the y-intercepts to be +1 and — 1. 
Having marked the corresponding points and 
drawn the asymptotes the graph is readily 
drawn. 


Finally, when C=0, the equation 
may be written in the form x?—n?y?=0. 
This may be written 
(a — ny)(x + ny) =0. This equation will be 
satisfied by all points which satisfy either 
x—ny=0 or x+ny=0, and by no others. 
The locus of the equation is then two straight 
lines passing through the origin. Figure 155 
shows the locus of the equation 4 2?—9 y2=0. 

182. The Case A=OorB=0. If A=0, B>0, the equation 
Aa?+ By?+C=0 becomes By2+C=0. If Cis positive, there 
is no graph. If C is negative, the graph consists of two lines 
parallel to the waxis. If C is zero, the graph is the a-axis. 
When B=0, A> 0, the graph of the equation consists similarly 
of two straight lines parallel to the y-axis, if Cis negative; of 
the y-axis, if Cis zero; and there is no graph, if Cis positive. 


Fig. 154 


Fie. 155 


EXERCISES 
1. Sketch the graph of each of the following equations : 
(a) 2? —9y? = 16. (d) 922?—-16y?4+16=0. (9g) 3a2?—-2y= 
(b) x2 -9y2?=— 16. (e) 9a*7—16y*—16=0. (hk) 8a%?-12=0. 
(c) #2—9y?=0. (SF) 92? — 16y? = 0. (@) 847 4+1=0. 
2. Give a detailed discussion of the graph of the equation x?— y? =— 9 
(analogous to the discussion of «? — y? =9 given in the text). 
3. Give a detailed discussion of the graph of x?—n?y?=—a?. Prove, in 
particular, that the asymptotes of this hyperbola are given by 2?—n*y?=0. 
4, Prove that no tangent to the curve «? — y? = a? has a slope that lies 
_between +1 and —J1. Prove, in general, that no tangent to the curve 
x? — n2y? = a? (a # 0) has a slope that lies between 1/n and — 1/n. 
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Ill. THE FORM Az? + By?+ Dx + Ey + C=0 
183. Recapitulation and Extension of Previous Results. 
We have seen in the previous sections of this chapter that an 
equation of one of the forms 


Az? + Ey = 0, 
By? + Dz =0, 
or Ax? + By? +C=0 


represents either 

(a) a parabola, with vertex at the origin and axis coinciding 
with the x-axis or the y-axis; or, 

(b) an ellipse, with center at the origin and axes coinciding 
with the axes of codrdinates ; or 


(c) a hyperbola, with center at the origin and transverse axis — 


coinciding with the x-axis or the y-axis ; or 

(d) two straight lines (which may coincide) ; or 

(e) a single point (the point (0, 0)) ; or 

(f) no locus. 

If we replace x by « —h and y by y — k, in any of the above 
forms, we know that the graph of the resulting equation is ob- 
tained from the graph of the original equation by moving the 
latter so that the origin moves to the point (h, k) (the axes re- 
maining parallel to their original positions). 

We may then conclude that an equation of any one of the 
forms 
(18) <A(«—h)?+ E(y—k)‘=0, Biy—k)?+ Die —h) =0, 
or A(a —h)?+ By—k/?+C=0 
represents either 

(a) a parabola with vertex at the point (A, k) and axis coin- 
ciding with the line a — h = 0 or the line y —kK=0; or 

(6) an ellipse with center at the point (h, #) and axes coin- 
ciding with the lines x -h =O and y —~k=0; or 
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(c) a hyperbola with center at the point (h, k) and transverse 
axis coinciding with the line «—h=0, or the line y—k=0; or 
(d) two straight lines (which may coincide), or 
(e)-a single point (the point (A, k)); or 
(f) no locus. 
Now, any equation of the form 
(19) Az? + By? + Dz+ Ey +C=0 
can be put in one of the forms (18) by completing the squares. 
The following examples show how this may be done. 


Fie. 156 


Exampie 1. Discuss and sketch the graph of y27—-2y+2xe%+4+7=0. 
This equation may be written in the form 
—2y=—2x-7, 
or ; 
y2—2y4+1=—2e¢—7 +1, 


4.8. 


(y—1)? =— 2(@+ 8). 

It is accordingly a parabola with vertex at (— 3, 1) and axis y=1. The 
graph is given in Fig. 156. 

Examp.e 2. Discuss and sketch the graph 
of 22+ y2—4x2%—6y7y+9=0. 

This equation may be written in the form 
(a? —4%+4)+(y?—6y+9) =—944+9, 
or 


(a — 2)?4+ (y — 3)? =4. 


' Therefore the given equation represents a 
circle with center at (2, 3) and radius equal 
to 2. (See Fig. 157.) 
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Exampie 3. Discuss and sketch the graph of 922+ 16y?—18% 
+64y—8=0. 
This equation may be written in the form 


9(2@—-2a+ )+164?+4y+ )=8, 
or 
9(a?—2 +1) +16(y?+44+4)=84+9+64=81, 
1.6. 
9(~ — 1)? +16(y + 2)? = 81. 


Hence this equation represents an ellipse whose center is at (1, — 2) 
and whose axes coincide with the linesx = 1,y—=-— 2. The remainder of 
the discussion is left as an exercise. The graph is given in Fig. 158. 


Examece 4. Discuss and sketch the graph 
fF 6 of 942 — 86% —4y? + 24y = 36. 
This equation may be written in the form 


9(a — 2)? — 4(y — 3)? = 36, 


SESnBs F which is a hyperbola whose center is at (2, 8) 
y i (Fig. 159). It is left as an exercise to com- 
bs a plete the discussion and prove that the equa- 
tions of the asymptotes are 3(% — 2) + 
Fig. 159 2(y—3) =0 and 3(@— 2)— 2(y—3)=0. 
. 
EXERCISES 
Discuss and sketch the graph of each of the following equations : 
1. 22+4y44=0. 6. 942+ 4y2— 362%-—8y+4=0. 
2. 2+y2+4e%—8y4+1=0. 7. 942? ~— 47? — 3644 8y=4. 
3. a —y21+2e%=—0. 8. y+ 2y—12¢—-11=0.. 
4. e—4e4+4+y?+4+2y41=0. 9. 224 15y?2+4+ 4x44 60y +15=0, 


a 


. 2+ 4e42y24+4y+1=0. 10. w—38y—-2e4—6y+7=0. 
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184. The Slope of the Curve Ax? + By? +Dx +Ey+C=0. 
Let P(%, y,) and Q(a#, + Aw, y, + Ay) be any two points on 
the curve. Then 

Aw? + By? + Dx, + Ey,+ C=0, 
A(a, + Ax)? + Biy, + Ay)?+ D(a, + Ax)+ E(y, + Ay)+ C=0. 
Expanding the second of these equations and subtracting the 
first from it, we have 
(2 Aw, + AAa + D)Ax +(2 By, + BAy + E)Ay = 0. 
Therefore the change ratio, or the slope, of the secant PQ, is 


Ay___ 2 Ax, + AAx + D 
Ax 2 By, + Bay+ EH 


If we let Ax approach zero, Ay will approach zero also. Why? 
Therefore the slope of the curve at any point (a,, y,) is 

_ 2 Ax, + Ds 

ig By, + E 


Exampie. Find the equations of the tangent and the normal to the 
curve 2? + 4y? —4%+4+2y—3=0 at the point (1, 1). 

Sotution: The slope of the tangent at any point (a1, y1) is 
2a —4 : 

8y1+2 
At the point (1, 1) this slope ist. Therefore the equation of the tangent 


is y— 1=4(a —1) and the equation of the normal is y — 1 = — 5(a— 1). 


EXERCISES 


1. Find the slope of the tangent to each of the following curyes at 
the point specified. 
(a) 22+2y—3=0 at (1, 1); 
(b) a2 +y2—4=0 at (1, V3); 
(c) x2-2y2+5=0 at (1, V3); 
(d) 402+ y2—224—38y—10=0 at (2, 1). 
2. Find the equation of the bales to each of the curves of Ex. 1, at 
the point specified. 
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IV. THE FORM Fry+ Dz+Ey+C=0 
185. The Graph of xy=a. The graph of the curve 
: cy =a 
is symmetric with respect to the origin; for, if the codrdinates 


(h, k) satisfy the equation, the coérdinates (— h, — k) also 
satisfy it. Since y=a/a, it is evident that 2 may assume all 


SERSTEPSAUSARRSER TREE eReS 
Rese eSee FARR ASBRARIRERES 


Fic. 160 Fic. 161 


values except 0. (See § 36.) As & increases numerically 
without limit, the curve approaches the line y = 0, i.e. y =0 is 
an asymptote. Similarly as y increases without limit, the 
curve approaches the line x= 0 as an asymptote. It will be 
proved later that the curve is a hyperbola, provided a is not 
equal to zero. Ifa is positive, the graph is as in Fig. 160. If 
a is negative, the graph is as. in Fig. 161. If @ is zero, the 
graph consists of the two axes # = 0 and y=0. 

186. The Graph of Fxy + Dx + Ey+C=0. If in the equa- 
tion xy =a we replace « by x—h and y by y—k, we know 
that the graph of the resulting equation is obtained from the 
graph of the original equation by moving the latter so that the 


origin moves to the point (h, k), the axes remaining parallel to — 


cs. 


X, § 187) IMPLICIT QUADRATIC FUNCTIONS 287 


their original positions. It follows that the equation 
(w@—2)(y—k) =a (a #0) 
represents a hyperbola whose asymptotes are x=h, y=k. 
If a= 0, the equation represents the two lines a =h, y =k. 
ExameLe. Discuss and sketch the 


graph of zy+4a+4+2y=1. 
First we write 


(a+ ?)(y+ P)=1. 


Then from inspection we see that the 
given equation may be written in the form 


(a + 2)(y+4)=9. 


That is, the graph is a hyperbola whose 
asymptotes are s=— 2, y=—4. (See 
Fig. 162.) 


187. The Slope of the Curve Fxy+ Dx+Ey+C=0. It 
is left as an exercise to show that the slope of the curve 


Fry + Dz + Ey+C=0 
at any point (a, y,) is 


a2. Fy, + D. 
Fx,+ H 
EXERCISES 
1. Discuss and draw the graph of each of the following curves : 
(a) sy=1; (6) my=—1; = (¢) ay=2;  (d) ay =— 2. 


2. Discuss and draw the graph of each of the fcllowing curves. 
(a) sy¥+2e=8; (6) y+2u+4y=8; (c) ey—44+4+8y=2. 
3. Draw the family of curves xy =a, taking several positive and 
several negative values of a. How does xy = 0, compare with these ? 


4, Show that any equation of the form 


—ae+b 


4 ce +d 


can be reduced to the form given in § 186. 
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V. THE GENERAL FORM Az? + Fry + By? + Dt +Ey+ C=0 


188. The Graph. Methods of drawing the graph of an 
equation in the above form will be illustrated by means of the 
following examples. 

Exampte 1. Discuss and sketch the graph of 

2 + 2ay + y2? —24 —-2=0. 


Solving for y, we have y=—2x+V22%+2. All values of « less than 
— 1 must be excluded, for these values make 2” + 2 negative. Similarly, 
since «= —(y—1) + V—2y +3, it follows that all values of y greater than 
3 must be excluded ; for these values make 
—2y+83 negative. The z-intercepts are 
the roots of the equation x2 —-2%—2=0, 
t.e. 1+V3. The y-intercepts are the roots 
of the equation y2—2=0, i.e. + V2. From 
y=—o +V2x +42 it is seen that « may 
start with the value —1 and increase 
without limit. Similarly from x =— (y—1) 
4+V—2y +3 we see that y may start with 
the value 3 and decrease without limit. 
Using the above data and’ plotting the 
points 


2 14iv3 


MeV 21 Bh eG 
| 
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we obtain the graph in Fig. 163. 
LAN 


This problem may be approached from an 
entirely different standpoint. Suppose we let 
yl! =+V2a"+4+2 and y!/=—z. Plotting these 
curves* (Fig. 164), adding the ordinates of 
y! =4+ V2 + 2 to the ordinates of y!! =— a, 
gives ‘us the desired graph. This may be 
done graphically. We have here a shear of 
y' =+V2«+4 2 with respect to the line y’=—a2. (See § 90.) 


Zz | 
De 
AYA LLYN 


HERE RGRRE Wee see 
i [i fo ne Sea a = 


Fic. 164 


* Observe that the equation y’ =+V2a+ 2 is equivalent to y'? = 2(a +1). 
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ExaMPLe 2. Discuss and sketch the 


graph of PEEL 
y? —2ay +2e-—5a4+4=0. Beem 


Solving for y, we have Samy aur? 


y= ettV— 2 +be—4. 
Hence, we merely have to shear the circle 


y =4V(e—-1)(4—-2), 


we+y—52+4=0, 

with respect to the line 7!’ =a in order to 
obtain the desired result. (See Fig. 165.) 
The complete discussion is left as an exercise. 

ExaMpie 3. Discuss and sketch the graph of 
7a? + 36 xy — 36 y? — 25 = 0. 

Solving for y, we have 
y=ixt4vil6 22 — 25, 


466. 


mane 
% 
THe 
7 { i 
> 2S 
va 
Paice 
Fig. 166 


. which shows that the desired graph may be obtained by shearing 


y =44V16 x? —25, 
é 16 x? — 36 y? —25 = 0, 
with respect to the liney=}42 (See Fig. 166.) The complete discussion 


is left as an exercise. 
U 


‘ 


7.é. 
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EXERCISES 
Discuss and sketch the graph of each of the following equations : 
1. dar t+y?—4ay—2+3=0. 4, 4y2?—4ry+ 2? =1—-2. 
2. y2—2aey+38e=2. 5. 9y2? — 1207 +32?+ 527 =6. 
3. y2?— 8ay + 162% = 1 — 2. 6. y2— 6ay + 82? — 10% — 25 =0. 


189. The Slope of the Curve Ax? + By? + Fxy + Dx + Ey 
+C=0. It is left as anexercise to prove that the slope m at 


any point (a, y;) 1s 
* na 2AM + Fn + D_ 
2 By, + Fay + 


EXERCISES 


Find the equations of the tangent and the normai to each of the follow- 
ing curves at the points indicated. 


1. 4822 — ll ay — 17y? — 129% + 24y+81=0; (2,1), (8, —8). 
2. vy+2xe4—22+y?+6y=0; (0, 0), (0, — 6). 
3. 8ly2?+4+72ay + 16 x2? — 96% = 378 y — 144 ; (8, 2). 


190. A General Theorem. The results of the examples and exercises of 
§ 188 suggest that the graphs of equations of the second degree involving an 
xy-term are similar to the graphs of equations of the second degree in which 
the zy-term is lacking. We may now prove that this is a fact. The 
theorem is as follows: 


Any equation of the form Ax? + Fry + By? + Dx + Ey + C=0 repre- 
sents either an ellipse, or a hyperbola, or a parabola, or two straight lines 
(which may coincide), or a single point, or no locus. 


We shall prove this theorem by showing that if the locus of the 
equation 
(20) Ax? + Fry + By? + Dx + Ey + C=0 


be rotated about the origin through a properly chosen angle 6, its equation 
will be of the form 

(21) Ae? + Bly? + Das Ey C =0. 

The theorem then follows from § 188. 
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We saw in § 137 that, if any point P(x, y) be rotated about the origin 
through an angle @ to a new position P’(x/, y’), the codrdinates of P and 
F' are connected by the relations : 


a’ =x cos @— ysin@, 
(22) en. 4 
y'=2sin 6+ y cos 6. 


Solving these equations for x and y in terms of 2’, y’, we obtain 
x= 2! cos 6+ y! sin 6, 
(23) y =— 2! sin é +’ cos 0. 
If P(@, y) satisfies equation (20), P’(x’, y') will satisfy the equation ob- 
tained by substituting the values of x, y from (23) in equation (20). 
The result of this substitution is as follows: 
A (a! cos @ + y! sin @)?+ F(x’ cosé@ + y'sin 6)(— a! sin 6 + y! cos 6) 
+ B(—«! sin @+ y’ cos 6)2 
+ D(a! cos 6+ y! sin 6) 
+ E(—«' siné@+y! cos #)+C=0. 


When expanded and rearranged according to the terms in «’, y/, we 
obtain 
(24) Alg!2 + Flaly! + Bly! + Dia! + Ely'+C =0, 
where A' = A cos?6+ B sin? @ — F'sin @ cos @. 
F' = 2(A — B) sin 6 cos @ + F(cos? 6 — sin? @). 
B' = Asin? 6+ B cos? 6+ F'sin 6 cos 6. 
D' = D cos 6— E'sin 0. 
E'=Dsin 6+ EF cosé@. 
Co. C. 
Equation (24) will be of the desired form (21), if the angle @ is so chosen 
that F’=0. Now, F’ may be written 
(25) Fi =(A— B) sin20+ Fcos20: 


F will, therefore, be equal to zero, if 
tan 29= ere 
Bie 
A value of @ satisfying the condition (26) can then always be found.* 
This completes the proof of the theorem. 
‘The following exercises will illustrate the above proof. The method 
may also be used to draw the graphs of equations involving the zy-term. 


* Tf B= A, we take 2 0 = 90°, i.e.0 = 45°. 


292 MATHEMATICAL ANALYSIS [X, § 190 


EXERCISES 


Determine the angle @ through which the loci of the following equations 
must be rotated in order that their new equations shall contain no xy-term. 
Determine the new equation and use it to draw the locus of the original. 

1. 8a2?+4ay + 5y? —36=0. 

Soturion: After substituting 2» —=—2/ cosé+~y! sin 0, y=— 2’ sin 9 
+ y' cos 6, the equation becomes 
(1) (8 cos? @ + 5 sin? 6—4 sin 0 cos 0)x/? 

+ [6 sin @ cos 6+ 4(cos? @ — sin? 6) ]a!y! 
+ (8 sin? @+ 5 cos? 6 + 4 sin @ cos @)y!? — 36 = 0. 
4 2 tan 6 
Therefore, tan 20= eee ah 
Solving this equation for tan @, we have 
4 tan? @ — 6 tan @—4=0, 
or tan 6 =2 or — }. 

We choose tan 6 = 2 (6 in first quad- 

rant) ; therefore 


sin @ =-2_, cos Ga 8s 


V5 V5 


Substituting these values in (1) we 
obtain 


4a!2 + 9y!? — 36, 


The desired graph is obtained from the 
graph of this equation by. rotating it 
through the angle — @ about the origin, 
The construction of the adjacent figure 
explains itself. 


2. 22—y2+2ey—12=0. 5. 322-—2aey+y2?+6=0. 

3. 2—y2+2ay+22—-12=0. 6. 8a2— 122y+38y?—36=0. 
4. sy = 4. 7. 20%— 12aey —3y?+ 42 =0. 
8. 5a%2+4ay—y?4+ 48a —12y—10=0. 

9. Dy? + “24 2ey=0. 


10. Prove that the locus of zy = ¢ may be rotated about the origin so 
as to coincide with the locus of x? — y? = a2, provided a2 =+4 2c. 


11. With the notation of § 190, prove that A’+B!’ = A+ Band that 
(A! — B')? + FP = (A — B)?2 4 F2, : 


PART III. APPLICATIONS TO GEOMETRY 
CHAPTER XI 


THE STRAIGHT LINE 


191. Introduction. We have hitherto used codrdinates pri- 
marily for the purpose of representing functions graphically 
and investigating the properties of those functions. We have 
seen that every continuous function defines a curve or a 
straight line, the graph of the function. Thus far, we have 
laid emphasis only on the discovery of the characteristics of the 
functions from the known properties of the curves that repre- 
sent them. 

Conversely, we have seen that every curve or straight line, 
in the plane of a system of rectangular coédrdinates, defines a 
function ; i.e. the points of any such curve associate with every 
value of 2 one or more values of y. If this function can be 
determined when the curve is given, the properties of the 
curve may be studied from the properties of the function. 
This function is usually expressed by means of an equation in 
wand y, called the equation of the curve. We propose now to 
study the properties of various curves by means of their equa- 
tions. (See § 62.) 

Up to this time, we have used different scales on the two 
axes whenever it was convenient todoso. Throughout this and 
the next four chapters we shall assume, unless the contrary is 
specifically stated, that the units on the x- and y-axes are equal. 

293 
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192. The Distance between two Points. Given the two 
points P, (a, y;) and P, (a, y2), let us find the length of the 
segment P,P, If a line be drawn through P, parallel to the 
x-axis and another through P, parallel to the y-axis to form 
the right triangle P,QP, (Fig. 167), we have at once 


(1) PP, =VP.@ + OPA 


Fie. 167 


The segment P,Q is equal to the projection M,M, of P,P, on 
the a-axis and QP, is equal to the projection N,N, of P,P, on 
the y-axis. By the result of § 37, we have 

P,Q = UM, = 2%, — x, 

QP, = N,N2 = Y2— Yr 


Substituting these values in (1), we have the desired formula: 


(2) P,P, = V (x2 — x%)?+(M%— yy). 


193. The Simple Ratio. Given two distinct points P,, P, 
and any point P (distinct from P,) on the line P,P), the ratio — 
P,P/PP, is called the simple ratio of P with respect to P,, P». 

The line-segments in this definition are directed segments. 
Accordingly the simple ratio of P with respect to P,, P, is 
positive if P is between P, and P,, and negative if P is on 
either prolongation of the segment P,P. 
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194. Point of Division. The codrdinates (2, y) of the point 
P on the line joining P, (2, y;) to Ps(a, y2) such that the 
simple ratio 


AP 

PP, 
are given by the formulas 
3 ati tM, »_ Wt Aye, 
(3) peas Sy SR eT 


Proor. Draw lines through P,, P,, 
P parallel to the axes, meeting the 
wv-axis in M,, M,, M, and the y-axis 
in N,, N2, N, respectively (Fig. 168). 
Then, since P,P/PP, =, we have 

bi Ree) Nemesia 
MM, NN, Fia. 168 


The first of these relations gives (by § 37) 


o— Oy 
Xy— & 


Xr. 


Solving this equation for x gives 


a = Tt Me, 


1+A 


Similarly from the second relation above we obtain 


— WANs, 
1+, 


The mid-point of P,P, is obtained from the valueA = 1. Why? 
Accordingly the codrdinates of the midpoint of P,P, are 


X+% W+tYo\, 
gers 2 


¥ 
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EXERCISES 


1. Find the distance between the following pairs of points: (1, 2) 
and (5,8); (— 1, 6) and (2, —3); (—2, —1) and (—1, 4); (—8, 4) 
and (1, 4). 

2. Find the lengths of the sides of the triangle whose vertices are 
(—1, 1), (4, — 4), and (1, 3). Prove that it is a right triangle. 

[Hir: A right triangle is the only kind of triangle in which the square 
of one side is equal to the sum of the squares of the other two sides. ] 


3. An isosceles triangle has its vertex at (4, 4) and the vertex of one 
of its base angles at (0, —1). The vertex of the other base angle is on 
the a-axis. Find the coérdinates of the latter vertex. 


[Hinr: Let the unknown point be (x, 0) and equate the equal sides. 
How many solutions are there ?] 


4. Find the codrdinates of the point whose simple ratio with respect 
to (2, 1) and (—4, 7) is 2. Find the codrdinates of another point 
whose simple ratio with respect to the same two given points is — 2. 

Draw a figure illustrating this problem. 


5. Check the result of Ex. 4 by calculating the lengths of the seg- 
ments involved, 


6. Find the codrdinates of the point which divides the segment from 
(2, — 1) to (— 4, 8) internally in the ratio 1 : 4. 


: 7. Find the codrdinates of the mid-points of the sides of the triangle 
in Ex. 2. 


8. A quadrilateral has its vertices at the points (— 2, 1), (3, 1), 
(5, 8), and (0, 8). Show that its diagonals bisect each other. What 
kind of a quadrilateral is it ? 


9. Find the codrdinates of the points of trisection of the segment 
from (8, — 6) to (0, 3). 


10. A triangle has its vertices at the the points (0, 4), (2, — 6), (— 2, 
— 2). Find the coérdinates of the points two thirds of the way from 
each vertex to the middle point of the opposite side, and thus show that 
the three medians of the triangle all pass through the same point. 


11, The vertices of a triangle are (a1, y1), (22, y2), (#3, ys). Find 
the codrdinates of the point of intersection of the medians. 


12. Show that the triangle A(4, 1), B(1, 4), C(5, 5) is isosceles. 
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13. One end of a line whose length is 13 units is at the point (3, 8). 
The ordinate of the other end is 8. What is its abesissa ? 


14. The middle point of a line is (2, 3) and one end of the line is at 
the point (4,7). What are the codrdinates of the other end ? 

15. The points (2, 1), (8, 4), (— 1, 7) are the mid-points of the sides 
of a triangle. Find the codrdinates of the vertices. 


16. Find the area of the isosceles triangle whose vertices are (4, 1), 
C1, 4), (5, 5) by finding the length of the base and the altitude. 


17. What equation must be satisfied if the points (a, y), (2, 1), (1, 4) 
form an isosceles triangle the equal sides of which meet in (a, y) ? 


18. Prove that the points (— 2, — 1), (1, 0), (4, 8) and (1, 2) are the 
vertices of a parallelogram. 


19. The line from (a, yi) to (#2, y2) is divided into 5 equal parts. 
Find the codrdinates of the points of division. 


20. A point is equidistant from the points (2, 1) and (— 2, 1) and7 
units distant from the origin. Find its codrdinates. 


QUESTIONS FOR DISCUSSION 


1. Does the distance between two points depend on the order in 
which the points are taken ? Does the formula for the distance give the 
same result no matter in which order the points are taken? Why? 


2. Does the simple ratio of a point with respect to P,, P. depend on 
the order in which the points P,, P: are taken? What.is the relation 
between the simple ratio of P with respect to Pi, Pz and the simple ratio 
of P with respect to Ps, P; ? 

[Hixt. The answer to this question follows most easily from the defini- 
tion of simple ratio. Prove the relation in question by means of the 
formulas in § 194.] 


3. Can the simple ratio of a point P with respect to Pj, P, be — 1? 
Why? As the simple ratio approaches —1 what is the motion of P? 


4, What can be said of the position of the point P, if its simple ratio 
with respect to P;, P2 is positive ? if its simple ratio lies between 0 and 
— 1? ifits simple ratio is less than — 1? 

5. If the simple ratio of P with respect to P,, P: is \, what is the 
simple ratio of P; with respect to Pand P:? of P»: with respect to P; 
and P? 
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195. The Area of a Triangle. One Vertex at the Origin. 
Let us try to find the area of a triangle whose vertices are 
O(0, 0), P(x, y1), and Po(a, yo). Let the angles XOP, and 
XOP, be denoted by 6, and 4, respectively, and let the angle 
P,OP, of the triangle have the absolute measure 6 (Fig. 169). 


Fig. 169 


The area of the triangle is then equal to 1 OP,-OP, sin @. 
Now, the directed angle P,OP, differs from 6, — 6,, if at all, 
only by multiples of 360° (§ 101). Therefore 


sin 6 = + sin (P,OP,)= + sin (6, — 6,). 


The area of the triangle OP,P, is, then, 
-A=+4}0P,- OP, sin(6, — 6) 
=+ + OP, - OP,(sin 6, cos 6, — cos 6, sin 6;) 
(§ 138) 


=+1 OP vOP (22 See 
eres Cs OP, OP, OP, 


= + }(yor1 — 221). 


x 


The area of the triangle OPP», in the ordinary sense of the 


term, is therefore equal to the absolute value of the expression 


1 
g(X1Y2 — XoY)- 
For some purposes it is convenient, however, to regard the 
area enclosed by a curve as a signed quantity, just as we have 
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found it convenient to regard line-segments and angles as 
signed quantities. 

To this end, we observe that a point moving on the boundary 
of an area may make the circuit in either of two opposite 
directions (Fig. 170). With each of these directions is asso- 
ciated a definite rotation about a 
point within the area. If the bound- (3) CS 
ary is traversed in a direction which 
produces a positive rotation about a Positive Cireuét Negative Circuit 
point within the area, the circuit and Fia. 170 
the area are regarded as positive; if the boundary is traversed 
in the opposite direction, the circuit and the area are regarded 
as negative. Hence if an area is represented by a signed 
number, the sign of this number tells us the direction in which 
the boundary is traversed. 

In case of a triangle OP,P, (Fig. 169) the order in which 
the vertices are written determines a direction of traversing 
the boundary. If OP,P, is positive, OP,P, is negative, and 
vice versa. Now in going around the triangle in the direction 
OP,P>, a segment OP joining O to a point P moving on P,P, 


generates a directed angle P,OP;, This angle is positive or 


negative according as the circuit OP, P, is positive or negative. 
Moreover the measure of the angle P,OP, differs from @ — 6,, 


if at all, only by multiples of 360°. The expression 


4 OP, - OP, sin(6, — 9) 
is, therefore, positive or negative according as the circuit OP,P, 
is positive or negative. We have then finally : 
The area of a triangle OP,P, is given in magnitude and in 
sign by the formula 
(4) Area OP,P, = 3(x1ye — X2Y))- 
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196. The Area of Any Triangle. The convention as to the 
sign of an area is serviceable in deriving a formula for the area 
of any triangle in terms of the codrdinates of its vertices. 
Let the vertices be P,(a, 41), Po(a, yo), Ps(@ 3, ys). Join these 
vertices to the origin by lines OP;, OP,, OP;. We now con- 
sider the three possible cases, according as the origin is inside 


Fig. 171 Fic. 172 Fie. 173 


(Fig. 171), outside (Fig. 172), or on, a side (Fig. 173) of the 
triangle P,P,P;. Then in all cases, we have . 


A P,P,P, = AOP,P, + AOP,P, + AOP,P,, 


if due regard is taken of the signs of the areas. Hence 
(5) Area of A P|P,P,;= 5 (Yo%s = XY, + YsX_q — X3Yo + YiX3 — Xs). 


It might appear that this formula is difficult to apply. The following 
method makes it very simple. Write the codrdinates of the 4, Y1- 
vertices in two vertical columns as indicated, repeating the y. yp 
codrdinates of the first vertex. Multiply each x by the yin 4, Ys 
the next row and add the products. This gives x yo+2%2y3+a341. v1 1 
Then multiply each y by the « in the next row and add the 
- products. This gives yx2 + Ye%s + ys%1. Subtract the second sum from 
the first and divide the result by 2. The final result will be the area 
sought, with its proper sign-* A similar method may be used for finding 
the area of any convex polygon whose vertices are given. See Exs. 
6, 7, 8, pp. 801, 302. : 


* The student familiar with the elements of the theory of determinants 
will observe that the area can be expressed as 
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Exampre. Find the area of the triangle whose vertices are P,(—4, 3), 
P2(— 1, — 2), P3(— 3, —1). We write the codrdinates of the 
vertices in two columns, repeating those of the first. vertex. 
Performing the first step described in the previous paragraph 
we obtain 8 + 1—9=0; the second step gives —34+644 
=7; the third step gives 0— 7=—7; dividing this by 2, — ee 
we obtain — 34 as the area of triangle Pi P:.P3. The magnitude of the 
area is 83} square units, and the direction P, to P: to P3 is negative. 
Draw the figure and verify the latter statement. 


197. Condition for Collinearity of three Points. If three 
points P,, Ps, P; are collinear, the area of the triangle formed 
by them is zero; conversely, if the area of a triangle is zero, 
the three vertices are collinear. Therefore, a necessary and 
sufficient condition that three points be collinear, is that the right 
hand member of (5), p. 300 be equal to zero. 


EXERCISES 


1. Find the areas of the following triangles and interpret the sign of 
the result in each case. Illustrate by appropriate figures. 


(a) (aise 3), (4, 2), (2, 5). (¢) (— 5, 2), (— 4, =e 3), (al —1). 
(6) (2, 4), (— 3, 1), (1, — 7). (d) (a, a), (— b, — b,) (ce, d). 


2. Show that the following sets of three points are collinear : 


(a) (0,1), (2, 5), (—1, — 1). (ec) C1, — 2), (6, 1), (— 4, —5). 
(0) (2, 1), (— 4, 4), G, 9). (d) (0, —b), (1, a—b), (a, @—6). 


3. The point (h, h) is collinear with (2, 5) and (5, —38). Find its 
coordinates. 

4, Find the point on the y-axis collinear with (2, 5) and (5, — 3). 

5. Under what conditions on a, b, c, and d are the points in Ex. 1 (d) 
collinear ? Interpret each of the conditions geometrically. 


6. Area of any polygon. Show that the method of § 196 may be ex- 
tended to derive a formula for the area of any polygon in which two 
sides do not cross each other, and that if P,P2P;-:- P, are the vertices of 
. the polygon taken in order around the polygon, we have 

Area of polygon = A OP;P; +A OPP; + A OP3P, five + A OP: F;; 
if due regard is paid to signs. 
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7. Find the area of the quadrilateral whose vertices are (1, 2), 
(— 2, 8), (— 8, — 4), and (4, — 5). 

8. Find the area of the polygon whose vertices are (4, 1), (2, 3), 
(0, 4), (— 2, 8), (— 4, 1). 

9. Prove that the points (1, 2), (8, 6), (— 1, — 2) are collinear. 


10. Show that the area of the triangle whose vertices are (2, 6), 
(—4, 3), (— 2, 7) is four times the area of the triangle formed by join- 
ing the middle points of the sides. 


198. Applications to the Proof of Geometric Theorems. 
We shall now give a few elementary examples to show how 
the methods hitherto developed may be used in the proof of 
geometric theorems. ; 


Examp_e 1. Prove that the line joining the vertex of any right tri- 
angle to the mid-point of the hypotenuse is equal to half the hypotenuse. 

Let ABC be any right triangle. In order to apply the methods of 
codrdinates we must first locate a pair of codrdinate axes. Any two 
perpendicular lines will serve the purpose, but the 
work incident to the solution of many problems 
may usually be greatly simplified if we choose 
the axes judiciously. In this case it is convenient 
to choose the legs of the triangle as axes. The 
codrdinates of the vertices are then (Fig. 174) 
(0, 0), (a, 0), and (0, b). The midpoint of the 
hypotenuse is (§ 194) (a/2, b/2). The length of the line joining this 
point to (0, 0) is V(a/2)?+4 (b/2)? = 4Va? + 6, But the length of the 
hypotenuse is Va? + 62. This proves the theorem. 


Fie. 174 


-Exampie 2. Prove that the diagonals of a parallelogram bisect each 


other. 

Let ABCD be any parallelogram. Let a side of the parallelogram lie 
on the z-axis a vertex being at the origin. 
(See Fig. 175.) We may assign the codrdinates 
(a, 0) to the vertex B, and (6, c) to the vertex 
D. The coérdinates of C will then be (a+, c). 
Why ? 

We now calculate the codrdinates of the 


Fic. 175 


mid-point of AC and also of the mid-point of BD, by the formula of 


§ 194. It will then be seen that the midpoints coincide. 


SS 


XT, § 198] THE STRAIGHT LINE 303 


Examp.e 3. Prove that if the lines joining two of the vertices of 
a triangle to the mid-points of the opposite sides are equal, the triangle 
is isosceles. 

Let ABC be the triangle, M, NV the mid-points of 
the sides AC, BOC, respectively, with AN= BM. Let 
the x-axis lie along the side AB and let the y-axis 
pass through the vertex C (Fig. 176). Let the codrdi- 
nates of A, B, C be (a,0), (6, 0), (0, c) respectively.* 

We must first state the hypothesis of the theorem ! 
analytically, i.e. in terms of the codrdinates. To this pele) 
end we note that the mid-point of AC is M=(a/2, c/2), and that 


BI =(0-$\' +o 


Similarly, we have AN’?= (« = a3 42. 


By hypothesis, AV= BM. Hence we have 
2 2 b\2 . ¢2 
a \ ae ( ab oe 
( rf Uh ad Nerd har 
This condition gives 
b 
eee) = 58 
(>-3)=+(*-3): 
which, when simplified, gives eithera=b or a=—b. The first result 
would imply that the points A and B coincide, which is contrary to the 


hypothesis, and is therefore rejected. The second result yields readily 
that AC’ = BC, which was to be proved. 


EXERCISES 
1. Prove analytically that the diagonals of a rectangle are equal. 


2. Prove analytically that the line joining the mid-points of two sides 
of a triangle is half the third side. 


* In the figure a is a negative number. However, the discussion that follows 
applies at the outset to any numbers, a, b, c. It will appear later in the dis- 
cussion that, under the hypothesis of the theorem, a and 6 must have opposite 
signs. One of the advantages of the analytic method is the fact that it is 
general, and that ordinarily special cases do not have to be considered 
separately. 
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8. Prove analytically that two triangles with the same base and © 
equal altitudes have the same area. 


4, ABCD is a parallelogram, with A, Cas opposite vertices. M and 
N are the mid-points of the sides AB and CD respectively. Prove ana- 
lytically that the lines AN and CM trisect the diagonal BD. 


5. If P is any point in the plane of a rectangle, prove analytically 
that the sum of the squares of the distances from P to two opposite 
vertices of the rectangle is equal to the sum of the squares of the dis- 
tances from P to the other two vertices. 


6. Prove analytically that, if the diagonals of a parallelogram are 
equal, the figure is a rectangle. 


7. Prove analytically that the two straight lines which join the 
mid-points of the opposite sides of a quadrilateral bisect each other. 

8. Show analytically that the figure formed by joining the middle 
points of the sides of any quadrilateral is a parallelogram. 

9. If M is the mid-point of the side BC of any triangle ABC, prove 
that AB?4+ AC? =2(AM?2 + MC?). 

10. Prove analytically that the distance between the middle points of 
the non-parallel sides of a trapezoid is equal to half the sum of the 
parallel sides. 

11. The difference of the squares of any two sides of a triangle is equal 
to the difference of the squares of their projections on the third side. 

12. Prove that the sum of the squares of the sides of any quadrilateral 
is equal to the sum of the squares of the diagonals plus four times the 
square of the distance between the middle points of the diagonals. 


13. If A, B, OC, D are four points of a line prove the relation (due to 
Euler): AB. CD+AC.DB+AD-BC=0. (The segments are directed.) 

14. If Mand JN, respectively, are the mid-points of two segments AB and 
CD on the same line, show that2 MN= AC + BD= AD+ BC. 

15. If Wis the mid-point of ABsand P any other point of the line AB, 
show that PA. PB = PM?2— MA?. 


16. Two sources of light of intensity @ and 6 are situated at the points 
A and B respectively of aline. Find the position of a point on the line 
which is lighted with the same intensity by the two points. How many 
points satisfy the relation ? 

[Hint: The intensity of light at a point varies inversely as the square 


of the distance of the point from the source of light and directly as the 
intensity of the source. | 


ae li 
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17. Two objects of weights w, we are situated at the points A), As. 
The center of gravity of the two objects is defined to be the point of the 
line A; Ae, whose simple ratio with respect to Aj, A is We/wy. Tf Ay, Ag 
are on the x-axis, and their coérdinates are 24, a2, find the codrdinate of 
the center of gravity. Show that the center of gravity does not exist, if 
Ww, =— We. Give an interpretation to a negative w. 


18. Given n weights wy, we, ---, w, Situated at the points A,, Ag, ---, A, 
on a line, Find the center of gravity of A;, do with weights w,, ww»; 
then the center of gravity of the point found taken with the weight 
w, + we and As with the weight wz; then the center of gravity of this 
new point taken with the weight w#, + w+ w3 and A, with the weight wz, ; 
and so on. Show that when all the points have been used, there is 
obtained a point which is independent of the order in which the points 
were taken. The point thus determined is called the center of gravity of 
the n points. When. does no center of gravity exist ? Under what con- 
ditions is it indeterminate ? Show that if the latter conditions hold, each 
of the given points is the center of gravity of the remaining ones each 
taken with the weight assigned to it. 


19. The first (or static) moment of a point P of weight w about a line 
Lis defined to be the product of w by the distance of P from. Given n 
points P; =(%;, y;)(@= 1, 2,---,n) in a plane with weights w,;, respec- 
tively, determine the codrdinates of a point P of weight*w; + wo+ +++ + wy 
such that its moment about the z-axis shall be equal to the sum of the 
moments about the x-axis of the points P; and such that its moment 
about the y-axis shall be the sum of the moments about the y-axis of the 
points P;. ‘The point P is the center of gravity of the set of points. Com- 
pare with the result of Ex. 18. 


20. The second moment or the moment of inertia of a point P with 
respect to a line J is defined to be the product of the weight w of P by the 
square of its distance from the line. Given n points P; in a plane whose 
distances from a fixed line 7 are x;, and whose weights are w,; respectively. 
Let M, be the sum of the first moments, Mz the sum of the second 
moments of these points about the line 7. Let 7! be a second line, paral- 
lel to the first and h units from it (to the right or left according as h is 
positive or negative), and let M@, and M’, be the sum of the first and sec- 
ond moments of the given points about 7’. Let W be the sum of 
the weights w; + we + +--+ +w,. Show that 


41,=M,—AW and M2, = Mp —2hM + hw. 
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199. Directed Lines and Angles. An angle from a directed 


line J, to a directed line 7, is an angle through which 7, must — 


be rotated to make its direction coincide with that of I. 

Any such angle we denote by (i, 2). Clearly 
2 7, if l, and J, intersect in a point M (Fig. 177), 
(i, ly) is the directed angle from J, to J, as 
defined in § 98 since the directions of J, and J, 
define uniquely the half-lines issuing from M. As we observed 


Fic. 177 


in § 101, an angle (J, 1.) may have various determinations 
differing from each other by multiples of 360°. 

~The angle from the w-axis to a directed line / is called the 
inclination of | (Fig. 178). If the inclination of a directed line 
1, is 6, and the inclination of a directed line J, 
is 65, the angle from J, to J, is given (§ 101) by 
the equation 

(6) (h 2) = 02 — 41, 

where the equality sign means equal except ; 
possibly for multiples of 360°. Fia. 178 


200. Undirected Lines and Angles. If two lines J, and J, 
are not directed, an angle from J, to J, defined as an angle 
through which /, must be rotated to make it parallel to J,, will 

have various determinations which differ by 


’s + multiples of 180° (Fig. 179). The smallest 


positive (or zero) angle from J, to J, is then 

Fie. 179 unique and less than 180°. The inclination of 

an undirected line is defined as the smallest positive (or zero) 
angle through which it is necessary to rotate the v-axis in order 


to make it parallel to the line. In Chapter III we > used ‘the 


slope m of a line to measure its inclination. It follows almost 


immediately from the definition of slope m and inclination 6 — 


that we have m = tan 0. 


a al A 
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To calculate the angle jrom a line J, to a line 2, we make use 
of (6), § 199, if the inclinations 6,, 6, of 1, , are known. If 
the slopes m, mz of , lz are given, we find from (6), § 138 


« ‘ 2 1 


But tan 6; = m, and tan 6. = m,. Hence we have 
My, — My, 


(7) tan (1, l:)= i+ mm, 


As special cases of this relation we obtain the familiar condi- — 
tion for parallelism and perpendicularity (§$§ 64, 65). For, if 
the lines are parallel, (J; /,)= 0° or 180°; hence m, = mz». 
If the lines are perpendicular, (J,, 2.) = 90° or 270°; hence 
1+ mym,=0, or m=— Ze. 
Ms 
201. Standard Forms of the Equation of a Straight Line. 
We recall here for reference the standard forms of the equation 
of a straight line derived in Chapter IIT: 


The general equation: Ax + By +.C=0. 
The slope form: y=mx +b. 
The point-slope form: y — y, = m(x — x4). 


The last two forms are not general, since they will not serve to 
represent lines parallel to the y-axis. The first is general. If 
the first represents a line not parallel to the y-axis (B # 0), itis 


. readily reduced to the slope form, by solving the equation for y: 


A C 
| i ae 
This yields, as was shown in § 63, 
m = A, 
B 
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EXERCISES 
1. Construct a line through the point (— 2, 3) having an inclination 
of 60°. What is the slope? Write the equation of the line. Find the 
points at which the line crosses the x-axis and the y-axis. 
2. Proceed as in Ex, 1 for a line passing through the point (2, — 3) 
with an inclination of 135°. : 
3. Find, to the nearest minute, the inclination of each of the follow- 
ing lines. Use a table of natural functions. 
(a) 2e—8y=0. (¢c) c=2.1y 4+ 3.5. (e) e-y+249=0.. 
(b) y=0.4@ + 1.7. (d) Te+ 8y—8=0. (ff) «+2y7+4+6=0. 
‘4. Find the tangent of the angle from the first line to the second line 
of each of the following pairs, Then find the angle. 


(a) 2a—38y=0, (c) *+3y—3=0, 

: a+2y+7=0. 8x2—y+6=0. 

(b) 64 +2y—10=0, (d) y=22+8, 
2x%+3y+6=0. s8at+y—6=0. 


5. Find the equation of the line through (4, 5) and parallel to the 
line joining (— 1, 2) and (2, — 8). 


6. Find the equation of a line through the intersection of 2% + y—5=0 


and x — 3y +5 =0, and perpendicular to the line 2a —3y+6=0. 

7, An isosceles triangle has for its base the line x—2 y+2=0 and for 
its vertex the point (—3, 5). The base angles are 45°. Find the equations 
of the other two sides and the coérdinates of the other two vertices. 

8. Given the lines ax + biy+ ¢, = 0 and aox + bey +¢2=0. Show 
that they are parallel, if and only if ajbe— d2by = 0; and that they are 
perpendicular, if and only if ajag + bib, = 0. 

9. The sides of a triangle have slopes equal to 4, 1, and 2. Show 
that the triangle is isosceles. 

10. Find the angles of the triangle whose vertices are (3, 4), (— 3, 6), 
and (2, — 1). 

11. Find the slope of the bisector of the angle which a line of slope —2 
makes with a line of slope 8. ; 


12. The slope of a line AB is 2. Find the equation of a line through 
the origin which makes with AB an angle whose tangent is — 1. 

13. Pis any point on the curve whose equation isy2=42z. Show that 
the tangent to the curve at P bisects the angle which the line joining P to 
the point (1, 0) makes with the line through P and parallel to the z-axis, 
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202. The Expression Ax,+By,+C. The expression a —2y 
+ 3 has the value + 2 when #=1 and y =1; the value 0 when 
%=—1 and y=1; the value —2 when »=—3 and y=1. 
The only interpretation we are able thus far to give to these 
facts is that the second set of values for x and y are the codrdi- 
nates of a point (— 1, 1) which is on the line whose equation is 
«+ 2y+3=0, while the other sets of values are the coérdi- 
nates of points not on this line. 

It seems reasonable to expect, however, that the value of 
the expression 2, —2y,+ 3, where (a, y,) is any point in the 
plane, must have some relation to the line whose equation is 
*x—2y+3=0.. This relation is indeed very simple. The 
reader should have no difficulty in proving that the value + 2 
obtained above from the point (1, 1) represents in sign and 
magnitude the directed segment drawn parallel to the x-axis 
from the line to the point (1, 1). Similarly, the value — 2 
represents the segment drawn parallel to the a-axis from the 
line to the point (— 3, 1). 

We proceed to show that a similar result applies to the 
values of the left-hand member of the equation of any line in 
the form Ar + By + C=0. 

Let the line 7 (Fig. 180) be the ns whose equation is 
Ax+ By+C=0, where weassume A+0, 
and suppose the equation has been 
written so that A is positive. Why is 
this last always possible? The line is 
then not parallel to the waxis. Why? 
Let P,(2, y,) be any point in the plane 
and let Q(h, y,) be the point in which 
the line through P parallel to the v-axis meets /. Since Q is 


on J, we have Bit eo= 0, 
oF By + C=— 
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The value of Ax, + By, + CO, which we are seeking, is therefore 
equal to Aw,— Ah, or A(a,—h). But 2, —h represents, in sign 
_and magnitude, the segment QP,. We have then, 


Aa, + By, + C= A- QP. 


We conclude that, if A is positive, the number Aa, + By, + C is 
positive if (a, y,) is to the right of the line Ax+ By+C=0, and 
negative if (21, y;) isto the left of thisline. Moreover, Ax,+ By; + C 
is proportional to the horizontal distance from the line to the point 
(a1, Y1)- 

Finally, if 4=0 and B+0, we may suppose the equa- 
tion By+ C=0 so written that B is positive. The line 7 is 
then parallel to thea-axis. Writing its equation in the form 
y =— C/B, itis readily seen that the expression 


= Caer. 
n-(= =m TS 


represents the directed segment drawn parallel to the y-axis 
from the line to the point P, (Fig. 181). We may then con- 
clude that, B being positive, the number By,+C 
is positive if the point (a, y,) is above the line 
By+C=0, and negative if the point (a, y1) 
is below this line. Moreover, By, + C is pro- 
portional to the distance of the point from the 
line. ‘ 

By the preceding results, we may distinguish 
between the positive and negative sides of a line. If the equa- 
tion of a line is written in the form Av + By+C=0 and so 
that its first term is positive, the right-hand side of the line is 
positive and the left-hand side is negative, unless. the line is 
parallel to the waxis. In the latter case the upper side is 
positive and the lower side is negative. 


Y| Altpy%) 


Fia. 181 


—_ I 
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203. The Distance of a Point from a Line. The results of 
the last article enable us to find the perpendicular distance 
of a point P,(2,, y;) from the line whose 
equation is 4a + By+C=0. If: 
A+ 0, the required distance d= MP, 
(Fig. 182) is evidently equal to QP, sin8, 
where @ is the inclination of the line. 
This is true whether the inclination is 
acute or obtuse, and whether P, is on 
the positive or negative side of the 
givenline. Since 0° < 6 < 180°, sin 6 is necessarily poetine: and 
d= QP,sin 6 will have the same sign as QP,; ie. it will be 
positive when P, is on the positive side of the line, and nega- 
tive when P, is on the negative side. 

We have, from the preceding article, 


B 
OP, 2% Si: S 


Fia. 182 


and, since tan 6 =— A/B, we have © 
ail 6 he b 
VA+B 


Hence, the required distance is 


(8) Mend Snes e. 
.% V A2 + B2 


If A =0, the required distance, by § 202, is simply 


C_ But, 
B 
But this is precisely what (8) becomes for d=0. Hence (8) is 
true in every case. 
The distance d is positive if (2,, y;) is on the positive side of 
the line, and negative if (a, y,) is on the negative side, provided 


d= nuts 
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the equation is written in the standard form with the first term 
positive. 

Exampie 1, To find the distance from the line 2%—5y— 10 =0 to 
the point (— 8,1). Since the equation is in standard form the desired 
result is obtained by substituting the coérdinates of the given point in the 
left-hand member of the equation and dividing by the square root of the 
sum of the squares of the coefficients of x and y. Hence the distance d 
ae ga 2(—38)— 5-1-10_ — 21. 

v2? + (— 5)? V29 


The negative sign indicates that the point is at the left of the line. 


Exampie 2. Find the equation of the bisector of the acute angle 
between the lines 82—4y+12=Oand4x2—3y+6=0. 

First draw the lines (Fig. 183). We 
know from geometry that the bisector of 
an angle is the locus of the points equidis- 
tant from the sides of the angle. Let (a, y) 
be any point on the desired bisector. In- 
spection of the figure shows that (2, y) is 
on the positive side of one of the lines and 
on the negative side of the other. Hence, 
any point on the desired bisector must 
satisfy the condition that its distance from 
one of the lines is equal to minus its dis- 
tance from the other. This condition is 


Fra. 183 expressed by the equation : 
-  Se—4y412 4x —38y+6 
(9) Seep tie tt Sy te, 
5 5 
or 
(10) Tx—Ty+18=0. 


Moreover, any point which satisfies relation (9) is a point of the bisector. 
Hence, we conclude that the equation 7x —7y+18=0 is the required 
equation. 


Nore. Had the equation of the bisector of the obtuse angle been. 
desired the figure shows that in this case a point on the bisector is either 
on the positive side of both lines or on the negative side of both lines. 
Hence, any such point must satisfy the relation obtained by placing its 
distance from one line equal to its distance from the other line. The 
equation of this bisector is~7+y+6=0. : 
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EXAMPLE 3. Prove that the locus of a point which moves so that the 
algebraic sum of its distances from any number of fixed lines is constant, 
is a straight line. 

Each of the given straight lines has an equation of the form 
ax+by+c=0. The distance of any point (x, y) from such a line is 

ax + by + ¢. 
Va? + 52 
The equation of the required locus is, therefore, of the form 
He + dbyy + cy ve p Ant + bny + Cn _ 0. 


Since this is an equation of the first degree, the locus is a straight line. 


EXERCISES 

1. Without using a figure determine whether the following points are 
at the right or the left of the line 24+ 3y—5=0: (1, 2), (1, —1), 
(— 2, 1),(1, 1), G@, — 2), (7, — 2), (4, —1). Then, draw a figure con- 
taining the line and the points and verify the results obtained. 

2. Find the distance of the point (8, —2) from the line 4%—3 y+6=0. 

8. Find the distance of each of the following points from the line 
associated with it. In each case interpret the sign of the result. 


(a) (2,5),424+8y—2=0. (e) (—4,1), 8y—2=0. 
(b) (—8, 7), 54+12y+24=0.  — (f) (a, a), + y—a=0. 
(c) (2, —2),82—4y =0. (9) (b, a), aw + by =0 
(d) (5,2),24+5=0. (h) (1,8), y= 2046. 


4. Determine the region of the plane defined by each of the following 
sets of relations, 

(a) x+2y+4>0, (b) 24—y+2>0, (c) 24—8y+6>0, 

x2—2y—6>0. y—2<0. 38“2+2y—12<0, 
x—y—-1<0. 

5. Define by inequalities (as in Ex. 4) the inside of the triangle 
whose sides are given by the expressions in Ex. 4, (c) equated to zero. 

6. Define by means of inequalities the inside of the triangle whose 
vertices are (— 2, 5), (4, 1), (—1, 1). 

7. Find the distance between the two parallel lines 3~7—6y+5=0 
and 3a—6y—2=0. 

8. Find the equation of the bisector of the acute angle between the 
lines 22+ 8y—4=0,2—2y4+7=0. 
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9. Find the equation of the bisector of the obtuse angle between the 
lines in Ex, 8. 

10. Prove that the bisectors of the angles formed by the two lines 
ax+by+e1.=0 and dox+ bey +c,=0 are perpendicular to each other. 

11. Find the lengths of the altitudes of the triangle whose vertices are 
(1, 2), (— 2, 8), and (— 8, — 4). 

12. Find the area of the triangle in Ex. 11 by maioitee half the 
length of one of the sides by the corresponding altitude, and check the 
result by finding the area by the formula of § 196. 

13. Find the distance of the point (1, 2) from the line 3x” + 4y 4 12 
= 0 by finding the codrdinates of the foot of the perpendicular dropped — 
from the point on the line and then using the formula for the distance 
between two points. Check by means of § 203. 

14. If the equations of two parallel lines are ax+by+c=0 and 
az + by +c! =0, prove that the distance between them is the absolute 
value of (¢ — c!)/Va? + b?. 

15. Prove that the bisectors of the angles of a triangle meet in a point. 

[Hivr: Choose a convenient relation between the triangle and the 
axes. | 

16. Find the altitudes of the triangle formed by the lines 

e+2y—8=0, x—y=0, 44—y—1=0. 

17. Prove that the altitudes on the legs of an isosceles triangle are 
equal, 

18. Prove that the three altitudes of an equilateral triangle are equal. 

19. Prove that the sum of the absolute distances of any point within 
an equilateral triangle from the sides of the triangle is constant. 


204. Two Equations representing the same Line. If of 
two equations of the first degree one can be obtained from the 
other by multiplying the latter by a constant, the equations 
obviously represent the same line, since all the points which 
satisfy one equation must then satisfy the other also. We 
now proceed to prove the converse of this statement : 

If the equations Ax+ By+ C=0 and A'x + Bly + C'=0 
represent the same line, either one can be obtained from the other 
by multiplication by a constant. 
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Let us suppose first that none of the numbers A, 4’, B, By 
C, C' is zero. The intercepts of the two lines on the a-axis are 
then — C/A and — ("/4', on the y-axis — O/B and — C'/B’. 
Since the lines are by hypothesis identical, we have 

y SP BeBe 
CG" 0 and — o 
From these relations follow at once 
Ae? aes i 
A> B® 
where k isa constant. It follows that 
A=kA', B=kB’, C=kC’. 

If C (or C’) is zero, the corresponding line passes through the 
origin, and hence the other line must also pass through the 
origin; hence C’ (or C) is also zero. We-leave the rest of 
the proof as an exercise, with the suggestion that the slopes 
of the two lines be compared. 


205. The Intercept Form. MHesse’s Normal Form. We 
have called attention thus far to three forms of the equation 
of a straight line: (1) the general equation; (2) the slope 
form; (3) the point-slope form. Two other forms are some- 
times of great convenience. These are the so-called tntercept 
form and normal form. The intercept form is 


(41) *+e=1, (ab +0) 


_ where a and 6 represent, respectively, the a and y-intercepts 
of the line. This equation may be derived by finding the 
equation of the line through the points (a, 0) and (0, 6). The 
derivation is left as an exercise. (See Ex. 21, p. 89.) This 
form is not applicable if the straight line passes through the 
origin, or if it is parallel to either axis. Why? 
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The normal form is associated with the name of Hesse,* who 
used it extensively. It uses the length p of the perpendicular 
dropped from the origin upon the line and the, angle « which 
this perpendicular makes with the z-axis to determine the line. 

To derive the equation when p and «@ are given, we try to 
find a relation which is satisfied by the codrdinates (a, y) of 
every point P on the line and which is 
not satisfied by the codrdinates of any 
other point. To this end (Fig. 184) we 
note that the projection of the broken 
line OMP on the perpendicular OQ is 
equal to p, if and only if P is on the 
line. The projections of the parts OM 
and MP on OQ are, respectively, xcosa and ysine. The 
desired equation is, therefore, 


Fig. 184 


(12) xcosa+ysina= fp. 


We shall take the positive direction of OQ, or p, from the origin 
towards the line, and choose the positive angle XOQ to be a. It is then 
evident that the position of any line is determined by a pair of values of 
p and &, it being understood that p and & are positive and that «@ is less 
than 360°. , 

Moreover every line determines a single positive value of p and a single 
positive angle « less than 860°, unless p = 0. When p =0 the line evi- 
dently passes through the origin and the above rule for the positive 
direction of » becomes meaningless. When p=0, it is customary to 
choose @ < 180°. 


To reduce the general eqhation Ax + By+C=0 to the 
normal form, we need merely observe that in the latter form 
an essential condition is that the coefficients of # and y are 


numbers the sum of whose squares is 1, since sin? # + cos? «= 1. 


We must then multiply all the coefficients of Ax + By + C= 0 


by a number k, so chosen that (kA)? +(kB)?=1. This condi- 


* Lupwic OTro Hesse (1811-1874), a noted German mathematician. 


— 7 
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tion will be satisfied if 
k= + Soe eee! 
V A? + BB? 


Therefore the desired reduction is obtained by dividing the 
equation through by + VA? + B?, and transposing the constant 
term to the right-hand side of the equation : 


A “ B —C 


eee ey = 
tV A+ B + \/ A? + B? + VA? + B? 
The sign of the radical must be chosen opposite to the sign of 
C, or if C = 0, the same as that of B. Why? 


One advantage of the normal form is that every line may have its equa- 
tion written in the normal form. Whether the line passes through the 
origin or is parallel to an axis is immaterial. 


EXERCISES 


1. Reduce the following equations to the normal form. Find in each 


. case the values of @ and p. 


(a) 44+3y—10=0. (d) 84—2y+6=0. 
(6) ~—-y+5=0. (e) y=2e—3. 
(c) e+VBy=0. (f) «= 2y — 5. 


(g) The equation of the line whose intercepts are — 5 and 2, respectively. 

2. Reduce to the intercept form each of the lines in Ex. 1 for which 
such reduction is possible. 

3. What are the normal forms of the equations =3,2%+3=0, y—1=0? 

4. Derive the process of reducing the equation Ax + By + C= 0 to the 
normal form by using the fact (derived from § 203) that p =— O/V A?+ B?. 

5. What'system of lines is obtained from the normal form, if a has a 
fixed value, while p is allowed to assume different values? If p has a 
fixed value and «@ is allowed to assume different values ? 

6. Find the equations of the lines which pass through the point (1, 2) 
and are two units distant from the origin. 

‘7. Find the equations of the lines parallel to 5” + 12 y= 13 and 3 units 
distance from it, 


8. Find the equations of the lines parallel to 3x2+4y=13 and 7 
units distance from it. 
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MISCELLANEOUS EXERCISES 


1. Find the equation of the straight line passing through the point 
(3, 4), such that the segment of the line between the axes is bisected at 
that point. 

2. Show that the lines y = az + a, for all values of a, pass through 
a fixed point. 

8. Given aye + diy t+c1= 0, aoe + dey + ¢2=0, age + bay + c3 = 9, 
the equations of three lines forming a triangle. Show that the equation 
of any line Az + By + C =0 in the plane may be written in the form 


Ky (aye + bry + €1) + ko( aoe + boy + €2)+ ks(asx + bay + ¢3)= 9, 
where ky, ko, kg are constants. 

4, Find the ratio in which the line 3y = 6 — x divides the segment 
joining the points (6, 1) and (— 3, 2). 

5. Find the equation of the line that passes through the point (1, 7) 
and makes an angle of 45° with the line # + 2y=1. 

6. Find the equation of the line that passes through the point (1, 7) 
and makes an angle of — 45° with the line x + 2y =1. 


7. Prove analytically that the perpendicular bisectors of the sides of 
a triangle meet in a point. 
8. Prove analytically that the altitudes of a triangle meet in a point. 
9. Prove analytically that the bisectors of the interior angles of a 
triangle meet in a point. 
10. Prove analytically that the bisectors of two exterior angles of a 
triangle and of the third interior angle meet in a point. 
11, The equations of two sides of a parallelogram are x—2y=1, x+y=3. 
Find the equations of the other two sides if one vertex is at (0, — 1). 
12. Find the equation of the line passing through the point (1, 1) and 
dividing the segment from (— 7, — 2) to (7, — 1) in the ratio 2; 5. 
13. Two vertices of an equilateral triangle are (1, 1) and (4, 1). 
Find the codrdinates of the third vertex. There are two solutions. 
14. .‘ind the equation of the line passing through the point (1, 2) and 
intersecting the line x + y = 4 at a distance 4/10 from this point. 
15. Find the equation of the line through the point (1, 2) which forms 
the base of an isosceles triangle with the sides 2% —y=1,2+y=1. 
16. A straight line moves so that the sum of the reciprocals of its 


intercepts on the two axes isconstant. Show that the line passes through 
a fixed point. Pus 
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17. If astraight line be such that the sum of the perpendiculars upon 
it from any number of fixed points is zero, show that it will pass through 
a fixed point. 


18. Find the equations of the sides of the square of which two opposite 
vertices are (3, — 4) and (1, 1). 


19. Derive the formula for the distance of a point (a, y1) from the 
line Ax + By + C =0 by finding the intersection of the perpendicular 
through the given point and the given line, and then using the formula for 
the distance between two points. 


20. Prove that if the sum of the first moments of » points with respect 
to each of two given perpendicular lines is zero, the sum of the moments 
of these points with respect to any line in the plane through the inter- 
section of the given lines is zero. (See Ex. 19, p. 305.) 

{Hint: Take the given perpendicular lines to be the axes of 
coordinates. | 


21. If with the center of gravity of m points in a plane is associated - 
the sum of the weights of the n points, prove that the sum of the first 
moments of the n points with respect to any line in the plane is equal to 
the first moment of the center of gravity with respect to the same line. 


22. Given two half-lines 7, s issuing from a point P, a third half-line ¢ 
through P is completely determined if the ratio sin (rt) /sin (ts) = k is 
known. The ratio kis called the simple ratio of t with respect to 7, s. 
Prove that the equations 7 = 0 and m = 0 of r and s, respectively, may be 
so written that, for all positions of t, the equation of ¢ isl —km=0. 


23. Given two points Pi(#1, y1) and Pe(%, y2) and a straight line 
ax + by + c= 0 which meets the line P;P2 in Q. Find the simple ratio 
PiQ/QP2. 

[Hinr: This can be obtained very readily from a figure by observing 
the relation between the desired ratio and the ratio of the distances of 
P;, P2 from the given line. ] 


24, From the last exercise derive the theorem of Menelaus: Jf a 
straight line cuts the sides of a triangle ABC in three points A’, B', C’, 
the product of simple ratios 

ACATB ALN OB: 


is —1. The point A’ is on the side opposite A, B’ on the side opposite B, 
C' on the side opposite C. 


CHAPTER XII 
THE CIRCLE 


206. Review. The circle is the locus of a point which moves 
so that its distance from a fixed point, called the center;is con- 
stant. This constant distance is called the radius of the circle. 

If the center of a circle is at the point (h, x) and the radius 

is r, the equation of the circle is 
(1) (x —h)? + (y— k=?’ 
For, this equation expresses directly the fact that the square of 
‘the distance from the given point (h, k) to the variable point 
(x, y) is7% Hence, every point on the circle satisfies this 
equation and, conversely, any point not on the circle does not 
satisfy it. 

In particular, if the center is at the origin (hk = 0, k = 0), the 
equation becomes 


(2) | oF ey? = 7, 
We note also that equation (1) when expanded has the form 
(3) e+ty+t De+ Ly+C=0. 


It follows that every circle in the plane may be represented 
by an equation of this form.‘ To what extent is the converse 
true? Under what conditions does an equation of the form 
(3) represent a circle? The answer to this question may be 
obtained by reference to the method of § 183. 

We desire to complete the square on the terms in a, and also on 
the terms in y. Therefore we rewrite the equation in the form 


(4+ Dot )+(y+By+ )=-C. 
- 820 
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To complete the squares in the two parentheses we need to add 
D’/4 to the first and E?/4 to the second; to maintain the 
validity of the equation we must add. the same terms to the 
right-hand member. We then obtain 


D2 Ei 
rk 


(+2) (+ ae ao Al aie 40. 


Since the sum of the squares of two real numbers is positive or 
zero, the left-hand member is positive or zero if x, y, D, Hare real 
numbers. Hence the equation can be satisfied by real codrdi- 
nates 2, y only if D?+ H?— 4 Cis a positive number or zero. 

If D?+ H® — 4 Cis positive, equation (3) represents a circle 
with center at (— D/2, — E/2) and radius equal to 


VD? + E?—40. 


If D?+ EH? — 4 C is zero, equation (8) is satisfied by the coér- 
dinates of the point (— D/2, — H#/2) and by the coérdinates of 
no other (real) point. 


(a+ Dot )+(y+ By +10) = eh a: 
or 


If D? + E?— 4 C is negative, equation (3) represents no real 
locus. The answer to our question may then be formulated as 
follows : If (3) represents a curve at all, it represents a circle, 


207. The Equation of a Circle satisfying given Conditions. 
The problem of finding the equation of a circle satisfying 
given conditions resolves itself simply into the problem of 
determining from the given conditions the values of h, k, r in 
equation (1), or of D, H, Cin equation (3) of § 206, The fol- 
lowing examples will illustrate the methods that may be used: 

Examete 1. Find the equation of the circle passing through the three 
points (38, — 5), (8, 1), and (4, 0). 

The desired equation must be of the form (3), and must be satisfied by 

Y 
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the codrdinates of each of the three given points. If the first point satis- 
fies this equation, D, #, and C must be such that 


824(— 5)?+D-3+4 #H(—5)+C=0, 
t.e. such that 
3D—5EF+ C=—34. 


We find similarly from the second and third of the given points, 
3D+H+ C=—10, 
4D+C=-— 16. 
Solving these three linear equations for D, #, C, we obtain 
D=—-—2, H=4, C=—8. 
The desired equation is, therefore, 
e+ y2—2e+4y—8=0. 


Another method of solving this problem would be to regard (h, k) as 


unknown coordinates of the center. They must satisfy the two equations 
(8 —h)*+(—5— kb)? =(8 —h)? $0 — &)2, 
(4—h)?+(0—k)? =(8—h)?+A—2k)?. (Why ?) 
By solving these equations we can determine h and k. ‘Having found the 
center, it is easy to determine the radius. Then the desired equation can 
be written down in form (1). The completion of the work here sug- 
gested is left as an exercise. What other method could be used to solve 
this problem ? 


ExampPiE 2. Find the equation of the 


are y—3=0, 82—4y—9=0, and 12%+5y 
+9=0. 5 

Let (h, &) be the center of the circle. It 
must be equidistant from the three sides. 
The distances of (h, &) from the three given 
lines are —(k — 3), —4(83h—4k—9), and 


that each of these numbers is positive when 


Fie. 185 


(A, %) is within the triangle. (See Fig. 185.). 


By placing the first of these distances equal to the second and third, re- 
spectively, we obtain two equations involving h and k. The solution of 
these two equations yields h= 1, k=1. Hence the center is the point 
(1, 1). The radius is evidently equal to 2. Why? Therefore the 
required equation is 


(@ —1)2+(y— 1)? =4, or 22+ y2—2x—2y —2=0. 


circle inscribed in the triangle whose sides 


ds(1dh +5k-+ 9), the signs being so chosen ~ 


=o 
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EXERCISES 


1. Write the equations of the circles described below: 

(a) Center at the origin, radius equal to 5. 

(6) Center at (1, 2), radius = 4. 

(c) Center at (— 3, — 2), radius = 3. 

(d) Center at (a, a) and radius = a. 

(e) Center at (— 2, 1) and passing through the point (8, — 2). 

(f) Center at (2, 1) and tangent to the z-axis. 

2. Discuss fully the locus of each of the following equations: 

(4) w+y?—2a4+4y+1=0. (d a+y2?4+1=0. 

(6) w+ y2—42-—6y=0. (e) +y2+2e—6y+10=0. 

(c) 2+y?+3x—4=0. (f) 2 + 42+ 2ax+2a?=0. 

(g) 847+ 3y2+2x2—4y—8=0. 

3. What can be said of the coefficients D, HZ, and C in the general 
equation if the equation represents a circle which 

(a) passes through the origin ? 

(6) has its center on the z-axis ? on the y-axis ? 

(c) has its center on the line x +y=0? 

(d) touches both axes ? 

(e) has its radius equal to 2 ? 

4, Find the equations of the circles described below: 

(a) Passing through the points (0, 2), (1, 4), (1, 0). 

(b) Cireumscribing the triangle whose sides are the lines x+ y — 3=0, 
a—2y+6=0, %+2=0. 

(c) Inscribed in the triangle whose vertices are (0, 2), (0, — 4), and 
(- 4, 1). 

(d) Having (— 2, 4) and (4, — 2) as the extremities of a diameter. 

(e) Passing through the points (1, 2) and (2, 1) and having its center 
on the line 24+y+2=0. 

(f) Tangent to both codrdinate axes and passing through the point 
(2, 1). How many solutions are there ? 


5. Prove analytically that any angle inscribed in a semicircle is a 
right angle. 

6. Prove that the locus of a point which moves so that the sum of 
the squares of its distances from any number of fixed points is constant 
is a circle. Find the codrdinates of the center of this circle in terms 
of the codrdinates of the fixed points. If the number of fixed points is 
three, how is the center of the circle related to the triangle whose ver- 
tices are at the fixed points ? 
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7. Find the equation of the locus of a point which moves so that the 
ratio of its distances from two fixed points is constant and equal to k. 
Determine fully this locus. Examine especially the case & = 1. 

(Hint: Let the two fixed points be (a, 9) and (— a, 0)]. 

8. Draw the loci of Ex. 7 for different values of &. Prove that if 
any one of these loci crosses the line joining the two given points in P and 
Q, respectively, and the mid-point of the segment joining the given points 
is M, we have MP. MQ equal to the square of half the segment. 


208. Tangent to a Circle. Point Form. In § 184 we saw 
how the slope of the curve Ax’?+ By? + Dx+ Hy+ C=0 at 
any point (a, y,) on the curve could be derived. Applying 
this method to the circle 

e+ty+ Dxe+ Hy + C=0, 


we find the slope m at (2,,y,) on the curve to be 


a ae 
2y+# 
The equation of the tangent at the point (a, 4) is, therefore, 
ME ela 
Y—n= oye 1). 


Simplifying, we obtain 
(4) 2ae+2yy + De+ Hy — 202 —2 y2— Dar, — Hy, =0. 
But (2, y:) is on the curve, and hence 
2? + y7 + Dx + Ey, + C= 0. 
If this identity be multiplied by 2 and added to (4) we obtain 


20,0 + 2yy + Dx + Ey + Dx; + Hy, + C= 0, 
or a 
(5) xx tyy +5 D(x+x)+hFyt+y)+C=0. 
As a special case of this equation (for. D=0, H=0, C= 
—7°) we obtain the equation of the tangent to the circle - 
x + y? = 7? at the point (a, y,) to be 


(6) f yk + yy =r. 


; 
| 
| 
; 


i ae a 
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209. Tangent toa Circle. Slope Form. Another form of 
the equation of a tangent to the circle 2 + y? = 7° is often very 
serviceable. It is derived as follows. The straight line 
y=me-+b meets the circle #+y?=r? in points whose 
abscissas are given by the equation 


x? +- (ma + 6)? = 7°. 
When expanded this equation becomes 
(1 + m?)a? + 2mba + B — 2 = 0. 


The roots of this equation will be real and distinct, real and 
coincident, or imaginary, according as 

4 m?b? — 4(1 + m?)(6? — 7’) 
is positive, zero, or negative. 

Translated into geometric terms, this means that the line 
y=mex+b will meet the circle in two distinct points, two 
coincident points, or not at all, according as the expression 
above is positive, zero, or negative. If the line meets the’ 
circle in two coincident points, the line is a tangent. The 
aaa 4 mb? — 4(1 + m?)(6?— 1°) =0 
yields, after simplification, 

b? =(1 + m?) 2”, 


or, b=+rvVv1+m. 
Hence, for all values of m the equation 
(7) y=mx+rvi+m 


represents a tangent to the circle a + y? = 7°. 
It follows at once that for all values of m the equation 
y—k=m(x—h)trv14m 


represents a tangent to the circle (« — h)ye+ y¥—kP=r, 
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EXERCISES 


1. Write the equations of the tangents to the following circles at the 
points indicated : 
(a) «+ y? = 25, at (8, — 4). 
(b) «2 + y? = 5, at (—1, 2). 
(c) «2 + y2 = 4, at (0, 2). 
(d) «2 + y? = 138, at the points where a = 3. 
(e) a + y? = 10, at the points where y = 1. 
(f) #2 +y? +20 —4y =0, at (1, 1). 
2. Derive the equation of the tangent to the circle (x — h)? +(y — k)? 
=r at the point (21, y1) by making use of the fact that the tangent is 
perpendicular to the radius through the point of contact. 


3. Find the intersections of the following circles with the lines in- 
dicated : 
(a) #@+y2?=5andy=38e2+5. (c) #2+y?=13 and 3 x+4+2 y—13=0. 
(b), w+ y2 =25and%—2y—5=0. (d) #+y?=10andy=32+410. 
(e) @+y?=4, and y=- 2444, y=—22442V5,y=—22+45. 
Draw a careful figure showing the circle and the three lines. 


4. Write the equations of the tangents to the following circles, the 
slopes of the tangents being as indicated. Find the points of contact. 
(a) x? + y? = 10, slope =— 3. (d) x? + y? = 25, slope = 0 
(b) x? + y? = 5, slope = 3. (e) (w—1)?+(y+2)2=10, slope=3. 
(c) «2 + y2 = 18, slope = 


5. Will the equation y = mz + rv 1 + m? represent any tangent to the 
circle x2 + y2= 72, Why? 

6. What is the point of contact of the tangent y= mz +rv1 + m? 
to the circle «?+y%=,r?? From this result derive the equation 
aye + yy = 12, 

7. Any circle through the origin has an equation of the form 
x?-+-y2+Dx+Hy=0. Why? Prove that the equation of the tangent at 
the origin is Dxe+Hy=0. This may be done in at least two different ways. 


8. Prove analytically that from an external point two real tangents 
can be drawn to a circle. 


9. Derive the equation y = mz +rv1 + m? directly from the property 
that a tangent to a circle is perpendicular to the radius through the point 
of contact. 


a a 
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210. The Value and Sign of the Expression x,2+ y,2+ Dx, 
+ Ey,+C. The left-hand member of the standard equation 
(«—h)?+(y—k)?=?7° represents the square of the distance 
from the point (a, y) to the point (h, k). Hence the eapression 


(8) (e —h)?+(y — BP 2? 


is positive, negative, or zero according as (a, y,) ts outside, in- 
side, or on the circle whose equation is (a — h)? ++(y —k)? =r. 

Moreover, from Fig. 186 it follows that if (a, y,) is a point 
outside the circle, the expression (8) 
is equal to the square of the length 
of a tangent drawn from the point 
(a, y,) to the circle. Since the left- 
hand member of the general equation 
e+y?+ Dx+ Ey +C=0 may be writ- 
ten in the form (#—h)?+ (y—k)? — 7? 
we may conclude that the sign of the 
expression «2+ 42+ Da,+ Ey,+C is 
positive or negative according as the point (2, y;) is outside or 
inside the circle 22+ y2+ Da+ Ey+C=0; and, if positive, it 
represents the square of the length of a tangent drawn from the 
point (a, y;) to the circle. 


Fig. 186 


211. The Equations of the Tangents from an External 
Point. Suppose we desire to find the equations of the tan- 
gents drawn from an external point (a, y,) to the circle 
2+ y?=r%, Three methods will be discussed: 


Exampie. Find the equations of the tangents drawn from the point 
(4, — 8) to the circle x? + y? = 5. 

Mertuop 1. Let (a1, y1) be the point of contact of one of the tangents. 
The equation of the tangent at this point is xx + yy =5- However, 
since this tangent passes through the point (4, — 3) we have 


(9) 4%, —3y1=5. 
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But the point (a1, y1) is on the circle 2+ y2=5. Therefore 

(10) 2 + yx? = 5. 

Solving equations (9) and (10), we find the points of contact to be (2, 1) 
and (— 2/5, —11/5). Therefore the required tangents are 2x 4+ y— 5=0. 
and 2”+ 1ly+4 25=0. 


Mertnop 2. From § 209 it follows that any tangent (not parallel to 
the y-axis) to the circle x? + y? = 5 is of the form y = mx + VbV1+ m?. 
Since this tangent is to pass through the point (4, — 8) we have 

—~8=4m4viv14 m3, 
which simplifies to 11 m? + 24m+4=0 ; this gives m =— 2, or — 2/11. 
Substituting these values in y= mez +V5V1-+4 m? and simplifying we 
have 2”%+y—5=0Oand 22+ 1ly+ 25=0. 

MetHop 3. The equation of any line through the point (4, — 8) is of 
the form y+3=m(x—4). Eliminating y between this equation and 
2 + y2 = 5 we have ; 

(11) (m2 + 1)a? + 2(— 8 m? —6 m) + (16 m2 + 24m 4+ 4)=0. 

Now since we desire y + 3 = m(x — 4) to be tangent, equation (11) must 
have equal roots, z.e. (— 8 m? — 6 m)?— 4(m? + 1) (16 m? + 24m+4)=0 
or 11m?+24m+4=0 which gives m=— 2, or — 2/11. Therefore 
the equations of the tangents are2x%+y—5=0Oand22+411y+25=0. 


212. The Polar of a Point with respect to a Circle. Let 
us apply the first method of § 211 for finding the equations of 
the tangents from an external point to a circle, to the general 
problem of finding the equations of the tangent from the point 
(a, yi) to the circle a? + y2=7%, The coédrdinates (a’, y’) of the 
point of contact are then found by solving simultaneously the 
pair of equations wa, + y'y, = 7°, ©? + y= 7%. The first equa- 
tion expresses the fact that the point (2, y;) is on the tangent 
ale + y'y= 7"; the second, that (a', y') is on the circle. 

This shows that the straight line ae + yy = 7%, where (a, y;) 
is any external point, meets the circle in the points of contact 
of the tangents drawn from (a, y7). In other words, 


(12) aye + yyy = 7? 
is the equation of the line joining the points of contact of the 


‘ 
a 


a 


ee ~~} i 
is — a 


— 
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tangents through (a, y,), if the latter point is outside the circle. 
If this point is on the circle, we know that (12) is the equation 
of the tangent at the given point. Finally, if (a, y;) is inside 
the circle, (12) represents a definite straight line determined 
by the point and the circle. This straight line (12), whether 
(a, 4) is outside, on, or inside the circle, is called the polar of 


ve 
2 
lo, i 
2 
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(a, ¥1) With respect to the circle. The polar of (a, y,) with 
respect to a circle is then a uniquely determined line for every 
point (#,, y;) in the plane, except the center of the circle. 
(See Fig. 187.) Why this exception ? 


EXERCISES 


1. Are the following points inside, outside, or on the circle x? + y? 
—2x%+6y—15=0? (1,2), (1,0), CG, 4), (—3,9), (8,0), (0, 2), 
(5,1). For the points outside, find the length of the tangents drawn to 
the circle. Draw carefully a figure to illustrate each of your results. 

2. What is the length of the tangents drawn from (1, 1) to the circle 
whose equation is 277 + 2y?+3a— Sy — = 02 

[Caution : The equation is not in the standard form.] 


3. Find the equations of the tangents drawn from the following points 
to the circle indicated : 


(a) (— 2,4); 22+y? = 10. (d) (8,2); 2@+y2=4, 
(6) (6, —1); @+y=18. (e) (4, 8); 22+ y? = 16. 
(c) 3, -1); e?+y=2. CF) (7, 1) 5 2 + y? = 26. 


4. Find the equations of the tangents drawn from (0, 4) to the circle 
a? + y? —2%+6y—15=0. 

5. Show that the polar of a point P with respect to a circle is per- 
pendicular to the radius or radius extended through the point P. 
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6. Show that if P is inside the circle, the polar of P is wholly outside 
the circle. 

7. Show that if the polar of P with respect to a circle whose center is O 
cuts the line OP in Q, then OP - OQ=r°, where r is the radius of the circle. 

[Hivr: Let the center O be the origin and the line OP the x-axis. ] 

8. Show that if the polar of a point with respect to a given circle is 
given, the point is uniquely determined. 

[Hiyr: This follows directly from the results of Exs. 5 and 7; or it 
may be proved directly by identifying the given polar ax+by+c=0 
with the equation aa2+yi1y=r?. In the latter case we should have 
a1/a = y1/b =— r?/c, which determines x, y; uniquely. ] 

9. A straight line is drawn through a given point P, cutting a given 
circle in the points A and B. Calculate the length of the segments PA 
and PB. Let P be chosen as origin and the line through P and the 
center of the circle as x-axis. The equation of the circle is then 2? + y? 
+ Dx+C=0. If p is one of the segments PA or PB and «@ is the 
angle which PA makes with the x-axis, the codrdinates of A or B are 
(p cos &, psin®). Since this point is on the circle we have the equation 

(p cos @&)? + (psin @)?+ Dp cosa+ C=0 
for determining the two values of p. This equation reduces to 
p+ Deoosa-p+C=0. 
It may be noted that the product of the roots pip. of this equation is C, 
i.e. independent of a. What theorem of elementary geometry does this 
prove? Prove also that the product PA-PB is positive or negative 
according as P is outside or inside the circle. 


213. The Intersection of Two Circles. Given two circles 
e+yt+ Dwt+ Hy+Cc,=0, 
and e+ y2+ Doe + By + C,= 0. 
The coérdinates of the points of intersection are found by 


solving the equations simultaneously. Subtracting the equa- 
tions, we have 


(D, = D,)x + (A, — Ey)y + C, — C= 0. 
Every point common to the two circles will satisfy this last 


-equation, which is the equation of a straight line. Therefore 
the problem of finding the points of intersection of two circles 
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is equivalent algebraically to that of finding the intersections of 
a straight line and a circle. This problem leads essentially to 
the solution of a quadratic equation in one unknown. There- 
fore we may conclude that two circles. may intersect in two 
distinct points (two real roots), may be tangent to each other 
(coincident roots), or may not intersect at all (imaginary roots).* 


214. Orthogonal Circles. Two circles which intersect at 
right angles are said to be orthogonal. In this case the tan- 
gents to the two circles at a point of 
intersection must be perpendicular, and 
the two tangents pass respectively through HOSS 
the centers of the circles (Fig. 188). The by 
condition for orthogonality is then simply 
that the sum of the squares of the radii 
of the circles shall be equal to the square 


Fic. 188 


of the distance between their centers. If the centers are 
O(d,, k,) and C,(h2, k.) and the radii are r; and r, respectively, 
the condition for orthogonality is 

rye + 72? = (hy — he)? + (ky — he)? 
If the equations of the circles are 
e+y+ Daw+ Ey+C,=0, 
e+yt+ De+ Ey+ C,=9, 


this condition becomes (see § 206) 


D?+H2—40, , DP + H%—40,_(D,—D,)* , i— #,) 
++ = + ; 
: 4 4 4 4 
which when simplified gives 
DD, + EE, are 2(C, + C2) — 0. 
* The reasoning above breaks down, if D; — D, = 0 and £, — FE, =0, that is 
when the circles are concentric. In this case, unless 0; — C2 = 0 also (in which 


case the two circles coincide), the two equations are inconsistent and have no 
common solution, real or imaginary. ; 


(18) 
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215. Pencil of Circles. Let the left-hand members of the 
equations (13), § 214, be represented by M, and M, sre 
Let us consider the locus of the equation 
(14) M,—kM,=0, 
where k is an arbitrary constant. This equation may, if k+1, 
be written in the form 


=kDr Re —kE, 


(15) a®'+7? 742i y+ ABO 0, 


1—k a 
which represents a circle for each value of k(+ 1). When 
k =1, equation (14) represents the straight line 
(16) (D, — D,)« + (EL, — E2)y +C; — C, = 09. 

The system of circles obtained by giving different values to 
k, is called the pencil of circles determined by the two given 
circles. The straight line (16) is called the radical axis of 
the two given circles, and of the pencil. 


The following properties of a pencil of circles are readily © 


proved : 

If the two given circles intersect in two points A and B, every 
circle of the pencil passes through A and B. 

If the two given circles are tangent to each other at a point A, 
all the circles of the pencil are tangent at A. 

Through any point in the plane not on the radical axis of the 
circles passes one and only one circle of the pencil. The proofs of 
these theorems are left as exercises. 


AY 

Further properties of pencils of circles will be found in the 
following exercises. 
: EXERCISES 

1. Find the coérdinates of the points of intersection of the following 
pairs of circles : 

(a) a+ y2=5 and a + y2+2e%—-—4y41=0._ 

(b) 2 +y?—x+2y =O0and 224 y242e%—4y=0. 

(ec) 22+ y?4+2%—17=0 and 22 +4 y?—13=0. 


i 
: 
. 
i 
. 
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2. Write the equation of the radical axis of each pair of circles given 
in Ex. 1. 

3. Prove that the tangents drawn from any point of the radical axis 
of two circles to the two circles are equal. 

4. Prove that the circles 22+ y2+62—2y4+2=Oanda2+y244y 
+ 2=0 are tangent to each other. Find their point of contact and the 
equation of their common tangent. 

5. Find the equation of the circle through the intersections of the 
circles x? + y2—4a2—4=0 and 2?+4 y?4 22%—6y—2=0 and the point 
(8, 3). [It is not necessary to find the intersections. } 

6. Prove that the following circles are orthogonal: x?+y?—22—4=0 
and #?+y?—6y+4=0. In general for the circles: 72 + y2+ Dr— C=0 
and 22+ y?+ Hy+C=0. 

7. Determine C'so that 2? + y2—22+4y—8=0 and2?+y?+42¢ 
+ C=0 are orthogonal. 

8. Prove that the locus of the centers of the circles of a pencil is a 
straight line perpendicular to the radical axis of the pencil. 

9. Prove that if the radical axis of a pencil of circles is chosen as the 
y-axis and the line of centers as the #-axis, the equation of any circle of 
the pencil is of the form 2? + y2+ ka + C=0, where C is the same for all 
circles of the pencil; and that all circles obtained by varying & in this 
equation are circles of the same pencil. 

10. The circles of the pencil in Ex. 9 intersect in distinct points, are 
tangent to each other, or do not intersect at all, according as C is negative, 
zero, or positive. In case ( = 0, all the circles of the pencil are tangent 
to one another at the origin. Draw carefully three figures, illustrating 
the three kinds kinds of pencils here indicated. 

11. Find the equation of a circle which is orthogonal to two given 
circles of the pencil in Ex. 9. 

[Hint: Let the two given circles be 

etyt+haet+ C= O0and 22 +7?+ kx +C=0,. 


and let the required circle be x? + y? + Dox + Hoy + Cy = 0. If this circle 
is to be orthogonal to each of the given circles we must have (§ 214) 

Dok; — 2(0 + C2) = 0 and Doke — 2(C + QO) =0. 
These equations give D. = 0 and C2 =—C. Hence the required equation 
isa?+y24+ H,y—O=0. This yields two remarkable results: (1) The coeffi- 
cient ZH, is undetermined, and by varying H2 we have a pencil of circles 
each of which satisfies the condition of being orthogonal to the two given 
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circles. (2) The equation found is independent of hk, and k:. Hence, 
every circle of the pencil just found is orthogonal to each of the circles of 
the given pencil. Writing / for ZH, to obtain uniformity of notation, we 
have found two pencils of circles : 


e+ytke+C=0 
and a+ y2+ly—C=0, 
such that every circle of either pencil is orthogonal to each circle of the 


other pencil. These two pencils of circles are said to form an orthogonal 
system. (See the adjacent figure.) ] 


12. In an orthogonal system of circles, the centers of the circles of one 
pencil are on the radical axis of the other pencil. 


13. If the circles of one pencil of an orthogonal system intersect in two 
distinct points A and B, the circles of the other system do not intersect at 
all, but pass between the points A and B. 


‘ 
14. If the circles of one pencil of an orthogonal system are mutually 
tangent to each other at a point A, the circles of. the other pencil are also 
mutually tangent at A. 


15. Prove that the three radical axes of three circles (not belonging to 
the same pencil) taken two by two intersect in a point. . This point is 
called the radical center. Show that it is the center of a circle orthogonal 
to each of the three given circles and that the tangents drawn from it to 
the given circles are equal. 
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MISCELLANEOUS EXERCISES 

1. Find the condition that ax + by +c=0 be tangent to the circle 
x2 4 y? = 7, 

2. Find the equation of the circle passing through the points (0, 0), 
(a, 0), and (0, b). 

3. Show that the equation of the circle having the points (a, y;) and 
(x2, Y¥2) as the extremities of a diameter is (a—2)(%—%2) + (y— y1) 
(Y — y2) = 0. 

[Hinr: The circle is the locus of the vertex of a right anglé whose 
sides pass through the given points. ] 


4. Find the equation of a circle which is tangent to the lines x = 0, 
y = 0, and az + by +c=0. 

5. A line is drawn through each of the points (a, 0) and (—a, 0), 
the two lines forming a constant angle 6. Find the equation of the 
locus of their point of intersection. i 

6. A straight line moves so that the sum of the perpendiculars drawn 
to it from two fixed points is constant. Show that it-is always tangent to 
a fixed circle. 

7. Give a geometrical construction for the polar of a point with 
respect to a circle. 

8. If the polar of a point P passes through Q, then the polar of @ 
passes through P. 

9. Find the equations of the common tangents of the circles 7?+y?=5 
and «2 + y2?—10%+20=0. 

10. Find the locus of a point which moves so that the length of a tan- 
gent drawn from it to one given circle is & times the length of a tangent 
drawn from it to another given circle. 

11. Find the equation of a circle through the points of intersection of 
aw? +y2=4 and #2+7?—22+4y+4=0 and tangent to the line x—2y=0. 

12. Show that the polars of a given point P with respect to the circles 
of a pencil pass through a fixed point, unless P is on the line of centers. 

13. A point moves so that the sum of the squares of its distances from 
the sides of a given square is constant. Show that its locus is a circle. 

14. A point P movesso that its distance from a fixed point A is always 
equal to & times its distance from another fixed point B. Show that its 
locus is a circle, if #41. Show also that for different values of k 
these circles have a common radical axis. 
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15. A line rotating about a fixed point O meets a fixed line in a point 
P. Find the locus of a point Q@ on OP such that OP- O@ is constant. 

16. Prove that among the circles of a pencil there are at most two which 
are tangent to a given straight line (unless all the circles are tangent to 
the line). When is there only one? None? 


[Hint: Let the given line be the z-axis. ] 


17. Inversion with Respect to a Circle. Givena circle with center O 
and radiusr. Corresponding to any point P in the plane (distinct from O) 
there exists a unique point P’ on OP such that OP-OP!=7%. The 
point P’ is called the inverse of P with respect to the given circle. Prove 
the following propositions : 

(a) If P’ is the inverse of P, P is the inverse of P’. 

(b) If P is inside the given circle, P’ is outside ; and vice versa. 

(c) Every point on the given circle corresponds to itself. 

(d) If the codrdinates of P and its inverse P’ are (x, y) and (a!, y’) 
respectively, referred to two rectangular axes through O, we have 

(i a (ech ry! 
m2 y? ws x2 a ends = gi yl? capa a 

(e) Ifa point P describes a curve, the inverse P’ describes a curve 
called the inverse of the former curve. The inverse of any straight line 
through O is this line itself. 

(f) The inverse of any line not through O is a circle through O, and 
the inverses of parallel lines are circles tangent at O. 

(g) The inverse of any circle is a circle, unless the given circle passes 
through O, in which case its inverse is a straight line. 

(h) Two orthogonal circles or lines have orthogonal inverses. 

(7) Any circle orthogonal to the given circle is its own inverse. 

(j) The adjoining figure illustrates a 
simple mechanism for changing circular 
motion into rectilinear motion. It is known 
A ¢ 2s the inversor of Peaucellier. The heavy 

ex i lines represent rigid bars, hinged at their 

extremities. The sides of the quadrilateral 

2 ABCD are all equal and OB= OD=p 

Prove that if O is fixed and the mechanism 

is allowed to move in any way it can, C is 

always the inverse of A with respect to a circle with center O and radius 

r = V12?—p, where J is the side of the rhombus ABCD. Hence, if A de- 
scribes a circle through O, C ve describe a straight line. 


i 


——— 


CHAPTER XIII 
THE CONIC SECTIONS 


216. Definition of a Conic. A conic section* or simply a 
conic is defined as the locus of a point which moves so that its 
distance from a fixed point, F,, is always equal to a given 
constant, e, times its distance from a fixed line TOMO 

The fixed point F, is called the focus. The fixed straight 
line D,D,’ is called the directrix. The constant e is called the 


D> ; 
aN 


Fic, 189 


eccentricity. It is assumed that e >0 and that F, does not 
lie on D,D,’. 

If P (Fig. 189) is any point on the curve, we have, by 
the preceding definition, 
(1) EP =e. UP, 
where MP is the perpendicular distance of P from the 
directrix. It must be remembered that F,P and MP are 
absolute quantities, not directed quantities, and that e is 
positive. 

* The name “conic section”’ is due to the fact that the curves in question 
were originally obtained as the sections of a right circular cone. They 


were discussed from this point of view by the ancient Greeks. 
Z 337 
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217. The Equation of a Conic. Let the directrix be chosen 
as the y-axis and the line through F, perpendicular to the 
directrix as the x-axis (Fig. 190). The codrdi- 
nates of F, may then be taken as (p, 0), 
where p is different from zero. Let P (a, y) 
be any point on the conic. Then 


F,P=V (a py te 
MP=+2 0r'—2 


Di Fie. 190 and 
according as is positive or negative. Equation (1), § 216 
then becomes 

V@—pr+ry=st ex. 
Squaring both sides of this equation and simplifying, we have 
(2) —@)e?+7—2px+p?=0. 
This is the equation of the conic. For, the coédrdinates of 
every point (x, y) satisfying the definition of the conic will 
satisfy equation (2), and conversely, every point whose coér- 
dinates satisfy equation (2) will satisfy equation (1). Why? 

This is an equation of the type considered in §183. It 
represents an ellipse if 1— e?>0, a hyperbola if 1—e&<0, 
and a parabola if 1— e?=0. Hence we have, © 


A conic is an ellipse, a parabola, or a hyperbola according as 
the eccentricity e is less than 1, equal to 1, or greater than 1. 


THE. ELLIPSE 

218. Standard Equation of the Ellipse: e<1i. We have 

seen in §183 how to determine the locus of equation (2) 

by completing the square. If we apply the same method 
here, equation (2) may be written in the form 


2p p y p p? 
3 2 SS —_—_—_—_—_— ES Se : 
(3) | 2 = & = 7 spare : Ta! ado: ri 
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or 


4 in SY ee eS ee 
. [Sata] trance 


Since 1 —é? is positive by hypothesis this equation represents 
an ellipse whose center is at the point (p/(1— ’), 0), and 
whose axes coincide with the two y 
straight linesx = p/(1—e?)andy=0 p 
(Fig. 191). 

Let us move the curve parallel 
to the aaxis through a distance xX 
— p/(1 — e?), i.e. to the left if p> 0. 
Then its center comes to the origin, 
and its equation becomes 


(5) ee ae, Ge 2 


or 
id yp 
(1—e)? 1-—e? 
If we place 
(7) ae =a’, ee = 5, 


the equation of the ellipse in its new position, i.e. with its 
center at the origin (Fig. 192), becomes 


x2 y? aA 
From (7) we have 
(8) b? = a*(1 — e?), 
which shows that b < a, since e< 1. 


If the ellipse is given in the form 
(I,), a and 6 are known. Then the © 
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value of e can be found in terms of aand 6b by solving equation 
(8); this gives 

at — b2 
(9) Seite od 

219. Properties of the Ellipse. It is important to distin- 
guish between the properties of a curve as such and those 
properties which are concerned merely with the relations the 

‘curve bears to the codrdinate axes. Thus the ellipse, as a 
certain kind of curve, is symmetrical with respect to ‘two - 
perpendicular lines called the axes of the curve. The longer 
of the segments on these lines cut off by the curve is called 
the major axis, the shorter one, the minor axis. The inter- 
section of the two axes of the curve is called the center of 
the ellipse. 

Every ellipse, no matter how it is situated in the plane 
of codrdinates, has a major axis and a minor axis as well asa 
center. From the way in which the equation was derived, we 
know also that every ellipse has a focus and a directrix. The 
symmetry of the curve with respect to the y-axis shows that — 
this same curve could have been obtained from a second focus 
F, and a second directrix D,D,' on the opposite side of the 
center. 

We shall now investigate how the two foci and the two 
directrices are related to the major axis, the minor axis, and 
the center. 


220. Foci and Directricés. The original position of the 
focus F, was (p, 0); the abscissa of its new position is 


Since from (7) we know that pe/(1—e)=a, we find the 
coérdinates of the focus F, in the new position to be (—ae,0), 
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(See Fig. 193.) Similarly the equation of the directrix D,D,' 
in its new position is 


0 Ns Me pam 
1 —-¢ 
or 
10 oe 
(0) x=—8 


The second focus F, has the 
coérdinates (ae, 0). The second 


D; 


directrix D.D,' has the equation Fig. 193 
(10") rome 
e 


221. The Ellipse in Other Positions. If the center of 
the ellipse is at the origin and the major axis is on the y-axis, 
the equation of the ellipse is 

x2 2 
C) ates 
where, as before, 2a is the length of the major axis and 2 b is 
the length of the minor axis. The foci of this curve are at the 
points (0, ae), (0, — ae); the equations of the directrices are 
y=+a/e. 

The equation of an ellipse whose center is at the point 
(k, k) and whose axes are parallel to the coédinate axes is 


(II,) Gh, Wo rf (a > b). 


or 


(II,) Ga Wa, (a>) 


according as the major axis is parallel to the w-axis or to the 
y-axis. Finally we can reduce an equation of the form 


(IIT) Ax? + By? + Dx + Ey+C=0, A>0,B>0, 
to the form IT, or II,, if it has a real locus. (See § 183.) 
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222. The Casea=b. The Circle. If a=b the equation 
(I,) reduces to the equation of a circle. The relation a=b 
implies, however, that e=0 and this value of e is excluded in 
the definition of a conic. On the other hand it is clear that 
for a given value of a, as the eccentricity approaches zero, the 
ellipse approaches a circle. At the same time, the foci ap- 
proach the center, and the directrices recede indefinitely. 
Why? Since the circle is a limiting form of an ellipse it is 
classified as an ellipse with equal axes and is counted among 
the conics. 


223. A Geometric Property of an Ellipse. An important 
geometric property of any ellipse follows from the fact that 
the distance from the center to either focus, which we shall 
denote by ¢, is given by the relation 


¢=ae=V a —62 
or 
(it) c= a2 — 6% 


This relation shows that c, a, and 6 are the sides of a right- 
angled triangle in which a is the hypotenuse (Fig. 194). In 
; other words, a circle drawn with its center 
at an extremity of the minor axis and with 
its radius equal to a, will cut the major axis 
in the foci, F, and Fy. 

In computing the elements of an 


venient first to find ¢ from “a and then 
to find e from. the relation * ote 


a. 


* This relation is Bienes to (9), § 218. It ny, be expressed by saying 
that e is the cosine of the angle CFB, Fig. 194. 


ellipse from a and b, it is generally con- | 
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The extremities of the major axis are called the vertices of 
the ellipse. 

The chord through a focus perpendicular to the major axis 
is called a latus rectum. Its length is 2b2/a. Why? 


224. Illustrative Examples, Examrece 1. Given the ellipse 
42+ 9y2?~— 36=0 


Find the coérdinates of the center, the vertices, the foci, and the equa- 
tions of the directrices. 

The given equation may be written in aes 
the form 


co|% 
|S 
re | 


from which follows that a=8, 6b =2. 
Therefore c = Va? — b? = V5 and e = V5/3. 
The -codrdihates of the center are (0, 0), 
the vertices (3, 0) and (— 3, 0), the foci 
(— V5, 0) and (V5, 0) and the equations of 
the directrices are  =— 9/V5 anda =9/V5 

% Fig. 195 
(Fig. 195). 


Exampte 2. Find the codrdinates of the center, the vertices, the foci, 
and the equations of the directrices of the ellipse 


25 x? + 9 y? — 50 x%+ 36 y — 164 =0. 


wieh TET PT 
EEE From § 183, we know that the given equa- 
tion may be written in the form 


25(% — 1)? + 9(y + 2)?= 226, 


or 


We now conclude that the center is. at 

ssa ck a (1, — 2), and that the major axis is parallel 

CEE EEE EE Ee to the y-axis. Here a=5,b =38,c=4,e=#¢ 

Fia. 196 and a/e = 42. Sketching the ellipse we find 

from the figure that the vertices are (1, 3) 

‘and (1, —7), and the foci (1, 2) and (1, —6). The equations of the 
directrices are y = 17/4, y=— 38/4. 
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EXERCISES 
In the following ellipses determine the major axis, the minor axis, the 
codrdinates of the center, the codrdinates of the vertices and foci, and the 
equations of the directrices. Sketch the curves, 


1. 8024 4y?= 12. 7. 327+ 34? = 12. 

2. 4027+ 3y? = 12. 8. 22 4+2y?=8. 

3. 4024 y2 = 16. 9, 44249 y?—16 2—18 y—23=0. 
4. 362? + 25 y? = 144, 10. 9a? + 25y? — 150y =0. 

5. 2024 4y2=38. 11. 402+ y2-—827+4y44=0. 
6. 542+ y?= 75. 12. 942+ 4y?+ 3672-16 y+16=0. 


13. Write the equation of the following ellipses : 

(a) Center at origin, major axis = 4 on x-axis, minor axis = 3. 

(6) Center at origin, major axis = 5 on y-axis, minor axis = 3. 

(c) Center-at origin, major axis = 6, minor axis = 3 (two solutions). 

(d) Center at origin, eccentricity 4/5, foci at (— 2,0) and (2, 0). 

(e) Center at (1, 2), major axis = 6 parallel to x-axis, minor axis = 4. 

(f) Foci at (0, 2) and (0, 8), major axis = 10. 

14, An ellipse has its center at the origin, and its axes coincide with 
the coérdinate axes. The ellipse passes through the points (V7, 0) and 
(2, 1). Find its equation. 

[ Hint. Assume the equation of the ellipse in the form (I,). Finda 
and 6 from the fact that the éllipse must pass through the given points. ] 


15. Find the equation of the ellipse symmetrical with respect to the 
coordinate axes if the major axis is twice the minor axis and the curve 
passes through the point (2, 1). How many solutions ? 


16. Show that the equation of the ellipse whose vertex is at the origin 
and whose major axis is on the x-axis is of the form a2y? = b?(2 ax — 22). 

17. Verify equation (I,) by deriving the equation of a conic whose 
focus is at (— ae, 0) and whose directrix is the line « = — a/e. 

18. Find the equation of the ellipse whose focus is at (0, 0), whose 
directrix is the line « + y — 1 = 0 and whose eccentricity is 1/2. 

19. Find the equation of the ellipse whose eccentricity is 1/3, whose 
focus is at (3, 1) and whose directrix is the line 3”+4y—1=0. 

20. Find the equation of the conic whose focus is at (2, 1), whose 


eccentricity is 38, and whose directrix is the line3%4+y=1. What kind’ 
of a conic is the curve ? 
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225. Focal Radii. The segments FP and F,P joining any 
point P on an ellipse to the foci /, F,, are called the focal 
radit of the point P. 


If the equation of the ellipse is given in the standard form (I,), 
the focal radit of any point P(x, y;) are a — ex, a+ ea. 


Fie. 197 


For, from the definition of an ellipse (Fig. 197), 
F,\P=e-M,P, F,.P=e-PM, 


But from the figure, we have also 
. M,P=%+4a, PM, =~ — My 
e 


Therefore the focal radii are 
F.P=a+ten, M,P=a— ex. 

From these relations follows the important property : 

The sum of the focal radii of any point of an ellipse is constant 
and is equal to the major axis 2 a. 

It may be noted that this relation still holds when the 
ellipse is a circle (e = 0), although the method of its derivation 
is not applicable in this case. An ellipse could, therefore, be 


defined as the locus of a point which moves so that the sum of its 
distances from two fixed points (the foci) is constant. 
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226. Geometric Constructions of the Ellipse. The property 
of the ellipse derived in § 225 gives the construction indicated 
‘in Fig. 198 for the points of the ellipse when the foci and 
the major axis are given. 


Fiag. 198 


The segment AB is the major axis. Different positions of P 
on this segment give corresponding values AP and PB of the 
focal radii of a point on the ellipse. Circles drawn with these 
radii and centers at the foci intersect in points of the ellipse. 
To each position of P on AB correspond four points of the ) 
ellipse. 

A very convenient method of drawing an ellipse is indicated 
in Fig. 199. Two pins are stuck in the paper at the foci and 


=<~f/p 
eas 


Fig. 199 


a loop of thread thrown over them. If a pencil point is in- 
serted in the loop and moved so as to keep the thread taut, it 
will describe an ellipse. Why? 

Another method of constructing an ellipse (much used by 
draftsmen) is based on the fact (§ 179) that if the ordinates of 
the circle a? + y? = a? are shortened in the ratio b: a (b < @) 
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there results an ellipse with major axis 2 a and minor axis 2 0. 
The adjoining figure (Fig. 200) exhibits the method. Explain 
and prove the method correct. 


Fic. 200 


[Hixt. The two circles being of radii b and a respectively, we have 
OR/OQ=b/a; hence, MP/MQ=b/a. Why ?] 


EXERCISES 

1. Construct an ellipse whose foci are 2 inches apart and whose major 
axis measures 3 inches. 

2. Construct an ellipse whose major and minor axes are 2 and 1.5 
inches respectively. 

3. From the property of § 225 derive the equation of an ellipse. 

4, From Fig. 200 show that the codrdinates («, y) of any point on the 
ellipse (1,), p. 339, are given by the equations 

x=acos#, y=bsin@, 
where @ isthe angle MOQ. Do these values of a, y satisfy the equation 
of the ellipse for all values of 6 ? 

5. From the relation between the ordinates of a circle and an ellipse 
whose major axis is equal to the diameter of the circle prove that any 
plane section of a circular cylinder is an ellipse, provided the plane of 
section is not parallel to an element of the cylinder. 

6. Prove from the result of the last exercise that a properly determined 
plane section of an elliptic cylinder is a circle. 


. fe - 
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THE HYPERBOLA 


227. Standard Equations of the Hyperbola. Ife > 1, then 
1 — e < 0, and it is convenient to write (2), § 217, in the form 


(13) (e? — 1)? — 7? + 2 px —p*’=0. 


Completing the square and transforming as in § 218, we 
obtain eo p 2 " yp = pre . é 
e—1 @e@—1 (e&—1) 


This equation represents a hyperbola whose center is at the 
point (— p/(e?—1), 0) and whose axes coincide with the lines 
x =— p/(e?— 1), and y=0 (Fig. 201). 


Fig. 201 Fig. 202 


If the curve is moved parallel to the waxis so that its center 
coincides with the origin (Fig. 202), its equation becomes 


a 2 
pe eee 
(@—1? #—1 
If, then, we place 
262 z 252 
(14) P = Or) eo B’, 


the equation of the hyperbola becomes 


; x? y’ 
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From (14) we have the relation connecting a, b, e as 
b? = a?(e? — 1), 
or 
(15) Gog tO, 
Gs 

Here, as in the case of the ellipse, it is important to note 
some of the properties of the curve. It is seen that the 
locus is symmetrical with respect to the line passing through 
the focus and perpendicular to the directrix. This line is called 
the principal axis and the segment of this line intercepted by 
the curve is called the transverse axis and its length is 2a. 
Thé extremities of the transverse axis are called the vertices, 
and the point midway between the vertices is called the center. 
The curve is also symmetrical with respect to the line through 
the center and perpendicular to the transverse axis. The seg- 
ment on this line whose length is 26 and whose mid-point is 
at the center of the hyperbola is called the conjugate axis. 

If a hyperbola has its center at the origin, and if its trans- 
verse axis 2 is on the y-axis, and its conjugate axis is 2 ), its 
equation is , 

(L,) 57 G=-1 


The equation of a hyperbola whose center is at the point 
(h, k), whose transverse axis is 2a, and whose conjugate axis 
is 2), is 


(I1,) Bats _Y =a =1, or (II,) Ga MH Keel Jet 2) 


9 


2 
according as the transverse axis is parallel to the w-axis or the 
y-axis. 

The equation of any hyperbola with axes parallel to the 
codérdinate axes may be written in the form 


(III) Ax? By?+Dx+Ey+C=0, A>0, B<0; 
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and every equation of this form (A > 0, B < 0) represents a 
hyperbola or a pair of straight lines (cf. § 183). 

As in the case of the ellipse, it is easy to show that every 
hyperbola has two foci on the transverse axis, one on each 
side of the center and at a distance 
c from the center, where 


c? = ae? — a2 + b?, 


With each focus is associated a 
directrix perpendicular to the trans- 
verse axis and at a distance a/e 
from the center (Fig. 202). 

The latus rectum, 7.e. the chord 
through the focus and perpendicular to the transverse axis pro- 
longed, is of length 26?/a. The asymptotes of the hyperbola 

(@—h?_ (WP _y 
a 62 


i eo) X 
/ 


Fia. 202 (repeated) 


are the lines 
x—h) (y—k)? 
(16) G— Bt _ WB? =. 


228. Geometric Properties of the Hyperbola. The segment 
from the center to a focus of a hyperbola is the hypotenuse of 
a right-angled triangle whose legs are the semi-transverse and 
semi-conjugate aves. Why? It is readily seen, moreover, 
that, if a rectangle be constructed by drawing lines through 
the extremities of each axis parallel to the other axis, the 
diagonals (extended) of this rectangle are the asymptotes of 
the hyperbola (Fig. 202). The circle drawn on either diagonal 
‘as a diameter passes through the foci. Why? 


229. Illustrative Examples. 


Exampte 1, Find the coérdinates of the center, the vertices, and the 
foci, and the equations of the directrices and the asymptotes of the hyperbola 
442 —9y?2+ 36 =0. . 


PVs 
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The equation is readily transformed into the form 


It is now seen that the center is at the 
origin and that the transverse axis is along 
the y-axis (Fig. 203). The vertices are 
(0, 2) and (0, —2). Since c=V13, the 
codrdinates of the foci are (0, V13) and 
(0, —V13). The asymptotes are given 
by 422-—9y?=0 or 2%—3y=0 and 
22+3y=0. Since e= V13/2 the equa- 
tions of the directrices are 


y= +444 vis 
VB 


ExAmpP.e 2. Find the coérdinates of the center, the foci, and the ver- 
tices, and the equations of the asymptotes and the directrices of the 
hyperbola 


Se 
ses eeaaseraeratae 16 2? —9y? + 32 + Ly — 209 =0. 
SARS eee ; : 
NG The given equation may be written in 


the form 
16(a + 1)? — 9(y — 3)? = 144, 


(e+1)?_(y—3)?_y 
9 16 


or 


The center is therefore at the point 
(—1, 3) and the transverse axis is parallel 
to the z-axis (Fig. 204). Since a=3, the 
vertices are (2, 3) and (—4, 3). More- 
over, sinceec = V9 + 16=5, the foci are __ 
at the points (4, 3) and (— 6,3). Like- 


Fia. 204 


wise, e = c/a = 5/3 and hence the directrices are x =— a x =; The 
asymptotes are given by 

16(% + 1)? —9(y—3)?=0. 
Why? That is, the asymptotes are the lines 


4x4—8y+18=0, 


and 
4%n+3y—5=0. 
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EXERCISES 
For each of the following hyperbolas determine the transverse axis, the 
conjugate axis, the codrdinates of the center, the codrdinates of the ver- 
tices and the foci, and the equations of the directrices and asymptotes. 
Sketch the curves. 


1. 32?-—4y?= 12. 7. —92?+4 y? = 36. 

2. 4e2—3y?= 12. 8. y2 — 20? = 4. 

3. 402-37? =— 12. 9. 442— 12y2— 82 — 24y —56=0. 
4. 83¢2?— 4y?=— 12. 10. 502?—4y? 4+ 10% 4 25=0. 

5. — 8602+ 25 y? = 144. 11. 992 —16y?4 18% — 96y — 279 = 0. 
6. 2—y=1. 12. a —y42e—2y=2. 


13. Write the equations of the following hyperbolas : 

(a) Center at origin, transverse axis = 6 on x-axis, conjugate axis = 4, 

(b) Center at origin, transverse axis = 8 on y-axis, conjugate axis = 10, 

(¢) Center at origin, transverse axis and conjugate axis=4, axes 
coinciding with coérdinate axes. Two solutions. 

(d) Center at origin, focus at (5, 0) and trausverse axis = 8. 

(e) Center at origin, transverse axis = 8, focus at (0, 5). 

(f) Center at origin, focus at (5, 0), conjugate axis = 8. ~ 

(g) Center at (1, 2), transverse axis = 6 parallel to x-axis, conjugate 
axis = 4. 

(h) Center at (0, 8), focus at (0, 5), Gat nente axis = 2V3. 

(4) Foci at (1, 2) and (1, — 8), transverse axis = 6. 

14. A hyperbola has its center at the origin and its axes on the 
coérdinate axes; it passes through the points (0, V8) and (2,3). Find 
its equation. 

[Hint. Since one point of the hyperbola lies on the y-axis, the equation 
may be assumed in the form I,, i.e. 


eo 
and a and } may then be determined. ] 


15. Show that the equation of any hyperbola whose vertex is at the 
origin and whose transverse axis is on the «-axis is of the form ay? = 
b2(2ax +47). (See Ex. 16, p. 344.) 

16. A hyperbola whose asymptotes are at right anulee’ is called rectan- 
gular. Prove that the equation of a rectangular hyperbola may be written 
in the form x? — y? = @?. 
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230. Focal Radii of the Hyperbola. If P(x, y,) is any 
point on the hyperbola whose equation is 


the focal radii FP and F,P are given by the equations 
F.P= ex, +a, F,P= ex, — a. 


The proof of the above statement is left as an exercise. It 
is analogous to the corresponding proof ‘n the case of the 
ellipse (§ 225). 

Hence, the difference of the focal radii of any point on a hyper- 
bola is a constant. 

A hyperbola could, therefore, be defined as the locus of 
a point which moves so that the difference of its distances from 
two fixed points (the foci) remains constant. 


231. Conjugate Hyperbolas. Any hyperbola determines 
uniquely a second hyperbola whose transverse and conjugate 
axes coincide in position and length with the conjugate and trans- 
verse axes respectively of the first 
hyperbola (Fig. 205). Thus, if the 
equation of the first hyperbola is 


the equation of the second hyper- 
bolais 2 42 
peas Fia. 205 
Each of the two hyperbolas thus related is called the conjugate 
of the other, and the two hyperbolas are called conjugate 
hyperbolas. 
Two conjugate hyperbolas have the same asymptotes. Why? 
2a 
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EXERCISES : 


1. Geometric construction of the hyperbola. Show how to construct 
a hyperbola given the foci and the length of the transverse axis by a 
method depending on the property of the hyperbola derived in § 230 
and entirely analogous to the first method described in § 226 for con- 
structing the ellipse. 


2. Derive the equation of the hyperbola from the definition suggested 
at the end of § 230. [Let the foci be Fi(c, 0) and F2(—c, 0) and let 
the constant difference of Fi P and F2P be 2 a. ] 


3. What is the equation of the hyperbola x? — y?= q? after it has 
been rotated about the origin through an angle of 45°? (Cf. § 190.) 


4. From the result of Ex, 3 determine the length of the transverse axis 
of the hyperbola xy = k. 


5. What are the equations of the hyperbolas conjugate to the hyper- 
bolas in Exs. 1-12, p. 352? 


6. Prove that the foci of two conjugate hyperbolas are on a circle. 


THE PARABOLA 


232. Standard Equations of the Parabola. If in § 217 we 
let e=1, equation (2) becomes 


(17) P—2pe+p?=0. 
or 


us) stat (2-2) 


We saw in § 183 that this equation repre- 
sents a parabola whose vertex is at the 
point (p/2, 0) and whose axis coincides 
with the line y = 0 (Fig. 206). If the curve is moved parallel 
to the x-axis so that its vertex coincides with the origin, the 
equation of the curve becomes | 


(1,) a = 2 px. 


The focus of the curve is now at the point (p/2, 0) and its 
directrix is the line «= — p/2 (Fig. 207). 


Fia. 206 
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The following theorems follow directly. Their proofs are 
left as exercises. 

The equation of a parabola whose vertex is at the origin 
and whose axis coincides with the y-axis is 


(1,) xe=—2 py. 


The equation of a parabola whose vertex 
is at the point (h, k) and whose axis is 
parallel to the z-axis is 


D, 
(IT_) (y—k)?= 2 p(x — h). Fra. 207 


The equation of the parabola whose vertex is at the point 
(A, k) and whose axis is parallel to-the y-axis, is 


(II,) (x — hy? =2 p(y — 2). 


The equation of any parabola whose axis is parallel to the 
x-axis is of the form 


(IIT,) By? + Dx + Ey+C=0. 


The equation of any parabola whose axis is parallel to the 
y-axis is of the form 


(III,) Ax? + Dx + Ey + C =0. 


The distance from the vertex to the focus and from the 
directrix to the vertex of the parabola y? = 2 px is p/2. 


233. Geometric Properties of the Parabola. The chord 
drawn through the focus and perpendicular to the axis is 
called the latus rectum. Its length is twice the distance from 
the focus to the directrix. 

The focal radius connecting any point P(a,, y1) on the parabola 
y? = 2 px to the focus is equal to a, + p/2. 


The proofs of these properties are left as exercises. 
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234. Illustrative Examples. Examrie 1. Given the parabola 
“?=6y. Find the coérdinates of the vertex and 
the focus, and the equation of the directrix. 
Sketch the curve. 

The vertex is at (0, 0) and the axis of the 
curve coincides with the y-axis (Fig. 208). The 
distance from vertex to focus is 3/2. Therefore 
the focus is at (0, 3/2). Likewise, the distance 
from vertex to directrix is 38/2. Hence the equa- 
tion of the directrix is y=— 3/2. To sketch the 
curve, mark the focus, draw the latus rectum and 
then sketch the curve. 


Exampur 2. Given the parabola y2=—82+2y+15. Find the codrdi- 
nates of the vertex and the focus, and the 


equation of the directrix. Sketch the curve. HH Hee HH 
The given equation may be written as AS 

B 

Wa epee tS HAH 

Therefore the vertex is at (2, 1) (Fig. 209), Sn ae 
and the axis is parallel to the a-axis. The x 
distance from vertex to focus and from —- 
directrix to vertex is —2. Therefore the HH 
focus is at (0, 1) and the equation of the 4 


directrix is #=4. The curve is readily 
sketched by plotting the focus and marking 
off the latus rectum. It may also be sketched by plotting another point 
or two, 
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EXERCISES 


Sketch each of the following parabolas. Determine the codrdinates 
of the vertex and the focus, and the equation of the directrix. 
. 


1, y2=42. 4. y2a=—4442. 7. o®%=4y42, 

2. y=—42. BUG tmnt e 8. ow =—4y42. 
3. y=4a +4 2. 6. g=—4y. 9. y2 = 6a +4 12. 
10. 2? +4e0—4y+6=0. 13. y2=—4x442y+8. 

11, y27-2%—4y—8=0. 14, y24+2u%—4y=0. 


12. 22+y+1=0, 15. 2?-—2242y=0. 
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16. Write the equation of each of the following parabolas : 

(a) Vertex at (0, 0) and focus at (2, 0). 

(6) Vertex at (0, 0), axis coinciding with y-axis, curve passing through 
the point (8, 4). 

(c) Focus at (— 1, 8) and directrix the line x-—1=0. 

(d) Vertex at (1, — 2), axis parallel to a-axis, distance from vertex to 
focus equal to 2. 

(e) Vertex at (0, 2), directrix parallel to x-axis and parabola passing 
through the point (2, 1). 


235. The Intersections of Conics and Straight Lines. The 
coérdinates of the points of intersection of the ellipse 


(19) Ba + ay? = a*h? 
and the straight line 
(20) y=met+h, , 


are found by solving these two equations simultaneously for 
(x, y). Eliminating y, we obtain the quadratic equation 

(21) - (6? + a?m?)a* + 2 mk + a?(k? — 6?) = 0, 

the roots of which are the abscissas of the points of intersection. 
For each of these roots the corresponding ordinate is found by 
substituting in (20). Why not in (19)? We accordingly ob- 
tain, in general, two solutions (a, y). These solutions are real 
and distinct, real and equal, or imaginary, according as 

(22) b? + a?m? —k? > 0, =0, or <0. 

Corresponding to these three cases, the straight line intersects 
the ellipse in two distinct points, in two coincident points (i.e. 
in a single point), or not at all. 

The discussion just given includes for a=b the ease of the 
intersection of a circle and a straight line. 

To treat the intersection of the hyperbola bx? — ay? = a*b? 
with the straight line (20), we need only notice that alge- 
braically we can reduce this problem to the preceding by 
simply writing — 0? for 6. Why? 
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This leads to the equation 
(a2m? — b2)a? + 2 a?mka + a?(k? + b?) = 0. 

This is a quadratic equation unless a#m?—b?=0. If am? — 6b? 
= 0, the line (20) is parallel to an asymptote, and, if k + 0, it 
meets the hyperbola in only one point. If k=0 the line is an 
asymptote and does not meet the curve atall. If a?m?—b2+0, 
we conclude that the line (20) intersects the hyperbola in two 
distinct points, two coincident points (i.e. in only one point), or 
not at all, according as 
(23) k—am+?>0, =0, <0. 

Finally, the line (20) will meet the parabola 
(24) y= 2px, 
in the points whose abscissas are the roots of the equation 
mx? + 2(mk — p)a + k? = 0. 
If m =0, the line meets the curve in only one point. If m+ 0, 


_ the line will intersect the parabola in two distinct points, two 
coincident points, or not at all, according as 
(25) p—2mk>0, =0, or <0. 
Similar results are evidently secured also for straight lines 
«=k, parallel to the y-axis. We then have the theorem : 

Any conic is met by a straight line in the plane of the conic in 
two distinct points, a single point, or not at all. 


EXERCISES | 
1. Draw figures illustrating all the results of the last article. 


_ 2. Ina manner similar to that of the last article discuss the intersec- 
tions of the line y = mx + k and the conic y? = 2 px — gx?. 
3. Derive conditions analogous to (22), (23), and (25) of the last article 
when the straight line is assumed in the form Aw + By+ C=0, These 
conditions are slightly more general than those given in the text. Why ? 
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236. Tangents and Normals. Slope Forms. If, fora given 
value of m, the value of k in the equation y = mx + k is so deter- 
mined that the intersections of the line y = ma + k with a given 
conie coincide, i.e. so that the quadratic equation determining 
the abscissas of the points of intersection has equal roots, the 
line will be tangent to the conic. Why? (See § 209.) 
The slope forms of the equations of the tangents to a conic 
result directly from the middle one of each of the conditions 
(22), (23), and (25) for the determination of %. Hence the 
equation of the tangent whose slope is m is: 
for the ellipse b?2? + a’y? = a7b?, 


(26) y =mx + Va'm? + 0; 
for the hyperbola b?x? — a2y? = a?b?, 
(27) y= mx + Va'm? — ae 
for the parabola y? = 2 pz, 
p 
2 cs a aN 
(28) y=mx+ ie 


We note that for a given slope the parabola has only one 
tangent, the ellipse two, and the hyperbola either two or none 
according as a’m? — b2>0 or <0. [The condition am? — 0? 
=0 yields the asymptotes. | 

- The line drawn perpendicular to a tangent through its point 
of contact P is called the normal at P. 


EXERCISES 


1. Find the equations of the tangents to the following conics satisfying 
the conditions given, and find for each tangent its point of contact : 

(a) 4%?+ Dy? = 36, m= }. 

(b) y2 = 842, inclination 30°, 45°, 135°. 

(c) 922 — 25 y? = 225, perpendicular to x+y+1=0. 

(d) x2 — y2=1, parallel to 54+ 3y—10=0. 

(e) y2=8-«, perpendicular to 247—3y+6=0. 
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2. Show that the line y = mx + Vb? — a?m? is tangent to the hyper- 
bola b2x? — ay? + a2b? = 0 for all real values of m for which 6? — am? >0. 

8. For what value of & will the line y =22+ 4k be tangent to the 
hyperbola «2 —4y2—4=0? 

4. Find the codrdinates of the points of intersection of the line 
38a—y+1=0 and the ellipse 2? + 4 y? = 65. 

5. Find the points of contact of the tangents y = mx+ Va*m? + b? to 
the ellipse 62x? + a?y? = a?b?. 

6. From the result of Ex. 5 find the equations of the normals to the 
ellipse bx”? + a?y? = a2b? whose slope is m. 

7. By the method suggested in Exs. 5 and 6, find the equation of the 
normal to the hyperbola bx? — ay? = ab? in terms of its slope. 

8. Same problem as Ex. 7 for the parabola y? = 2.pz. 

9. A tangent to the ellipse 622+ q@y? = a?b? will pass through the 
point (#1, y1), if y: = mai + Va2m? + 62. By solving this equation for m 
show that through a given point (#1, y1) will pass two distinct tangents, one 
tangent, or no tangents, according as 62x24 a2y,;2—a?b2 > 0, =0, or < 0. 

10. By the method of Ex. 9, discuss the number of tangents that can 
be drawn from a given point (a, yi) to the hyperbola b2x2 — a?y2 = a2b?; 
to the parabola y? = 2 pa. 


11. Find the equations of the tangents to the parabola y? = 4% which 
pass through the point (— 2, — 2). 

12. Find the equations of the tangents to the ellipse 42? + y? = 16 
which pass through the points (V3, 2); (0, 4); (0, 8). 


237. Tangents. Point Form. The slope of the curve 


(29) Ax? + By? + Dx + Ey + C=0, 
at a point (a, y) on the curve, was found in § 184 to be 
m= — REED 
2By,+£# 
Hence the equation of the tangent to (29) at (a, y,) is 
y-"n= et. 


This reduces to 


(30) 2 Aax+2 Byy+ Dxe+ Ey =2 Av?+2 By?2+ Da, + Ey, 


a 
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Since (a, y,) is by hypothesis on the curve (29), we have 
2 Ax? +2 By? = <2 Dx, —2 Ey,—20C. 
Substituting this value in the right-hand ‘member of (30), 
2 Aww, + 2 Bry + Dx + Ey = — Du, — Ey, —2 0. 


Hence, by transposing and dividing by 2, we obtain the equation 
of the tangent to (29) at the point (a, y,) in the form 


(31) Axx + Byy + DE+*) + pone. C=0. 


This equation is readily written down from (29) by replacing 
x, y’, w, and y by aa, yy, $(@ + 2), and 4(y + y,), respectively. 
By applying this rule to the standard equations of the conics 
which are special cases of (29) we obtain : 

The equation of the tangent at the point (a, y,) 


to the ellipse 
¥=-1 is — = 1; 


b? b? 
to the 2d 
x? —_ y? = is ne Wy _ aaa: 
a » a 8 


to the parabola 
y=2p2e is yy = p(x +X). 


_ EXERCISES 


1. Write the equation of the tangent to each of the following conics 
at the point indicated : 

(a) 42+ 4y? = 8, at (2, 1). 

(b) 422?-—3y?=9, at (8, — 3). 

(c) y2—62%=0, at the point where y =— 3, 

(d) x2 —y?=4, at (2, 0). 

(e) 227—2y?=— 4, at (— 2, 2). 

(f) y2 —4x”=0, at thé extremities of the latus rectum. 
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2. Write the equation of the normal to each of the conics in Ex. 1 at 
the point indicated. i 

3. Find the equation of the normal to each of the conics b?x? + a?y? = 
ab2, 62a? — ay? = a?b*, and y? = 2 px at the point (a, 1). 

4, Prove that the tangents drawn to an ellipse at the extremities of any 
diameter (chord through the center) are parallel. 


5. Show that an ellipse and a hyperbola with common foci intersect at 
right angles. 


6. Show that the tangents at the vertices of a hyperbola meet the 
asymptotes in points at the same distance from the center as are the foci. 


7. Find the angle (in degrees and minutes) at which the two curves 
x? + 2 y2 = 9and y2 + 4%” = 0 intersect. 


8. Show that the secant of the parabola y2 = 2 px joining the points 
(a1, y1) and (a9, y2) onthe curve has the equation 2 px —(y1 + y2)y + yiy2=0. 
Show that this reduces to the equation of the tangent when the given 
points coincide. 


238. Geometric Properties of Tangents and Normals to 
the Parabola. Let the parabola have the focus F, the vertex 
V, and the directrix d, the latter 
meeting the axis VF in D (Fig.: 
210). If the vertex is chosen 
as origin of a system of rectan- 
gular coérdinates and the axis 
is chosen as the waxis, while 
the segment DF is denoted by 
p, the equation of the parabola 
is Y=2 px. Now let P(x, %) 
be any point on the parabola. The equation of the tangent at 
this point is yy =p(w+,). This tangent meets the axis of 
the parabola (the a-axis) in the point 7(— 4, 0). Hence 


TV = VM, 


where M is the foot of the perpendicular dropped from P on. 
the axis. From this, and by the definition of the parabola, 


Fie. 210 ‘ 
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follow the relations 
TF = DM=LP= FP, 


where J is the foot of the perpendicular drawn from P to the 
directrix. Hence TFPL is a rhombus. We conclude further 


that ZLPT=2Z TPF; 


and, if S is the intersection of the diagonals of the rhombus 
TFPL, that the angle FSP is a right angle. Moreover, the 
line drawn through V, the mid-point of 7M, perpendicular to 
TM, passes through S. We have then the following theorems : 


TueoreM 1. The tangent to a parabola at any point P bisects 
one of the angles formed by the focal radius of P and the line 
through P parallel to the axis of the parabola ; the normal at P 
accordingly bisects the-other angle. 


THeoreM 2. The foot of the perpendicular dropped from the 
focus on- any tangent to the parabola is on the tangent at the 
vertex. 

EXERCISES 


1. Prove theorems 1 and 2 of § 288 analytically. 
2. Give a geometric construction for the tangent to a given parabola 
at a given point. (The axis of the curve as well as the curve is supposed 


to be given. ) : 
[A geometric construction means a construction with ruler and 


compass. ] 

3. Given the focus and directrix of a parabola, show how any num- 
ber of points of the parabola can be constructed on the basis of the 
results of the last article. 

4. Given the focus of a parabola and the tangent at the vertex, use 
Theorem 2 of § 238 to draw any number of tangents to the parabola. 
These tangents will give a vivid picture of the shape of the curve; the 
tangents are said to envelop the curve. The curve itself is not supposed 
to be given. 

5. The outline and axis of a parabola are given; show how to 
construct the focus and directrix. 
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6. To construct the tangents to a given parabola from a given 
external point. Assume that the focus and directrix and hence the axis 
are given, 

[Anatysis: If @ is the given point, it 
follows from Theorem 1 of the last article 
that A QI,P; and A QFP, are congruent. 


Hence, Ql; = QF. 


We determine Z; (and Ze), therefore, as 
the intersection with the directrix of the 
circle with center @ and radius QF. Com- 
plete the construction. How is the con- 
struction affected when Q assumes various positions in the plane ? When 
is the construction impossible and why ? What happens when Q is on 
the curve ? 


7. In the figure of Ex. 6, prove that the line through Q parallel to the 
axis bisects the ‘‘ chord of contact ’’ P,P. 


8. If a parabola is rotated about its axis the sur- 
face generated is called a paraboloid of revolution. 
Prove that if a source of light is placed at the focus 
of such a paraboloid*, all the rays issuing from the 
source will be reflected in the same direction (par- 
allel to the axis of the paraboloid). This is the prin- 
ciple of the so-called parabolic reflectors, used on searchlights, etc. 


9. By an argument similar to that employed in § 212, prove that the 
equation of the chord of contact of the tangents drawn from an external 
point (%, y1) to the parabola y2=2pxe is yy=p(%+%). This line 
is called the polar of the given point with respect to the parabola. It is 
defined by its equation even when no tangents can be drawn through the 
given point. 

10. Prove that the polar of a point @ is parallel to the tangent at 
the point in which the line through @ parallel to the axis meets the 
parabola. 


11. Prove that the length of the so-called subnormal MN of a parabola. 
at the point P (see Fig. 210) is independent of the position of P on the 
curve. 


12. Prove (Fig. 210) that TF = FN = FP and that FS =i PN. 


* The focus of the generating parabola is called the focus of the paraboloid. 
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13. Use the relation FN = FP (Ex, 12) to show how to construct the 
normal at a given point P of a parabola (the focus and axis also being 
given). Construct a considerable number of normals in this way and 
show that they envelop a curve. (See Ex. 4 for the meaning of 
** envelop.’’) 


14. Show that any two perpendicular tangents to a parabola intersect 
on the directrix. 


239. Geometric Properties of Tangents and Normals to 
the Ellipse. If for any ellipse we let the codrdinate axes coin- 
cide with the axes of the curve, the equation of the ellipse has 
the form 


52a2 + azy? = a2b2,* 
The equation of the tan- 
gent at any point P,(a, y) is 
Bae + @yyy = arb. 


The x-intercept (Fig. 211) 
of this tangent is 


nye o.: 
% 


Fie. 211 


The remarkable thing about 
this result is the fact that it is independent of } and of y,. 
This means that if any other ellipse be given having the axis 
A’A in common with the first ellipse, then the tangent drawn 
to this new ellipse at a point having the abscissa a, will also 
pass through 7. This is therefore true of the circle drawn on 
A’A as diameter.. If A’A is the major axis of the ellipse, this 
circle is called the major circle of the ellipse; similarly the 
circle drawn on the minor axis of any ellipse as diameter is 
called the minor circle. 


* We do not in this article impose the restriction a = b. 


a 
A 
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A geometric construction for the tangent at any point P, of 
an ellipse follows readily from the above considerations (as- 
suming that in addition to the curve one of the axes is given). 
Figure 211 shows the construction using the major circle and, 
in broken lines, the construction using the minor circle. | 

The following theorem is of fundamental importance in dis- 
cussing the geometric properties of the ellipse: 

THEOREM 1. The tangent and the normal to an ellipse at a given 
point bisect the angles formed by the focal radii drawn to the point. 

Proor. Weare to prove that the tangent at P, (Fig. 212) 
bisects the angle F,P,R, and that the normal at P, bisects the 
angle F,P,F, To this end we calculate first the tangent of 
the angle SP,R. Using the equation of the ellipse as given 
above and taking the foci to be F,(c, 0) and F,(— ¢, 0), we have 


the slope of the tangent P,S = — at ; 
a 


the slope of F,R (i.e. F,P,)= : : 


_ The tangent of the angle ¢, from P,S to P,R is then 


e+e wy 
tan = EEE AI PASS . 
see ERAET CT 
ay, (2, + ¢) 
Simplifying this expression, we find 
tan 9, = sls . 
CY 


The tangent of the angle ¢, from P,S to PF, may evidently 
be obtained by simply changing ¢ to —c in the last result. 
(Why?) Hence, be 


CY; 
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We conclude that ¢.=— ¢,. This proves that P,S bisects the 
angle F,P,R. That the normal bisects the angle F,\P,F, 
follows at once from elementary geometry. 

The theorem just proved leads at once to another geometric 
construction for the tangent (and normal) to an ellipse at 
a given point, supposing the foci of the ellipse are known. 


THEOREM 2. The foot of the perpendicular dropped from 
either focus on any tangent to an ellipse lies on the major cirele. 


Proor. (See Fig. 212.) Let S be the foot of the per- 
pendicular dropped from F, on the tangent P,S, and let it 
meet the line F|P, in R. Then F,P,R 
is an isosceles triangle (why?) with 
P,R=P,F,. We have then 


F.R=F,P,+P,F,=2a. (§ 225) 


Also § is the mid-point of F,R and 
O is the mid-point of FF. Hence 
OS=}F,R=a, and S is on the major 
circle. 

We should note also that, if Q is any 
point on the tangent P,S, then QR = QF, which is important 
in connection with the problem of drawing the tangents to an 
ellipse from an external point. (See Ex. 5, below.) 


Fig. 212 


EXERCISES 


1. Show how to construct the tangent to a given ellipse at a given 
point. (Two constructions, one using the major circle, one using the 
foci.) 


2. Show that, in Fig. 211, OA is a mean proportional between OM 
and OT. 


3. Show that, in Fig. 212, OF; is the mean proportional between the 
- intercepts on the a-axis of the tangent and normal at P). 
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4. Prove analytically that (Fig. 212) is on the major circle. 


5. Show how to construct the tangents to an ellipse from a given ex- 
ternal point Q. [Hinr: Construct R (Fig. 212) as the intersection of two 
circles, one with center F the other with center Q.] 


6. Show that if a right angle moves with its vertex on a given circle 
and one of its sides passing through a fixed point within the cirgle, the 
cther side will envelop ah ellipse. . 


7. Use the result of Ex. 6 to construct a considerable number of tan- 
gents to an ellipse, given the major circle and one focus (the outline of 
the ellipse is not supposed to be given in advance, but will appear vividly 
after this problem is solved). 


8. If an ellipse is rotated about its major axis the surface generated is 
called a prolate spheroid. Show that sound waves issuing from one focus 
will be reflected by the surface to the other focus. This principle is used 
in the so-called ‘‘ whispering galleries.”’ 


9. By an argument similar to that used in § 212 show that the equation 
01 /a? + yyi/b? = 1 is the equation of the line joining the points of contact 
of tangents drawn from (a1, yi) to the ellipse «?/a? + y?/b? = 1. 


240. Geometric Properties of the Hyperbola. Many of 
the geometric properties of the hyperbola are similar to cor- 
responding properties of the ellipse, which is to be expected 
in view of the similarity of their equations. The following 
two theorems are fundamental : 


TuHEeoreM 1. The tangent at any point of a hyperbola bisects 
the angle between the focal radit drawn to the point. The normal 
bisects the adjacent supplementary angle. 


THEorEM 2. The foot of the perpendicular dropped from 
either focus on any tangent to a hyperbola is on the circle drawn 
on the transverse axis as diameter. 


The proofs of these theorems are left as exercises. They 
are similar to the proofs of the corresponding theorems on the 
ellipse. Draw figures illustrating Theorems 1 and 2. 
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Certain new properties of the hyperbola relating to the 
asymptotes will be found among the exercises below. 


EXERCISES 


1. Show how to construct the tangent and the normal to a given 
hyperbola at a given point. 

2. If P is any point on a hyperbola, OA the semi-transverse axis, 
M the foot of the perpendicular dropped from P on OA (produced), and 
T the point in which the tangent at P meets OA, prove that OA is a 
mean proportional between OM and OT. 


3. With the notation of Ex. 2 show that OF, is the mean propor- 


tional between ON and OT, F, being the focus on OA and WN the point 
in which the normal at P meets OA (produced), 


4. Prove Theorem 2 (§ 240) analytically. 


5. Show how to construct the tangents to a hyperbola from an ex- 
ternal point. 

6. Show that if a right angle moves with its vertex on a given circle 
and one of its sides passing through a fixed point outside the circle the 
other side will envelop a hyperbola. 


7. The construction of tangents to a hyperbola analogous to Ex. 7, 
p. 368. 

8. Use Ex. 3 above and Ex. 3, p. 367, to show that an ellipse and 
hyperbola having the same foci intersect at right angles. 

9. Prove that, if a tangent to a hyperbola meets the asymptotes in 
T, and T>», the point of contact of the tangent is the mid-point of the 
segment 7,7. 

10. Prove that the area of the triangle formed by any tangent and the 
asymptotes of a hyperbola is constant (= ab). 

11. Show that if a straight line cuts a hyperbola in P; and P, and the 
asymptotes in Q; and Q2 the segments P,Q: and P2Qo are equal. Use 
this result to construct any number of points of a hyperbola when the 
asymptotes and one point of the curve are given. 


12. By an argument similar to that used in § 212 show that the 
equation sai/a® — yyi/b2 =1 is the equation of the line joining the 
points of contact of the tangents drawn from (#1, yi) to the hyperbola 
a2/a? — y2/b? = 1. ; 

2B 
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241. The Conics as Plane Sections of a Cone. We stated 
in § 216 that the ellipse, hyperbola, and parabola could all be 
obtained as the plane sections of a right circular cone. This 
we shall now proceed to prove. In doing so we shall get the 
machinery for solving problems of a more general type. 

If a point P in a plane a (Fig. 213) is joined to a point 
S not in @ by a straight line SP, the intersection P’ of SP 
by a plane «' is called the projection 
of P from § upon e@!. Similarly, if 
all the points of a curve C in « be 
joined to S, the intersections of these 
lines with a plane e@' form a curve C’, 
which is called the projection from S 
of the curve C. The point S is called the center of projection, 
and the process described is called central projection, to dis- 
tinguish it from orthogonal projection previously considered 
(e.g. in § 135). 

If, now, the curve C in the plane « is a circle, the lines 
through S and the points of this circle form a cone with vertex 
S. This is not a right cone, in general. As the lines through 
S are not supposed to terminate in S; we get a so-called com- 
plete cone, or cone of two nappes, which consists of two con- 
gruent ordinary cones placed vertex to vertex so that their 
axes form a straight line. It will now be clear that a plane 
section of this cone is the same as the projection of the circle 
C from the vertex upon tite plane of section. 

We have then reduced the problem to that of finding the 
central projection of a circle. We will solve it by finding the 
relation between the codrdinates of a point Pin @ and the co- 
ordinates of the corresponding point P’in «'. To this end 
(Fig. 214)-let O be the foot of the perpendicular dropped from 
S on the line of intersection of the planes « and @'. Let O be 


Fic. 213 
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the origin and let the line of intersection OY of the two planes 
be the y-axis in the system of coérdinates in each of the two 
planes. Let the line OX perpendicular to OY in a@ be the 
#-axis in #, and the line OX' perpendicular to OY in «' be the 
e-axis ine’. Let the angle between the two planes be 6; then 
X'OX= 6. Now let P(#, y) be any point in the plane «, and 


Fic. 214 


let P'(a', y') be the projection of P from 8. We seek the 
relation connecting the coérdinates a, y, x', y'. 
Draw ST parallel to OX, and represent the length OS by h. 
Then we have h h 
T ——————— TS = —— 
Q sin 0’ tan 6 


We then have from similar triangles 


a! :(TO+2')=2: TS, 
y':y¥=SM':SM=TM': TO. 


If we substitute the values of TO, TS, and TM' (= TO++2’), 
we obtain ; 
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and i Sas h 
sin 6 
h ‘ 

sin 6 


Solving these equations for w and y, respectively, we have 
__ hcosd ca” hy’ 


~ sin 6- a +h’ AS ine 


If these expressions be substituted for x and y in the equa- 
tion of any curve in the plane «, the resulting equation in 2’ 
and y’ will be the equation of the projection of the curve in @’. 
To solve the problem we proposed at the outset, let the curve 
in the plane a be the circle 


2 + y = a’. 

The equation of the corresponding curve in @’ is then 

h? cos? 6 - x’? + h2y’2 = a? sin? §- x2 + 2 ha? sin 6- a’ + arh2. 
Collecting like terms, we have 

(h2 cos? 6 — a? sin? @) a’? + h?y’2 — 2 ha? sin 6- a’ — ath? = 0). 
We see at once that this is the equation of a conic. It is an 
ellipse, a parabola, or a hyperbola according as 

h2 cos? @— a? sin? 6 >0, = 0, or < 0, 
i.e. according as 1 
tan @—~< 0, =0, or > 0. 
‘fa 


But h/a is the tangent of the angle ¢ which an element of the 
cone with vertex S makes with the plane a. If @ is less than 
this angle ¢, the section of the cone is an ellipse; if 6is equal 


to #, the section is a parabola; and if @ is greater than 4q, . 


the section is a hyperbola. Note that this result is in accord- 
ance with our geometric intuition of the situation. 


7 
Ao . 

rr , - 
a ——— 


XIII, § 242] THE PARABOLA 373 


EXERCISES , 


1. Prove that the central projection of any circle is a conic; that is, 
that a plane section (not through the vertex) of any circular cone (not 
necessarily a right cone) is a conic. 


[Hixr: Complete generality will be secured by taking the equation of 
the circle in @ to be a? +y2+de%+ce=0. Why?] 

2. Prove that the central projection of any conic is a conic. 

3. Prove that the central projection of a straight line is a straight line. 


4. Prove that there exists in @ just one straight line which has no 
corresponding line in @/, namely the line of intersection of @ with the 
plane through § parallel to @’. This line is called the vanishing line of «. 


5. Prove that the central projection of a circle in @ is an ellipse, a 
parabola, or a hyperbola, according as the vanishing line in @ meets the 
cirele in no points, one point, or two points. 


242. PolesandPolars. Diameters. We have had occasion 
in several exercises to note that the equation which represents 
the tangent to a conic at the point P,(#,, y,) when P, is on, the 
curve, represents a straight line called the polar of P, when P, 
is any point in the plane. PP, is then called the pole of the 
line with respect to the conic. The polar of a point on the 
conic is then the tangent at the point. We have also seen, 
that the polar of a point P; through which pass two tangents 
to the conic is the line joining the two points of contact of the 
tangents. In the more extensive geometric theory of conics 
poles and polars play an important role. 

A straight line passing through the center of an ellipse or 
hyperbola is called a diameter of the conic. Every diameter 
of an ellipse meets the curve in two points; some of the 
diameters of a hyperbola meet the curve in two points. These 
points are then called the extremities of the diameter, and the 
distance between them is called the length of the diameter. 
Any line parallel to the axis of a parabola is called a diameter 
of the parabola. Other properties are given in exercises below. 
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MISCELLANEOUS EXERCISES 
Properties or POLES AND POLARS 


1. Write the equation of the polar of each of the following points 
with respect to the conic given, and draw the corresponding figure : 

(a) (1, 5); 22? + y? =4. (d) (-1, 38); 2 +y2+42—6y—2=0. 
(b) (2,0); 422—9y2=36. () (2, —3); 7? =6a. 

2. Find the pole of the line 3%x—4y+412=0 with respect to the 
following conics : 

(ay 822 +4y2?=12; (b) o—5y2=20; (c) Y=8a; (d) =4y. 

3. Prove that in any conic the polar of a focus is the corresponding 
directrix. 

4. Prove that in any conic, if P; and P2 are two points such that the 
polar of P; passes through P2, the polar of P, will pass through P,. 

5. From the result of the last exercise follows geometrically the follow- 
ing theorem : If a straight line be revolved about a point P and tangents 
are drawn at the points where it meets a conic, the locus of the intersec- 
tion of these pairs of tangents is the polar of P with respect to the conic, 
or apart of the polar. Which part will it be ? 


6. Prove that the polar of any point on a directrix of a conic passes 
through the corresponding focus. [See Exs. 8 and 4, ] 


7. A straight line through a point P; meets a conic in C; and C2, and — 
the polar of P; in @. Prove that P; and @ divide the segment CC, in- 
ternally and externally in the same ratio. 


[Sotution: Let Py(a1, y1) and Po{xe, y2) be any two points. Then 
the point P whose simple ratio with respect to P; and Pz, is \ has the co- 


dinat 
> ee M+ dy _ ort Aye, 


Tek we 


oes 


If these be substituted in the equation of the ellipse b2z2 + ay2 = q2b? and 
the resulting equation arranged as a quadratic in \, we have 


Bette MEY (eet 1)r+(S +4 1) =o. 


The roots of this equation are the simple ratios of the points P, and Ps, 
respectively, with respect to the points C,, C2 in which the line P, P, meets 
the ellipse. If the segment Ci, C2 is to be divided internally and ex- 
ternally in the same ratio the roots \i, Az of this equation must be equal 
numerically, but opposite in sign, ¢.e.\1 + Ag must be zero. The coefficient 
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of \ in the above equation would then be zero, if the theorem to be proved 
is true, But the condition 


oo eg St) a Po 
ee es 


is precisely the condition that P2(x2, y2) be on the polar, 


ct ge 
az. Be 
of P, with respect to the ellipse. The similar proofs for the hyperbola and 
parabola are left as exercises. ] 


’ 


8. Two points P, Q on the line joining two given points C,, C2, are 
said to divide the segment Cj C2, harmonically, if they divide the seg- 
ment internally and externally in the same ratio (i.e. if O:P/POQ.= 
— (1Q/QC2). Show that the result of the last exercise leads to the fol- 
lowing : The locus of a point Q, such that a given point P and the point 
Q divide harmonically the segment joining the points in which the line PQ 
meets a conic is the polar of P with respect to the conic, or a part of the 
polar. Which part is it? (Compare with the similar question in Ex. 5.) 


PROPERTIES OF DIAMETERS 


9. Prove that the locus of the mid-points of the chords of a conic 
drawn parallel to a given chord is a diameter of the conic. 

{SoLuTion FoR THE Ex.iese: Let the equation of the ellipse be 
b2x:2 + ay? = a?b?, and Jet the slope of the given chord be m. Then any 
chord parallel to the given chord isy=mx-+k. The abscissas 2, x2 of 
the points in which this chord meets the ellipse are the roots of the 

ti 
_— (b2 + a2m?) a2 -+ 2 amie + a2(K2 — b2) =0. 
The sum of the roots of this equation is 
2 a®mk 
L2 = — ————_- 
%1 + X2 + atm? 


The coordinates (2', y’) of the mid-point of the chord are then 
See 
62 + a2m? 


amk 


es / = 
ie ie rer ee 


a! = $(%1 + 2) = 
The codrdinates x’, y! then satisfy the equation y =—(b*x)/(a?m), no 
matter what the value of & is.’ The locus of the mid-points of the 
chords whose slope is m is, therefore, the straight line whose equation is 
y =—(b%x)/(a*m). Since this straight line passes through the center of 


376 MATHEMATICAL ANALYSIS  [XIII, § 242 


the ellipse, the theorem is proved for the ellipse. The similar proofs for 
the hyperbola and parabola are left as exercises. ] 


10. From the result of the last exercise, show how to construct a 
diameter of any conic, and hence (in case of ellipse and hyperbola) how 
to find the center, when only the outline of the curve is given. 


11. Having given the outline of an ellipse’or hyperbola, construct the 
center. Then show how to construct the principal axes (make use of the 
fact that the principal axes are axes of symmetry; a circle drawn with 
the center of the conic as center and suitable radius will meet the conic in 
the four vertices of a rectangle whose sides are parallel to the principal 
axes). Then construct the foci and the directrices. 


12. Having given only the outline of a parabola, show how to construct 
the axis, the focus and the directrix. 


13. Show that the tangent drawn to a conic at an extremity of a 
diameter is parallel to the chords which the diameter bisects. 


14. If two diameters of a conic are such that each bisects the chords 
parallel to the other, the diameters are said to be conjugate; and each 
is called the conjugate of the other. Prove that if m, m2 are the slopes 
of two conjugate diameters of the ellipse bx? + ay? = a?b?, then we have 
mim, = — b2/a?, 

15. Prove that, if mi, m2 are the slopes of two conjugate diameters 
of the hyperbola 62a? — a?y? = ab?, we have myme2 = b?/a?. 

16. The only conic for which all pairs of conjugate diameters are per- 
pendicular is the circle. 

17. The polars of the points on any diameter of an ellipse or hyperbola 
are parallel to the conjugate diameter. 

18. If one extremity of a diameter of an ellipse 62x? + a?y2 = a2? 
has the coérdinates (#1, y1), one extremity of the diameter conjugate to 
the given one will have the codrdinates (— y,a/b, «1b/a). 

19. The area of a parallelogram circumscribed about an ellipse whose 
sides are parallel to two conjugate diameters is constant and equal to 4 ab. 

20. Prove that, if a, and 6, are the lengths of two conjugate semi- 
diameters of an ellipse, a2 + b;? = a? + 62. 

21, Prove that any pair of conjugate diameters of the hyperbola 
ba? — ay? = a?b? are also conjugate diameters of 62x? — a2y? =— a?b?. 

22, If a diameter of a hyperbola with center O meets the hyperbola in 


P and the conjugate diameter meets the conjugate hyperbola in Q, prove 
that OP? — OQ? = a? — 62. 


CHAPTER XIV 
POLAR COORDINATES 


243. Review. Polar codrdinates, introduced in §§ 112-114, 
are often useful in studying geometry analytically. The 
present chapter is devoted to illustrating some of the principles 
involved and their applications. 


EXERCISES 

1. What is the locus of points for which p is constant ? 

2. What is the locus of points for which 6 is constant ? 

3. Show that the points (p, @) and (p, — @) are symmetric with respect 
to the polar axis. 

4. Show that the points (p, @) and (— p, @) are symmetric with respect 
to the pole. 

5. Show that the points (p, @) and (p, 6+ 180°) are symmetric with 
respect to the pole. 

6. Find the distance between the points A(2, 45°) and B(7, 105°). 

{Hrxr. Use the law of cosines. ] 


7. Prove that the distance between the points (1, @1) and (pe, 92) is 


V pi” + po? — 2 pipe COS (2 — 01). 


244, Locus of an Equation. ‘The locus of an equation in the 
variables p and 6 is such that: 

(1) Every point whose coédrdinates (p, 6) satisfy. the equation 
is on the locus or curve, and 

(2) A set of codrdinates* of every point on the locus or curve 
satisfies the equation. 

* Not necessarily every set. Thus, the point (2, 60°)=(-— 2, 240°) is on the 
locus of p=1-+2 cos @ ; but the second set of codrdinates does not satisfy the 


equation. 
’ B77 
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The curve may be sketched by computing a table of corre- 
sponding values of p and 6, plotting the corresponding points, 
and then sketching the curve through them. The amount of 
work may often be shortened if one makes usé of the following 
obvious rules for symmetry : 


If a polar equation is left unchanged, 

(a) when @ is replaced by — @, the locus is symmetric with re- 
spect to the polar awis. 

(b) when p is replaced by — p, the locus is symmetric with re- 
spect to the pole. 

(c) when @ is replaced by 180° + 8, the locus is symmetric with 
respect to the pole. 

(d) when @ is replaced by 180° — 6, the locus is symmetric with 
respect to the line through the pole perpendicular to the polar axis. 


It should be borne in mind, however, that none of these rules 
are necessary conditions for sym- 
metry. Why not? 


245. Illustrative Examples. 
We shall illustrate the methods 
f plotting curves in polar coérdi- 
“s ERR IOTI a 
SAPO SSO SN) nates by the following examples. 
SN 


Ly 

SST A 
Nit Ne 
WL 


Kan 
Exampte 1. Discuss and plot the 
locus of the equation p = 4 cos 0. 


a 

aay j The locus is symmetric with respect 
i eet SS seetiaap « to the polar axis. If we plot points 
KH S from 0° to 90°, we obtain the upper 
half of Fig. 215. Then by symmetry 
we obtain the complete graph given in 
Fig. 215. Why ? 


60° | 90° 
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Example 2. Discuss 
and plot the locus of the 
equation p=4 sin? a, 

The locus is symmetric 
with respect to the pole, 
the polar axis, and the line 
through the pole perpendic- 
ular to the polar axis. If 
we plot points in the range 
6=0° to @=90°, and make 
use of symmetry, we have 
the complete figure which 
is given in Fig. 216. 
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Fig. 216 

The branches constructed 
by symmetry should be 
checked by substituting in 
the original equation the 
coordinates of at least one 
point on each branch. Seri- 
ous errors may thus be 
avoided. 


Examece 3. Discuss and 
plot the locus of the equa- 
tion p=1+2 cos 6. 

The curve is symmetric 
with respect to the polar 
axis. If we plot points 
from 6=0° to 6=180°, we 
get the points shown in 


Fig. 217. Then by symmetry we get the complete graph, or the curve 


in Fig. 217. 
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EXERCISES 


Are the following loci symmetric with respect to the pole? The polar 
axis? The line through the pole perpendicular to the polar axis ? 


1. p=acos#@. 5. p?=acos 26. 9. p=asin? 6. 
2. p= asin @. 6. p2?=asin 286. 10. p= sine. 
3. p=a (1—cos8). 7. p=acos2é. it, p=8. 

4. p=a(1-—sin #). 8 p=asin 26. 12. p?cos@ =4. 


Discuss and plot the locus of each of the following equations. 


1S p= 0; 22. pcos@= 4. 31. p=1+42siné 
14. p= — 5. 23. pcosd@= —4. 32. p=1—2cos8. 
15. p? = 25. 24. psind=5. 33. p=1—2siné. 
16. 6 = 30°. 25. psind= — 5, 34. p=2 + cosé. 
17. d= — 380°. 26. p=1—cos@. 35. p=2+sin0. 
18. p= 8cos 8. 27. p=1+cos@. 36. p=4tand. 
19. p= — 8cos0. 28. p=1—sin 0. 1 

20. p= 8sin 0. 29. p=1+4siné. 4; C1 Sonne 
21. p=— 8siné. 30. p=1+8cos@. 


246. Standard Equations. We shall now derive polar equa- — 


tions for the straight line and the conic 
sections. 

The straight line. Let CD be any straight 
line (Fig. 218) ON =p the perpendicular 
let fall upon it from the pole O, and « the 
angle which this perpendicular makes with 


Fic. 218 the polar axis. Let (p, 6) be any point on 
the line. 
Then DNS 08 (@—«a) or cos (a —6). 


But by § 120, 


cos (6 — a) = cos (a — 6). 
Hence 


(1) P= pcos (0 —a) 


is the desired equation. 


: 


¢ 
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If the line is perpendicular to the polar axis, its equation is 
peos@=p. Why? 

If the line is parallel to the polar .axis, its equation is 
p sin 9 = p- Why ? 

The circle. Let C (c, «) be the center of a circle of radius 7 
and P (p, @) any point on the curve (Fig. 219). In the triangle 


Fie. 219 


ocP, OC =e OP=p and the angle COP= + (6-2) 
depending upon the position of the point P. But since 
cos (9 — a) = cos (a — 6), we have from the law of cosines, 
§ 126, ; 
(2) 1? = c? + p? — 2c pcos (8 — a) 
as the equation of the desired locus. 

If the center Cis upon the polar axis (a= nm), equation (2) 
becomes 
(3) 7? = c+ p? + 2c p cos 6. 

If the circle passes through the pole (r = + c), equation (2) 
becomes 
(4) p=+ 2rcos (6 — a). 

If the center Cis upon the polar axis (« = 0) and the circle 
passes through the pole (¢ = + 7), equation (2) becomes 


(5) p= + 2rcos 6. 
If the center is at the pole (c=0), equation (2) becomes p= +7”. 
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The Polar Equation of any Conic. The polar equation of 
any conic may now be derived. Let DD’ be the directrix, F 
the corresponding focus, and e 
the eccentricity. Let the per- 
pendicular through F to DD!’ 
‘meet DD'in L. Let the segment 
LF =p, and take F as the pole 
and the extension of the line LF 
as the polar axis. If P(p, @) is 
any point on the curve and PS 
is the perpendicular from P to 


Fig. 220 DD’, then by the definition of a 
conic, we have FP = eu PSs 
= ’ 
that is, p=e(p+p cos 6), 
or 
e 
(6) SarEry 


1—ecosd 


which is the polar equation of a conic. If e<1, the equation 
represents an ellipse; if e=1,a parabola; e>1, a hyperbola. 


EXERCISES 
1. Derive the equation p = 2 rcos 6 [(5), § 246] directly from a figure. 


2. Derive the polar equation of the ellipse assuming the right-hand 
focus as the pole and the major axis as the polar axis. 


3. Derive the polar equation of a hyperbola assuming the right-hand 
focus as the pole and the transverse axis as the polar axis. 


4, Derive the polar equation of the circle which passes through (0, 0°) 
and has its center at (7, 90°) ; (7, 270°). 


5. Derive the polar equation of the parabola assuming the focus at the 
pole and the directrix the line psind = p; psin@d =— p. 


6. The difference of the focal radii of a certain hyperbola is 3, and the 
distance between the foci is6. Find a polar equation of the curve. 


—_ 
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247. Other Curves. What is the advantage of polar codrdi- 
nates? Why not continue to use only rectangular coérdinates? 
The answer to these questions is that in certain kinds of 
problems polar coérdinates are much more convenient. The 
following examples will illustrate the desirability of polar 
coérdinates. 

The limacon. Through a fixed point O upon any given circle 
of radius a, a chord OP, is drawn and produced to P so that 
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P,P=k, where k is a given constant (Fig. 221). Find the 
locus of P* as P, describes the circle. 
If p=2acos@ is the 
equation of the circle and 
the pole is the fixed point, 
then the locus of P is 


(7) p=2acos6+k. 

If k=2a, the equation 
may be written in the form 
(8) p=2a(1 + cos 6) 
and the curve is known as the 


cardioid, on account of its 
heart-shaped form (Fig. 222). Fic. 222. — The Limacon 


* This curve is‘ known as the limagon of Pascal. It was invented by 
BuaIsE PAscaL (1623-1662), a famous French mathematician and philosopher. 
The word limacon means snail. 'The Germans call this curve die Pascal’sche 
Schnecke. 
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The cissoid. OA is a fixed diameter of a fixed circle (Fig. 
223). At the point A a tangent is drawn, while about the 
point Oa secant revolves which meets the tangent in B, and 
the circle in CG. Find'the locus of a point P on OB so deter- 
mined that OP = CB. 


Fic. 223 


Take O as the pole and OA as the polar axis of a system of 
polar coérdinates. If we denote OA by 2 a, then 
the equation of the circle is p=2acos@. Let P 
be denoted by (p, 6). Now 


p= OP = OB— PB. 
But 
OB=2asec@ and PB= OC =2.acos 8. 


Therefore p=2a(sec 6— cos 6), 
or 


(9) p=2atan 6 sin 6. 
Fig. 224.—The : ; 
Cissoid The locus of this equation is given in Fig. 224, 


The curve is known as the cissoid of Diocles.* 


* Cissoid (Greek, k.cods = ivy) means ivy-like. The Greeks considered 
only the part of the curve lying within the circle. DriocLEs was a Greek 
mathematician who lived sometime between 217 B.c. and 70 B.c. By means 
of this curve, Diocles showed how to construct the side of a cube whose 
volume is twice the volume of a given cube. See Ex. 4, p. 388. ‘ 


— 
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Conchoid of Nicomedes.* A straight line revolves about a 
fixed point O and meets a fixed straight line MN in the point 
Q. . From @ a fixed length is laid off on OQ in both direc- 
tions. The locus of the two points, P and P’, thus determined 
is called a conchoid. 

Let O be the pole and the line OR through O perpendicular 
to MN be the polar axis of a system of polar codrdinates 


Fig. 225. — The Conchoid 


Let (p, 6) be the coérdinates of any position of the generating 
point P(or P’). Then 


p= OP(or OP’) = 0Q + QP= OF sec 6 + QP. 


But OR and QP are given constants; call them a and 0 
respectively. Then 


(10) p=asecO+) 


is the desired equation of the conchoid. 


* Conchoid (Greek, coyxos = mussel) means mussel-like. NICOMEDES was @ 
contemporary of Diocles. He invented the conchoid for the purpose of trisect- 
ing an angle, which is one of the famous problems of antiquity. This prob- 
lem cannot be solved by means of the compass and straightedge alone. 

2¢c 
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248. Spiral Curves. A spiral is a curve traced by a point 
which revolves about a fixed point called the center, but con- 
tinually recedes from or continually approaches the center ac- 
cording to some definite law. 

The spiral of Archimedes is the locus of a point such that its 
radius vector is proportional to its vectorial angle. Therefore 
its equation is 
(11) p= 6, 
where k is a constant.* 

The form of the equation shows that the locus passes through 
the pole, and that the radius vector increases without limit as 


Fie. 226 


the number of revolutions increases without limit. Figure 226 
represents a portion of the locus for k = 7;, with 6 expressed 
in degrees. 
The hyberbolic or reciprocal spiral is the locus of a point 
such that its radius vector is inversely proportional to its vec- 
* In this example, and in those that follow, it is usual to express the angle @ 


in radians; but this is not necessary, since the same result can be obtained by 
choosing a different value for & if 6 is expressed in degrees. 
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torial angle. The equation of the locus is therefore 


(12) If cay 
where k is a constant. 


Figure 227 represents a 
portion of the graph for 


k=70 and for positive SS 
. Mii NSSS 
values of 6 (expressed in Sati ees 
CATT 
degrees). Ry 
The logarithmic spiral 
is the locus of a point Fig. 227 


such that the logarithm of its radius vector is proportional te 
its vectorial angle, i.e. 
(13) log 
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where k is aconstant. If the base of the system of logarithms 
is b, the equation may be written in the form p= 0b". Figure 
228 represents a portion of this locus when 6 = 3, fork = 74, 
with 6 expressed in degrees. 


™ a 
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EXERCISES 
1. Discuss the form of the limagon (7), when |k|<2a. When 
|k|>2a. : 
2. Solve the locus problem used to define the limagon by means of rec- 
tangular coérdinates, and compare the merits of the two solutions. 
3. By taking the line OA (Fig. 223) as the «-axis and the tangent to 
the circle at O as the y-axis, prove that the equation of the cissoid is 


a8 . 
2a-—«“ 


y= 


4. Duplication of a Cube. In the adjoining figure, let MN =a and 
MR=2a. Draw RA and let it meet the cissoid 
in the point D whose ordinate is DZD. Prove 
that LD?=2 O0L%, If MR=n-a prove that 
LD? =n- OL. - 

5. If in Fig. 225 the line MN is taken as the 
x-axis and the line ORA as the y-axis, prove that 
the equation of the conchoid is 

ay? = (y + a)?(b7 — y?), 
Compare the merits of this solution with that on 
p. 385. 


6. Trisection of an angle. Let AOB be the angle to be trisected. 
Through a convenient point A on one side OA of the angle draw AB per- — 


pendicular to OA. Through 
B draw a line BC parallel to 
OA. From O as fixed poini, 
and AB as fixed line, and 
2-OB as a constant dis- 
tance, describe a conchoid 
meeting BC in C. Angle 
AOC: is then 4 AOB. 
(Hint: # is the mid-point 
of DC ; then OB=BE=EC. The result then follows from elementary 
geometry. ] \ 


7. Show that in the conchoid, if 


(a) 6 ><a, the curve has an oval at the left, as in Fig. 225; 
(6) 6b =a, the oval closes up to a point ; 


(c) 6<a, there is no oval and both branches lie to the right of the ; 


point O. 


EE eS 
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8. Draw the parabolic spiral, which is defined by the equation p? = ké. 
Take k = 445 with @ in degrees, and use only the positive values of p. 


9. Draw the lituus, which is defined by the equation p?>=k/6. Take 
& = 90 with @ in degrees, and use only the positive values of p. 

249. Relation between Rectangular and Polar Codr- 
dinates. Take O the origin of a system of rectangular axes 
as the pole, and the positive half of the a-axis as the polar 
axis, of a system of polar coérdinates. 

Let (2, y) and (, 6) be respectively the rectangular and polar 
coérdinates of any point P. Then 2/p= cos, y/p=sind. 
Hence, we have 


x = pcos 6, 
a) Perea: 


It is here assumed that the coérdinates of P are so chosen that 
OP =p and angle XOP=6. This is always possible. If p is 
positive, « always has the sign of cos 6 and y the sign of sin 6. 


Fia. 229 


Conversely, if p is positive, we see from Fig. 229 that 


=e 2 ti Je ee ¥ 
pi =a 7, sin 0 ery 
15 ¥ 
ae 6 = arc tan (2) Gon fies ootetaes 
x Va? + y? 
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EXERCISES 
Transform the following equations into equations in rectangular coordi- 
nates. State in each case whether the graph is easier to sketch from the 
polar or the rectangular equation. 


1. p=1—cos@. 6. p?sin 26 = 3. ATS pose. 
2. p=1+sinée. 7. p?cos26 = 4. 19. Ae 
Asay | 8. p?=cos2 0. 6 

9 p=8. 13. p= asec 0+ Db. 
4. pcosd=5. igre 14. p =2asecé tan 0. 
5. psind=—2. 0 15. p=4cos 280. 


Transform the following equations into equations in polar codrdinates : 


16. 2+ y2?=44. 21. xy = 4. 

17. (a? + y?)2 =a? — y?. 22. xcosa + ysina =p. 

18. x—y=0. 23. (y2+e0?—27)?=42+ 7%, 
19. y2=4¢. 24. 28 = y?(2—72). 

20. 942+ 4y?= 36. 25. x2y? =(y + 2)2(4 — y?). 


MISCELLANEOUS EXERCISES 


Sketch the following curves : 


1. p=acos26, 7. p=acos5bé. 
2. p=acoss 6. 8. p=asin58. 
3. p=asin29é. 7) 
4. p=asin3 0. 2; Fae 
5. p=acos40d. rs 
6. p=asin4s. 10, ae see x: 


Find the points of intersection of the following pairs of curves. Plot 
the curves in each case and mark with their respective codrdinates the 
points of intersection. 


11. p=1+.cos@, 14. p=1+0s8, 
4(1 + cos 6)p = 1. 2p=8. 

12. p=4, 15. p=2(1 —sin 4), 
pcos 6 =2, (1 + sin 6)p=1. 

13. p= v2, 16. p=cos 6, 
p=2sin 6. p=1+2cosé@. 


—-. 


— ~<a sA—" ss. 
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Solve the following exercises by the use of polar coérdinates : 


17. Find the locus of the center of a circle which passes through a 
fixed point O and has a radius 2. 


18. Prove that iffrom any point O a secant is drawn cutting a circle in 
the points P and Q, then OP- OQ is constant for all positions of the 
secant. . 

[Hint. By using equation (2), § 246, show that the product of the 
roots is constant. ] 


19. Secants are drawn to a circle through a fixed point O on the cir- 
eumference. Find the locus of the middle points of their chord segments, 


20. Find the locus of the middle points of the focal radii issuing from 
one focus of an ellipse ; parabola ; hyperbola. : 


21. The focal radii of a parabola are produced a constant length. Find 
the locus of their end-points. 


22. Through a fixed point O on a fixed circle a variable secant OP is 
drawn cutting the circlein R. If RP=3 OR, find the locus of P. 


CHAPTER XV 
‘ PARAMETRIC EQUATIONS 


' 250. Parametric Equations. As a point P(a, y) moves along 
a given curve, the a- and y- codrdinates of the point vary. So 
do many other quantities connected with this point, as for ex- 
ample, in general, its distance OP from the origin, the angle @ 
which OP makes with the wv-axis, its distance from a fixed line, 
ete. It is sometimes convenient to express # and y in terms of 
one of these variables. This third variable, in terms of which 
the variables x and y are expressed, is called a parameter. For 


example, we see that the codrdinates of any point P(a, y) on. 


the circle whose center is at the origin and whose radius is 7, 
can be expressed in the form 


1 x=rcos 8, 
() fears 


Fria. 230 


where @ is the angle XOP (Fig. 230). These are then para- 
metric equations of the circle. If we eliminate the parameter 
6 between these two equations by squaring oe adding them, 


we obtain the equation a2 + y2 = 72, 


which is the rectangular equation of the circle. 
392 


 —————— 
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Similarly, a pair of parametric equations of the ellipse 


a? 2 
(2) atpol 
are 
(3) Saar 
y= bsin 6; 


for, these values. of x and y are seen to satisfy equation (2) 
for all values of 0. 

The geometric interpretation of equations (3) is important. 
In Fig. 231, a geometric construction given in § 226 is used. 


Fia. 231 


The abscissa of P is equal to the abscissa of Q, t.e. a cos 6, the 
ordinate of P is equal to the ordinate of R, i.e. bsin@. There- 
fore the codrdinates of P are r=acosé, y=bsin6. The 
angle 6 is known as the eccentric angle of the point P. We 
should note that 6 is not the angle XOP. 

A pair of parametric equations for the hyperbola 


ae 
” a 
are j 
(5) x=asec 0, y=btanO, 


for these values’of # and y satisfy the equation (4). 
It is important to note that a given curve may have as many 
sets of parametric equations as we please. For example, pata- 


‘ 
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metric equations of a circle may be written in the form 


s=acost, y=asint, 


as above; or they may be written in the form 


2 az a1—#) 
1+2” ec ie 


or in any one of many other forms. 


EXERCISES 
1. Show that « =t,-y =2—t are parametric equations of a straight 
line. 
2. Show that « = } pi?, y =pt are a pair of parametric equations of 
the parabola y? = 2 px. 
8. Write two pairs of parametric equations for the line y = z. 


4, Prove that vadae) . tat 
14+? 1+ 


F 
are parametric equations of a circle. 


5. Write a pair of parametric equations for the rectangular hyperbola 
xv? —y = a?. 


6. Show that «= Acos@+ Bsin é, y= Asin 6— Boos @ are para- 
metric equations of a circle. 


7. Prove that ¢=6+44cos@, y=—2-+8sin6 are parametric equa- 
tions of an ellipse. 


8. Write a pair of parametric equations for the circle 
(= ¢)2 4 Y= b)A 


‘ 
9. Prove that «=6+4sec 0, y=—2-+3tan 6 are parametric equa- 
tions of a hyperbola. 


10. Find the Sy of the tangent to 


@s +8 = 1, at 7; = acos 6}, y; = bsin 4. 


(db) 2 E=1, at % = asec 61, y; = b tan 6. 


(c) y2=2 pa, at x =4 pty, y, = pty. 
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11. Prove that the tangents to y? = 2 px at (4 pty?, pti), (4 pte?, pte) 
meet at the point [4 ptite, 4 p(t + ts) ]. 
2a 


12. Write the equation of the tangent to y2= 4 ax at ay=—% , y, = 2%. 


m2” m4 
13. Show that 


2 eat ie a 
are parametric equations of the curve 23 +-y3 = 3 azy. 

14. Show that x = acos* @, y= asin?6@ are parametric. equations of 
the curve as + ys = a’. 


15. Find the x- and y-equations of the curve whose parametric equa- 
tions are x = a (@— sin @), y=a (1 —cos@). 


251. Sketching Loci of Parametric Equations. If we assign 
a series of values to the parameter and determine the series of 
corresponding pairs of values for 2 and y, we can interpret 
these values as the codrdinates of points on a curve. Plotting 
these points and sketching a curve through them, we have the 
graph of the curve whose parametric equations were given. 

Examete. A pair of parametric equations giving the path of a 


body projected horizontally from a height of 400 ft. with a velocity of 
10 ft./sec., are x= 10t, y= 400 —167¢2. Sketch the locus. 


zi 
400 


400 | 384 | 336 | 256 | 144 


10 20 30 40 60 60 X 


Fig. 232 


In the preceding table are given the values of x and y corresponding 
to the integral values of ¢ from 0 to 5 inclusive, Plotting these points 
we have the graph in Fig, 282. 

This curve is of course the same that we should obtain by first elimi- 
nating ¢ and then plotting from the equation in x and y. 


5 
* 
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252. The Time as Parameter. Suppose a point moves in 
a plane. At every instant of time ¢ the point occupies a certain 
position (a, y). In other words, the coérdinates x and y of the 
point P are functions of ¢, i.e. 

(6) | «x = a function of ft, 
y =a function of t. 


These equations are then parametric equations of the path 
traversed by the point. 


Such equations arise frequently in mechanics when it is 


desired to describe the motion of a body subject to various 
forces. For example, if a body is projected from a point O 
(0, 0) in a vertical plane at time ¢ = 0, with an initial velocity 
Y, and making an angle « with the horizontal (a-axis), its 
position at the end of ¢ seconds * is given by the equations 
v= tu, COS a, 

i) y = tv, sin a — 4 gf’, 


where, if v, is measured in ft./sec., g is a constant approxi- 


mately equal to 32.2. The use of these equations of a projectile 
will be illustrated in the next article and the exercises follow- 
ing it. ; 


EXERCISES 
Sketch the following curves from their parametric equations. 
te WES (ie 4 e2=? — 1, ls Te 10. c=%t,° 
y=t+2. =e ele 1 y=t- #8. 
2. 2=P°, 5. a=2241, ee 11. x =sind, 
y=r. y = 2. 8.2 = #8, y = Cos 6. 
3. «=s+1, 6 x=, y=?. - 12. x= tan, 
y = 8%, ele 9% 2=241, y = sec 0. 
t y=8—-—1 ’ 
13. «= 10¢cos 380°, 14-72 =6¢, 
y = 25 + t sin 30° — 16 2. y = 80 — 162. 


* The resistance of the air being neglected. 


a 


EE ee 


a a a 


_ 
a 


oe 
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253. The Path of a Projectile in Vacuo. The equations (7) 
given in § 252 yield many results of interest regarding the paths of pro- 
jectiles. Some of these are given in this article and others are found in 
the exercises below. They are, of course, only approximations to the 
actual behavior of a projectile, in view of the fact that the resistance of 
the air has been neglected.* 

By eliminating ¢ between the equations (7), § 252, we obtain the equa- 
tion of the path in rectangular cordinates (a, y) : 


“2 
(8) y=ctanag —2— sec? a, 
2 Uo 


iz Be 


Fic. 233 


The path is, therefore, a parabola, with a vertical axis. The vertex 
of the parabola is at the point (Fig. 233) 


2 2 sin2 
V= Li sin 2 aad E 
oe (3 Gri ee g 
The greatest height above the horizontal is 
2 sin? 
Ha se 
(10) oF 


The complete range, i.e. the distance from O to the point where the 
projectile again meets the horizontal, is found as follows : 
If in (7) we place y=0, we find ¢=0 and 
t = 2(v,/g) sin a. 
The value of x for the second value of ¢ found is the desired range R, 7.e. 


Ra sin? «. 
g 


This result could also have been found by placing y = 0 in (8) and soly- 
ing forz. Why? 


.* For the theoretical and practical discussion of the flight of actual projec- 
tiles (whose motion is appreciably affected by the resistance of the air) the 
student is referred to ALGER, The Groundwork of Naval Gunnery, or 
External Ballistics. 
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EXERCISES 


1. A gun is fired at an elevation of 30°. Find the range if the muzzle 
velocity of the shell is 1000 ft./sec. Ans. About 5 mi. 


2. What is the greatest height reached by the projectile in Ex. 1? 
How long is its time of flight ?_ 


3. What must be the initial velocity of a baseball thrown at an angle 
of 45° in order that it may travel 200 ft. before hitting the ground ? 


4. A stone is thrown from a tower 100 ft. high, with an angular ele- 
vation of 45° and an initial velocity of 64 ft./sec. How far from the foot 
of the tower will the stone hit the ground ? 


5. The great pyramid of Cheops is 450 ft. high. Its base is a square 
746 ft. on aside. A ball is thrown upwards from the top in a direction 
making an angle of 20° with the horizontal and with the velocity of 
80 ft./sec. Will the ball clear the base of the pyramid ? 


6. Prove that for a given initial angle of elevation the range of a pro- 
jectile is proportional to the square of the initial velocity. 


7. Prove that for a given initial velocity the maximum range is 
obtained when the angle of elevation is 45°. 


8. Prove that with the notation of § 253, the time of flight of a pro- — 


jectile from O to (a, y) is (@/vo) sec a; from Oto (R, 0) is (2 vo/g) sin a. 


9. Prove that the paths of a projectile with given vo, but varying a, 
have the same directrix. 


10. Prove that the codrdinates of the focus of the path of a projectile 
are 


vo? sin 2@ — vo2cos2 a : 
2 ene 2g 

Hence show that the locus of the foci of all paths in a given vertical plane 
with the same vp is a circle with center at O. 

11. Prove that the parabola of maximum range has its focus on the 
x-axis. 

12. Prove that the locus of the vertices of the paths with given wp is 
an arc of an ellipse. 


13. Prove that the locus of the vertices of the paths with a given a 
and a varying is a straight line. 


14. Prove that the locus of the foci of the paths with a given a and a 
varying vp is a straight line. 


Ee 
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254. Locus Problems. Parametric equations of a curve 
are sometimes much more easily obtained and easier to work 
with than either the rectangular or polar equations. The 
following problems illustrate some 
of the methods that may be em- 
ployed. 

Exampte 1. A line of fixed length 
moves so that its ends always remain on 
the codrdinate axes. Find the locus gen- 
erated by any point of the line. 

Call the point whose locus is desired Fic. 234 
P(«, y). Since the line is of fixed length, 
call the segments into which P divides it, a and b (Fig. 234). Then 
*=acosé,y=bsiné@. Therefore the locus of P is an ellipse (§ 250). 


Examere 2. Find the locus of a point P on a circle which rolls along 
a fixed line. 

Take for origin the point O where the moving point P touches the 
fixed line. If ris the radius of the circle and the angle PCD (Fig. 235) 
is @ radians, then PD=rsin@, DC =rcosé and OB= are BP= 16. 


Fig. 235 


Now if P is denoted by the codrdinates (a, y), 


“= OA= OB— AB= OB— PD=r6—rsin 6 = r(6 — sin 4), 
y = AP= BC — DC =r—rcosé=r(1— cos 8). 


Therefore 
1 *=r(d —sin 6), 
BS, bs Bonar 


” are parametric equations of the curve traced by the point P. This curve 
is known as the cycloid. 
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Examp.e 8. Find the locus of a point P on a circle of radius a which 
rolls on the inside of a circle of radius 4 a. 

Take the center of the fixed circle as the origin and let the x-axis pass 
through a point M where the moving point P touches the large circle. 


Let angle MOB=60 radians. Now. 


we have arc PB = are MB=4 a0 
and arc PB=a~x angle PCB. 
Therefore 

a x angle PCB = 448, 
or angle PCB = 484. 
But 
Z00D+2ZDCP+2ZPCB=r. 


Therefore 
Pe 64+ ZDCP+4060=n7, 
i.e. 4 DCP =7—- 36. 


Now if the point P is denoted by 
(x, y) we have 


P= O0R= ODL DE=OD-+ FP= OC cos 9 + OPsin (F— 34) 


=38acos6+ acos3 6= 4a cos? 6,* 


= EP= DC—FC= OCsin 9 — CP cos (F— 30) 


= 8asiné@—asin3 @=4 asin? 6;* 
that is, 


(12) x=4acos'é, y=4asin?e. 
This curve is called the four-cusped hypocycloid. 
Exampie 4, PSP! is a double ordinate of an ellipse; Q is any point 


on the curve. If QP, QP’ meet ‘the a-axis in O and O', respectively, 
prove that CO- CO’ = a?,where C is the center of the ellipse. 


Let P be (acos 1, bsin 6), then P' is (acos ,—bsin&). Let Q 


be (acos @, bsin 6). The equation of line PQ is 


y— b sin 9 = (sin 6 — sin 6) (y _ 4 cog @) 


a(cos 0; — cos @) 


* Prove that  cos3.0= cos (26+ 6) = 4 cos? @ — 3 cos 8, 
sin 36 = sin (20+ 6) =8sin6— 4 sin? 9. 


Se 


~~. 


eae ee 


) 
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and its x intercept (i.e. CO) is 


a(cos @ sin 6; — sin @ cos 6; Ne 
- sin é— sin 6 


Similarly CO! is a(— cos @ sin 6; — sin 0 cos 1) | 
sin @ + sin @, 
The product CO - CO! gives a2. 


EXERCISES 

1. A line of fixed length 2 @ moves with its ends always remaining on 
the codrdinate axes. Find the locus of the mid-point of the line. . 

2. Find the locus of the middle points of chords of an ellipse drawn 
through the positive end of the minor axis, 

3. Find the locus of a point P’ on the radius CP of the cycloid (Fig. 
235) if CP'’=banddb<r. 

4. The same as Ex. 3, except b>r. 

5. A circle of radius r rolls on the inside of a circle of radius a. 
Find the locus of a point P on the moving circle, 


a = (a—r) cosé+r cos 2—" 


9, 
Ans. The hypocycloid 


a 
y = (a—r) sin 6—r sin Pa 


where @ is the same as in Example 3, § 254. 
6. A circle of radius r rolls on the outside of a circle of radius a. 
Find the locus of a point P on the moving circle. 
x= (a+ 1) cos @— r cos —— 9, 
Ans. The epicycloid : 


‘ oo GES 
y=(a+r) siné—rsin rae 


where @ is the same as in in Example 3, § 254. 


7. The area of the triangle inscribed in an ellipse, if 01, 02, 63 are the 
eccentric angles of the vertices, is 


4 ab [sin (92 — 43) + sin (43 — 0) + sin (0; — 42)] 


=—2aqbsin O2= 9a gin Fa= 91 gy, 1 — O2 

2 2 

8. The codrdinates of one extremity of a diameter of an ellipse are 
(acos 6;, bsin 6,). Show that the coordinates of one extremity of the 
conjugate diameter are (— asin 4;, bcos 4). 


2D 


PART IV. GENERAL ALGEBRAIC METHODS 
THE GENERAL POLYNOMIAL FUNCTION 


CHAPTER XVI 
MISCELLANEOUS ALGEBRAIC METHODS 


255. The Need of other Methods. We have hitherto con- 
sidered special functions such as 2, sin 2, log,#, or special 
types of functions such as ma + b, ax® + ba +c, log, #, a*; and 
we have studied their geometric and other applications. The 
study of more general types of functions, for example, the 
general polynomial of degree n, 


Qa” 1,0" oP sth te yx =F Ao, 
of which ma + b, aw’ + ba+c, ax’ + ba?+cx+d are special 
types, requires more powerful methods. Some of these we 
propose to consider in the present and the succeeding chapters. 


256. Technique of Polynomials. We shall first recall the 
technique of the addition and multiplication of polynomials. 
We begin by noting that a polynomial 


ae, +a, 714... 4+ a8 + ay 


can be completely represented by so called detached - coeffi- 


cients, as follows: 
GA, A,1*** Uy Ap, 


the place of each coefficient in this expression indicating the 
power of x to which it belongs. Thus, for example, 


2 -3 1 6 
402 
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represents the polynomial 2 a3 — 32?+a+6; and 
Leo OO" 0) =i 


represents the polynominal 2° — 1.* 

To add two or more polynomials we need merely add the 
coefficients of like powers of x Thus, the sum of a — 1, at + 
2a +42°+32+4 5, and 2a2—5a*+2+4 1 is given by 


1 0 —-1 
baz 4 3 5 
2 —5 1 1 

1 4 0 4 S=at*+4e3+4e+5. 


The analogy of this process with that of adding a column of 
numbers may be noted. 

The product of two polynomials A and B is obtained by 
multiplying A by each term of B and adding the results. 
Why? The multiplication of two polynomials by the method 
of detached coefficients is also quite analogous to the familiar 
method of multiplying two integers. Thus the product of 
22432? x —2 by 2 +2 +4 4 is given by 
23 -—-1 —2x11 4 
23 -1 -2 

2 3 —-1 —-2 
8 12 —4 —8 
zD 10 9 —6 —8=20'+5a'+102°+92?—6x—8, 
The student should convince himself, by multiplying these 
polynomials in the ordinary way, that the above method is 
indeed valid. 


*This method of representing polynomials will seem very natural, if we 
note the analogy with the familiar method of representing integers. The 
number 217 is simply a short way of writing 2 x 10?+ 1 x 10+7, i.e. the value 
of the polynomial 272-+2+7, whenz=10. We have, therefore, been famil- 
iar with the method of detached coefficients from the time when we first 
learned to write numbers. ; 
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257. The Division Transformation. A polynomial B is 
said to be a factor of a polynomial <A, if there exists a poly- 
nomial @ such that A= BQ. A is then said to be divisible 
' by B. If no such polynomial Q exists, and if the degree of B 
is less than that of A, we may always determine polynomials 
Q and R, such that 
(1) A= BQ+ R. 


Furthermore, the remainder R can always be so determined 
that its degree is less than the degree of B. 

_The process whereby a given polynominal A is expressed 
in terms of another polynomial B in the form (1), i.e. the 
process of finding Q and R, when A and. B are given, is 
called the division transformation. That it is always pos- 
sible to find polynomials Q@ and R, if the degree of B is 
less than that of A, will be clear from the consideration of 
the following example. 


Exampie. Given A= 224+ 523—7224122—5 and B=2?— 102% 


+ 8 to find a polynomial Q such that A — BQ is a polynomial of degree 
less than that of B. ; 

Since the term of highest degree in A is 2% and that in B is x2, it ap- 
pears that A—2?B can contain no term of degree higher than 3. In 
fact, we find A—222B = 25 «3 — 2342412%—5, Similarly, since the 
term of highest degree in A — 2a2B is 2523, we see that the expression 
(A — 24°B)— 25%B can contain no term of degree higher than 2. By 
continuing this process we shall arrive at a polynomial which is of degree 
less than that of B. The work may be arranged as follows. 


i 


A-B.22= rir Tear, 
B.%x2= 25 28 — 250 27+ 2002 
A — B(2x2+252)= 227 a2— 188”%—5 
B.27= 227 x2 — 2270 x + 1816 
A— B(2x? + 25% 4+227)= 20822 — 1821 = R 


A=2et+5 e8— 1224 122-522-1024 8=B ~ 
B.222=224 — 2023 4+ 16 x? pe 4 22-4 aa f 


4 
| 


_ XVI, § 258] ALGEBRAIC METHODS 405 


If the meaning of each step in the process is followed by means of the 
expressions written at the left,* it will be seen that the process has deter- 


mined a polynomial 
| oie Q = 222 +. 25a + 227 
such that A~—BQ=R, 


where # is of degree less than that of B. The nature of the process 
shows that finally such a polynomial R will always be reached. 


258. Remarks on the Division Transformation. While 
the process discussed in the last article is known as the 
division transformation, it is not a process of division. Only 
if we take a further step and divide both members of the™ 
identity (1) (§ 257) by B, to obtain 

A R 
do we really divide A by B. The importance of this distinction 
lies in the fact that the relation (1) as derived above is valid 
without distinction for ali values of the variable 2 involved. 
For in deriving the relation we made use only of the opera- 
tions of multiplication and subtraction. However, the relation 
(2) becomes meaningless for all values of « for which B= 0. 

We assumed in deriving the relation (1) that the degree 
of B was less than that of A. This is indeed necessary if Qis 
to be a proper polynomial. However, if the degree of B is 
equal to that of A, the same process will lead to a relation 
(3) A=B-q+R, 
where g is a constant. If the degree of B is greater than that 
of A, we may obviously write the trivial relation 
(4) A=B-0+4A 
where A equals R and is by hypothesis of lower degree than B. 
If-we consider a constant as a polynomial of degree 0, the last 


* These expressions are not of course a necessary part of the process. 
They are given here only to facilitate understanding. } 


406 MATHEMATICAL ANALYSIS — (XVI, § 258 


two cases may be included in the form (1). Our theorem then 
takes the general form 


Given any two polynomials A and B of degrees greater than 0, 
then polynomials Q and R can always be found such that for all 
values of the variable we have A=BQ+R where RF is either 
zero or of degree less than that of B. 


_ Moreover, the transformation of A to the form BQ+ Ff is 
unique, i.e. there exist just one polynomial Q and one poly- 
nomial & satisfying the conditions of the theorem. 

For, suppose there were a second pair, for example Q’ and 
R'. We should then have BQ+ R= B'Q'+ Rf’, or B(Q— Q') 
= R'—R. But R'— Ris either zero or of degree less than 
that of B, while B(@ — Q') is either zero or degree equal to 
or greater than that of B. Hence both are equal to zero and 
R= Rk', Q= QJ. 


EXERCISES 
1. Add the following polynomials by means of detached coefficients : 


(a) 207? +7241, 5024 2,303 44x%—8. 

(0) 62+45¢41,92+48t43,5842¢4+1. 

(c) ay?+ by +.¢, 2ay? + 3by+4+ 4, 3ay?+ 5by +7. 
(d) 4a? +38a+42, 602 +1,40?4+2a4 3, 20?+ 6a. 


2. Perform the following multiplications by means of detached coeffi- 
cients : : 


(a) +202 +4%+4+3 by 24+, (c) at +1 by a? +1. 
(b) 28+ 322+ 4 by +442. (d) y2+7Ty +12 by 34 3y42. 


3. In each of the cases below transform A into the form BQ + R, 
where Ff is of degree less than B. Also write down the corresponding 
form for A/B. Detached. coefficients may be used to advantage. 


(a) A=6at+4+ 70 —32? —- 244-20, B=3a?+4—6. 

(6) A=82t + 225 — 822? — 66% — 85, B= 2? — 2a —7. 
-(c) A=2%+4+ 523 + 1897422, B= o?4+ 2744, ‘ 

(d) A=4a7— 325 — 19 ¢*4 298 —422?- 4247, B= —ae —5. 


—_ 


ee ee) 


ee 


=i, , . ans ; 
7 Pe ee 
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4. Determine m and n so that xt — ma? + a2 — na+1 may be exactly 
divisible by «2 + 2”+41. 


5. Prove the following propositions : 


(a) If we multiply the dividend A by any constant as k(k - 0), we 
multiply the quotient and the remainder by k. 


(b) If we multiply the divisor by k(k + 0), we divide the quotient by 
k but leave the remainder unchanged. 


(c) If we multiply both dividend and divisor by k(& + 0), we multiply 
the remainder by & but leave the quotient unchanged. 


259. The Highest Common Factor of two Polynomials. 
Two polynomials A and B may or may not have a common 
factor of degree greater than 0, i.e. a polynomial F (of degree 
greater than 0) may or may not exist such that 4= FQ, 
B=FQ' where Q and Q' are also polynomials. If no such 
polynomial F of degree greater than 0 exists, then A and B 
are said to be prime to each other. If, on the other hand, 
they have a common factor of degree greater than 0, the one of 
the highest degree is called the highest common factor (H.C. F.). 


THeorEM 1. Jf A and B are polynomials with a common 
factor and M and N are any two polynomials, then any common 
factor of A and B is a factor of AM+ BN. 


For let F be any common factor of A and B. Then we 
have A= FQ and B=FQ'. Therefore 
AM+ BN=F(QM + Q'N), 
which shows that F is a factor of AM+ BN. 

Turorem 2. Jf A, B, Q, R are polynomials such that 


A=BQ+R, the common factors of A and B are the same 
as the common factors of Band R. 


For, by Theorem 1, any common factor of Band F is a 
factor of A and hence a common factor of Aand B. More- 
over, from the relation A — BQ = and the last theorem, any 
common factor of A and B is a factor of Band R. 
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Successive applications of the division transformation there- 
fore enable us to find the H.C. F. of two polynomials A and B 
as follows : 

Using the division transformation on A and B, we may 


write A = BQ as in 


where the degree of # is less than that of B. If R=0, B is 
the H.C. F. If & is a constant different from zero, then A 
and B haveno H.C.F. Why? If the degree of £ is at least 
equal to 1, we may use the division transformation on B and & 


to obtain B=RQ,+ &, 


where R, is of degree less than R. If R,=0 then R is the 
H.C. F. of Aand B. If R, is a constant different from zero, 
A and B are prime to each other. If R, is of degree at least 
equal to 1, proceed as before, expressing R in the form 


R= RQ + Ry. 


This process may be continued until a remainder R, is 
reached which is either zero, or a constant different from zero. 
If R, = 0, then R,_, is the H.C. F. sought. If R,is a constant 
different from zero, then A and B are prime to each other. 

Exampre 1. Find the H.C. F. of 423—322+72—1 and 222—34+41. 


A=4e3—8224+7 w2—1|\22?—824+1=B 
48 —6274+2 ou 2%+3=Q 


Replace R by x — #5 = PR. 
B=227—-38 c+1l\ex—-P=R . 
2a% — 184 2a — $4 


45i = Ri 40 
Therefore A and B are prime to each other. 


eee 
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Exampie 2. Find the H.C. F. of 28 —222+24+44 and 3234 842 + 
38x —2. 

The work may be arranged as follows. Since the H.C. F. of two 
polynomials is not altered in any essential way by multiplying or dividing 
either of them by any constant (+ 0), we can avoid fractional coefficients. 


W—2e2+ 244 8 |Sa84 8a2+ 8a— 2 
x3 — “2 8208 — 6224+ 3824412 
—2274+2e%+4\2—2 14 x? — 14] 14 

— 222 +2 x2 —1 

2\224+2\2—1 x2 + 4 
x+1 —x —1 
—x —1l 

0 


Therefore the H.C. F. isa+1. 


EXERCISES 

1. Find the H.C. F. of each of the following pairs of expressions : 

(@) 2422?—13%+4 10, 234+ 22-—10¢%+8. 

(6) 324+ 59242, x6 -—4at+ 52? 2. 

(ec) w—22? — 224+ 8, 2? —64 4 2. 

(d) 2+3a*—3a—5, 8—@+3a+5. 

(eri =F = y+ 1,9 +o + 1. 

(f) b¢ +53 4+ 66?+5b+4+5, b° + 469+ 67-5641. 

(g) l+a—2?—6523 +424, 1—42734+ 32%. ° ; 

(h) 4e*—523 +441, 8at— 4234 1, 

@) @+@4+4a41,082+a+1. 

.G) #&-1,2-1. 
‘2. Prove that, if the coefficients of two polynomials are rational (or 
real), the coefficients of the H.C. F. are rational (or real). 

3. If Fisa factor of A but not of B, how does the H.C. F. of A and 
FB compare with the H.C. F. of Aand B? In introducing and suppress- 
ing factors during the process of division, what precaution must be taken 
and why ? 


260. Functional Notation. We have already used special 
notations to represent special functions. Thus sin, cos, tan, 
log, ete. are special notations with which we are familiar. We 
shall now introduce a notation that is more general, for it is 
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applicable to all kinds of functions. We shall use the symbols 
S(«), F(x), $(a), +» to represent various functions of 2, and 
can then speak of the “f-function,” “ ¢-function,” ete., just as 
we speak of the sine function, logarithmic function, etc. 
Moreover, such a notation can be used to represent the value 
of the function in question for a given value of the variable. 
Thus, if f(x) is used to represent the function a? + 2a — 1, the 
symbol f(2) denotes the value of this function when x = 2 
(just as sin (7/2) means the value of sin a, when # = 7/2); “e. 


f(2) =2?4+2-2—1=7. 
Similarly, with the meaning just given to f(a#), we should have 
S@+h)=(@+hy+4+2(@+h)—-1. 
It should be noted that, when a certain function is called 


J (a), then, throughout any discussion where this function is 
used, f(#) always means that particular function and no other. 


EXERCISES 

. Given f(x) =3a24+22—4, find (2), f(h), £(0), f(x + 1/2). 
Given ¢(“%) = x/(x— 1), find ¢(2), ¢(@ +h), ¢(1—2), $(10). 
. Given F(a) = & +e, find F(0), F(1). 
Given f(x) = (%—1)/(x +1), prove that 

fQ)-F@) _ 9-2. 

1+f(y) Ff) l+tye 
5. If g(@ +y) = o(x) + (y), show that (82) =34(2). 
6. Given f(x) = 2” V1 — x2, prove that 

J (sin x) = f (cos x) =sin2a. 


ns 


Po bo 


7. Given f(x) = , find the value of f (y+ ee 142). 


n 42 eri 


8. Given 0(%) = e* +e, prove that 
O(a + ya —y) = 02m) + O(2y). . 
9. Express the fact that the volume of a sphere is a function of its etic 
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10. Given F(x) = (# — 1/x) (a? — 1/22) (a3 — 1/23), prove that 
F(z) = — F(1/2). 
11. Given that f(n) =n !,* prove that (n + 1) f(n) = f(r +1). 
12. Given that f(«) =x?+2, find [f(x)]. 
13. Given f(%) =sin 2, find f (7/2), f(ar/3), f(r). 
14. Given f(x) = sin x and ¢(x) = cosa, prove that 
(a) [f()P+[o@)P =1. (d) f(x) = p(4/2 — 4). 
(0) f(2) + o(x) = tan x. (e) f(—2#) =—s(2). 
(ce) Fe +y) =f) oY) + FY) 9(@). (f) o(@) =¢(- 2). 
15. If f(x) = log, x, show that 
(a) f(@) + f(y) =f (ay). (ce) F("/y) + fy/x) =. 
(0) f(@") =nf(). 
16. What functions may f(x) represent when 
(a) f(x+y) =f@)S(y). (c) f(a) =n f(x). 
(0) f@+y) =S@) +I). (a) s(F) =F) -F@. 


261. The Remainder Theorem. Jf a polynomial f(z) is 
divided by x — a, the remainder is f(a). 

If f(x) is the dividend, x—a is the divisor, Q(«) the 
quotient, and # the remainder, then 


@) S@)=@-)Q@+# 

where R, since it is of lower degree than #2 —a, does not in- 

volve « at all, i. e. R has the same value for all values of a. 
Since the values of the two members of this identity are 

equal to each other for all values of «, we have for the par- — 

ticular value x = a, f(a) =B. 


262. Factor Theorem. If f(x) is a polynomial and ais a 
number such that f(a) = 0, then x —a is a factor of f (#). 
The proof of this theorem is left as an exercise. 


¥n!=1-2-3-4°...° n; that is, 2! = 2,3) =6, 4! = 24, «... 
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EXERCISES 


By use of the remainder theorem find the remainder when 

v3 — 2424 38 is divided by x — 2. 

wl3 — 45 wl2 4+ 26 w 4 12 is divided by x — 1. 

awl? 4 1 is divided by +1; by x —1. 

Show that — 2 is a root of the equation 273 + 827—-42%—4=0. 
Show that x” + a” is divisible by x + a if n is odd. 

. Show that #” + a” is not divisible by x + a if n is even. 


7. By means of the remainder theorem find & so that 23+ kx?4+2a+k 
may be exactly divisible by x — 2. 


Key ie fo Ce 


8. Find the polynomial in x of the second degree which vanishes when 
% = 1 and when « = 2, and which assumes the value 10 when z = 3. 


' 263. Synthetic Division. We shall proceed to explain a 
simple method of performing the division transformation 
when the divisor has the form a — k, 7.e. when the divisor is a 
binomial of the first degree in which the leading coefficient is 1. 

Let the given polynomial be 


a,2" + a,c" + a, 9"? +4 --- +a,e+ a, 
and the divisor « — k. 
The ordinary process of long division leads to 

A, 0" + Oyo" +A, 9¥” 2+ +» + ae+a,|e—k 

a, 0" — 0, hoo" a,x" + (ka, + a,4)a"? 
(ka,, te a,-1) ane Se 
(ka, sal Ge rs k(ka,, ste a,,-1) on 

[k(ka,+,1) +d,» ]a"? 


It is now not difficult to see that 

(a) the first coefficient in the quotient is a,, i.e. the coeffi- 
cient of the leading term in the dividend ; i 

(b) the second coefficient in the quotient is obtained by 
multiplying the first coefficient of the quotient by k and adding 
to it the second coefficient of the dividend ; 
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(c) the third coefficient of the quotient is obtained by mul- 
tiplying the second coefficient of the quotient by k and adding 
to it the second coefficient of the dividend. 

We may then arrange the work as follows: 


a, G1 9 a,-3 ay | 
ka, i(k, + ay-1) 


a, ka, a Aya1 k(ka,, oF a,,-1) a Gyo °** 


Here the first line contains the coefficients of the dividend 
in order and the third line gives the coefficients of the quotient 
and the remainder in order. Every number in the third line, 
after the first, is obtained by multiplying the preceding num- 
ber by & and adding to it the next number in the first line. 


Exampie 1. By synthetic division, find the quotient and the re- 
mainder when a* — 243 + 22 + 34 — 2 is divided by x + 2. 


Souurion : aaah oy — 2 
ee. Pee ls) 30 
a Oe 28 


Hence the quotient is x? — 4a? + 9 a — 15 and the remainder is 28. 


Exampce 2. If f(4)=2¢+ +323 + 722+ 14% + 20, find f(— 8). 


pe i aes ee a 
= 6. 9 4B» 108 
2 —3 16 — 34 |122=s(— 8). Ans. 


EXERCISES 


In the following exercises use synthetic division : 
1. Find the remainder when x? + 322— 64 +2 is divided by x — 2. 
2. Find the remainder and the quotient when zt —32?+422+3 is 
tlivided by x + 3. 
3. Show that 3 is a root of the equation 73 — 4“? — 17x + 60=0. 
‘4, Find & so that 3 is a root of the equation «4 — 322+ kx +1=0. 


5. Is 5 a root of the equation 7! —a?+7=0? 


¢ 
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264. Properties of Integers. We have already noticed 
(ftn., p. 403) that the familiar method of writing an integer 
greater than 9 represents it as the value of a polynomial. 
Integers and polynomials, therefore, have many properties in 
common. We may, for example, gain an insight into the reason 
for the rules of arithmetic used in adding a column of figures 
or in finding the product of two integers by comparing these 
rules with the technique of adding and multiplying polynomials 
discussed in § 256*. We shall proceed to discuss some of the 
properties of integers relating to divisibility, etc., which are 
valuable in our everyday use of numbers. 


265. Prime and Composite Numbers. An integer greater 
than 1 that is divisible by no integer except itself and 1 is called a prime 
number or simply a prime. Thus 2, 3, 5, 7, 18 are prime numbers, Any 
integer (> 1) not a prime is called a composite number. Any composite 
number is the product of two or more primes, thus 6 = 2-3, 100=2-2- 
5.5 = 22.62, Any composite number n may be resolved into its prime 
factors in one and only one way. When resolved it has the form 
nN = pi%p2% «+» p,7*%. When a number has been resolved into its prime 
factors any question regarding its divisibility is readily answered by the 
following theorem. 

A number a is divisible by a number b if and only if every prime factor 
of b occurs in a to at least as high a power as it occurs in b. This 
theorem follows readily from exercises 15 and 17 below. The proof is 
left to the student. As an illustration, if @=2.3%.172.37 and b= 
2-82.17 we recognize at once that a is divisible by b and that the quo- 
tient is 3.17.87. If, on the other hand, b were 22.38.17 then a would 
not be divisible by 6. 

The common factors of two integers are also readily found if the num- 


bers have been resolved into their prime factors. Why? ‘Two integers — 


which have no common factor (> 1) are said to be prime to each other. 
The notion of prime numbers and the investigation of their properties 
is very ancient and to this day some of the most difficult problems of 
advanced mathematics relate to this field. Some of the properties are 
quite elementary, however, and have been listed below in exercises. 
* Carrying this comparison out in detail forms a valuable exercise. The 


familiar process of ‘‘carrying”’ a digit from one column to the next is about 
the only thing that requires special investigation. 
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EXERCISES ; 

1. Prove that if @ and b are both divisible by n, then a + b and a—b 
are divisible by n and a-b is divisible by n?. Is a similar theorem true 
of polynomials ? 

2. Prove that a product of any number of integers is divisible by n if 
one of the integers is divisible by n. Is a similar theorem true of poly- 
nomials ? 

3. If c=a-b is divisible by n, must either a@ or b be divisible by n? 

4. Prove that if a number a leaves a remainder r when divided by b, 
then the number obtained by adding to a any multiple of b will leave the 
same remainder. 

5. Prove thatif the last digit on the right of an integer is even, the 
integer is divisible by 2. 

6. Prove that if the number formed by the last two digits of an 
integer is divisible by 4, then the number is divisible by 4. 

7. Prove that if the number formed by the last three digits of an 
integer is divisible by 8, then the integer is divisible by 8. 

8. Prove that if the last digit of an integer is 0 or 5 then the integer 
is divisible by 5. 

9. Prove that if the sum of the digits of an integer is divisible by 3 
(or 9) then the integer is divisible by 3 (or 9). 

10. Prove that if the sum of the first, third, fifth, etc. digits of an 
integer is equal to the sum of the second, fourth, etc., the number is 
divisible by 11. 

11. If the sum of the digits of an even number is divisible by 3, the 
number itself is divisible by 6. 

12. Determine without performing the division whether the following 
numbers are divisible by 2, 3, 4, 5, 6, 8, 9, 11. 

(a) 2562. (c) 123453. (e) 127898712. (g) 111111111111. 

(b) 12846. (d) 2673. J) 7325 x 8931. (h) 11111111112. 

13. How would you recognize that a number is divisible by 45 ? 

14. Prove that if the product a@- 6 is divisible by a prime number p, 
either a is divisible by p or b is divisible by p. Is a similar theorem true 
for polynomials ? 

15. Prove that if a number c is a factor of ab and is prime to a, it 
must be a factor of b. Is a similar theorem true for polynomials ? 

16. Prove that the quotients of two numbers by their H.C. F. are two 
numbers prime to each other. Is a similar theorem true for polynomials ? 


oe 
. 
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17. Show that if a number is divisible by each of two numbers which 
are prime to each other, it is divisible by their product. Isa similar theo- 
rem true for polynomials ? 


18. Show that the product of two numbers is equal to the product of 
their H.C, F. by their L.C.M. Is a similar theorem true of polynomials ? 
19. Prove that the number of primes is unlimited. 


[Hint. Suppose that the theorem were not true and that p were the 
ereatest prime. Let p1, po, ps, --+, Pr—1 be the set of all primes less than p 
and consider the number 

Pipes *** Prap + 1. 
This number is not divisible by any of the prjmes pj, po, ---, p-. The rest 
of the proof should be obvious, This proof was first given by Euclid.] 


20. By trying successive primes 2, 3, 5, 7, ---, determine whether or not 
1009 and 1007 are primes. In this case we may stop with the prime 31. 
Why? Ans. 1009 is prime. 


21. Resolve into prime factors the numbers 604800 and 12259. 
22. Is the number 2531253 a perfect square ? Is it a perfect cube ? 


23. Show that the relation ab — cd = 1, where a, 6b, c, d, represent in- 
tegers, is not possible unless a@ and ¢ are prime to each other. 


24. Two consecutive integers are always prime to each er Is this 


true also of any two numbers differing by 7 ? 


25. What is the smallest cube of masonry that can be constructed of 
bricks 8 x 3 x 2 inches? It is assumed that the bricks are placed so that 
any two equal sides are parallel. 


266. Partial Fractions. In certain problems it is sometimes found 
necessary to express a fraction in which the numerator and denominator 
are polynomials in one variable as the sum of several fractions each of 
which has a linear or at most a° quadratic function in the denominator. 
In what follows it will always be assumed that the given fraction is a 
proper fraction, i.e. a fraction in which the degree of the numerator is less 
than that of the denominator. Any fraction which is not proper can be 
written as the sum of a polynomial and a proper fraction. Therefore our 
' problem may be stated as follows: To express a proper fraction as the 
sum of several proper fractions. 

The method of approach is to assume that the fraction can be expressed 
in the desired form and then seek to determine the numerators which in 
the assumed form are left undetermined. Four distinet cases arise. 


; 
) 


—_— — =e 
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Case IL When the denominator can be resolved into factors of the first 
degree all of which are real and distinct. 


Exampte 1. Resolve into partial fractions 
9a? -a2—2. 


x — x 
The sum of the three fractions 
A a B ry C 


ce «#£—t ee? 


will give a fraction whose denominator is 3 —«%. We therefore try tc 
determine A, B, Cso that 


(6) _F abeet Saeot fe RD B C 


a — x 2% wv=—1 2+1 d 
Clearing of fractions we have 
(7) 9x?-—a—2= A(x? —1)4+ Bia? + 4)+ C(a?—2z). 
Since (7) is to be true for all values of x, we seek values of A, B, C, such 
that the coefficients of like powers of x will be equal, i.e. such that 
A+B+C=9, B—C=-1, —A=-—2. 
Solving these equations, we find A=2, B=3, C=4. Hence 
Ve = 8 2 _ 2 3 rm hee. 
Bx e @—-l 2-41 


Case II. When the denominator can be resolved into real linear fac- 
tors some of which are repeated. 


Exampie 2. Resolve into partial fractions 


297 — % + 2. 
a(x — 1)? 
The sum of the fractions 
A B C 


is te owl. 


will give a fraction whose denominator is «(2 —1)?. Therefore we shall 
try to determine A, B, C so that 


Clearing of fractions, we have 
Qa? -—2+4+2= A(x — 1)? + Bu(x—1)+ Cz. 
Equating the coefficients of like powers of 2, we have 
A+ B=2, -2A—B+C=-1, A=2. 
25 
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Solving for A, B, O, we find A=2, B=0, C=38. Hence 
20?9—“4+2_2 3 ; 
e(e = 1259 Care —a1)* 
The assumptions to be made under Cases I and II are contained in the 
following rules. 


(1) For every unrepeated factor «—a of the denominator, assume a 
fraction of the form A/(x — a). 
(2) For every repeated factor (x — a)* of the denominator, assume a 
sum of fractions of the form 
Ay Ag A; 


x£-a (x—a)? a (a — ak 


Casze III. When the denominator contains quadratic factors which 
are not repeated. 

Examp_e 8. Resolve into partial fractions 

5+ 4e+3_— 
(x + 1)@? + 1) 
Let cai ate Sts mip oy ee Bu+C 

(e+1)(@?+1) w@+1 #441 
Clearing of fractions, we have 
5at+4a+38= A(x2+1) + (Bet C)(z41) 
= Ag+ A+ Bo? + Br + Cz + C. 


Equating coefficients, 
A+B=565,B4+C=4,A+C=8. 
Therefore d= 2, B=8, C=1.- Hence 
6ba%+4r74+3 2 sa2+1 
(e+1)(@?+1) 241 o+1° 
Case IV. When the denominator contains quadratic factors which 
are repeated. . 


Examee. Resolve into partial fractions 
8et+e384+8e7+9¢742 


x(a? + 1)2 
Lek Sotto +8 +e+2_ A, Be+C, De+ FE 
x (02+ 1)? x +1 (#441)? 


Then, 
3at+ 08 +8 x? +a+4+2= A(x? +1)? + (Bet C)a(a?+1)+ (Drt+ B)a 
= ‘Axt +2 Ax? + A+ But + Cx8 + Bx? + Cx+ Da? + Ex. 


et 
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Equating coefficients we have 
A+B=8, C=1,2A+B4+D=8, 0+ F=1, A=2. 


Hence, Bana, O als Di= 3, F = 0. 
Therefore, pie eee Se a8 el a 
x(x? + 1)? % @t+i1 (a+ 1)2 


The assumptions to be made in Cases III and IV are contained in the 
following rules. 
3. Corresponding to every unrepeated factor of the orm ax? + bu +, 
assume the partial fraction Ax +B 
a+ be+e 


4. Corresponding to every factor (ax? + bx + c)*, assume the sum 
Ayr _ By, Aor + By m Ape + B, E 
ax2+be+e (ax*+ bx +c)? (ax? + bx + c)F 


EXERCISES 
Resolve into partial fractions each of the following fractions. 
“p 47441 11 8e—ba+4 
(2—1)(@+1)(@ +8) (@— 18 
38a—1 x 
F : 12. ——__.. 
Mi A (a? — 1)? 
2a4+1 ot 
3, ——-—. 13. —________., 
x? (x — 4) (a? — 1)(x + 2) 
+1 x—2 
4. ———_.. 14. ——____.. 
x(a — 1)8 (x + 1)2? 
1 20—x#2+3 
——_—___.. 15. ————____—_-. 
: x2(# + 1) x(x? — 1)(2%—8) 
6. Ct2e+1 16. ee 
e+ a (2 — @?) (2 + a?) 
242-1 ot + a2 
. 17. ———_.. 
803+ 324 et +a2+1 
2e2+1 38 — 2x? 
(py ee ee 18, ————_.. 
xt + a2 +a (2—3a + 2)? 
1 5a8 +2a4+1 
9, ——_—_—_.. Lo eee 
a e(e4 4) (a2 + 1)(a— 1)? 
3 2ae+1 
eet 20. ———__.. 
i a8 —1 a2(a2 + 1)? 


CHAPTER XVII 


PERMUTATIONS, COMBINATIONS, AND PROBABILITY 
THE BINOMIAL THEOREM 


267. Definitions. Suppose that a group of m objects is 
given. Any set of r(r<7z) of these objects, considered with- 
out regard to order, is called a combination of the n objects 
taken r at a time. We often denote the objects in question, 
which may be of any kind, by letters, as a, b, c, ---, k. The 
number of combinations of these n letters taken r at a time is 
denoted by the symbol ,C,. For example, the combinations 
two at a time of the four letters a, b, c, d are, 


ab, ac, ad, be, bd, ed. 


Since there are 6 of these combinations in all, we have ,C,=6. 


On the other hand, any arrangement of r of these n objects” 


in a definite order in a row is called a permutation of the n 
objects taken 7 at a time. The symbol ,P, is used to denote 
the number of such permutations. : 

For example, the permutations of the four letters a, b, c, d 
taken two at a time are 


ao ac ad ‘bc bd cde ba ca daveb db “de 


Since there are 12 of these arrangements in all we have 
4P)= 12. We have assumed in these examples that the 
objects are all different, and that the repetition of a letter 
within a permutation is not allowed. 


268. Fundamental Principle. If a certain thing can be 
done in m different ways and if, when it has been done, a cer- 


tain other thing can be done in p different ways, then both 
420 


wie te tthe ate 
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things can be done, in the order stated in m xp different 
ways. For, corresponding to the first way of doing the first 
thing, there are p different ways of doing the second thing ; 
corresponding to the second way of doing the first thing there 
are p different ways of doing the second thing; and so on for 
each of the m different ways of doing the first thing. There- 
fore there are m x p different ways of doing both things in 
the order stated. This fundamental principle may at once be 
extended to the following form. 


If one thing can be done in m ways, and if, when it has been 
done, a second can be done in p ways, and if when that has been 
done, a third can be done in q ways, and so forth, then the number 
of ways in which they can all be done, taking them in the order 
stated, ism XpXq-. 

Exampxe 1, There are five trails leading to the top of Mt. Moosilauke, 
N. H, In how many ways may I go to the top, and return by a different 
trail ? 

There are five ways I may go to the top and for each of these there are 


four ways I may descend. Therefore, the total number of ways in which 
I may make the round trip is 5 x 4 or 20. 


Exampte 2. How many even numbers of two unlike digits can be 
formed with the digits 1, 2, 8, 4, 5, 6, 7, 8, 9? 

The digit in the units’ place can be chosen in any one of 4 ways and the 
one in the tens’ place can then be chosen in 8 ways. Therefore, 4x8 or 32 
even numbers with two unlike digits can be formed from the given digits. 


269. The Number of Permutations of n Different Things 
Taken r at a Time. The problem of finding the number of 
permutations of » different things taken r at a time can be 
stated as follows: 

Find the number of ways in which we can fill r places when 
we have n different things at our disposal. 

The first place can be filled in n ways, for we may take any 
one of the n things at our disposal. The second place can 


422 MATHEMATICAL ANALYSIS  [XVII, § 269 


then be filled in n —1 ways, and hence the first and second 
places together can be filled in n(n —1) ways. Why? When 
the first two places are filled, the third can be filled in n —2 
ways. Reasoning as before, we have that the first three places 
can be filled in n(n — 1)(n — 2) ways. Proceeding thus, we see 
that the number of ways in which r places can be filled is 


n(n —1)(n — 2) --- to r factors, 


and the rth factor is n—(r—1) or n—r+1. Therefore the num- 
ber of permutations of n different things taken r at a time is 


(1) nPy =n(n —1)(n—2) ---(n—7 +1). 
Corottary. Ifr=n, we have 
(2) nPn =n(n—1)(n— 2)+-3-2-1=n!* 


Exampite. Three students enter an office in which there are five 
vacant chairs. In how many ways can they be seated ? 
Heren =5,r=38. HencesP3; = 5-4-3 = 60 ways. 


270. The Permutations of n Things not all Different. The 


number N of permutations of n things taken all at a time, of 

which p are alike, q others are alike, r others alike, and so on, is 
n! 

©) W pigitlen 

Suppose the n things are letters and that p of them are a, 
q of them b, 7 of them ¢, and so on. 

Now, if in any of the V permutations we replace the p a’s 
by p new letters, different from each other and also from the 
remaining n — p letters, then by permuting these p letters 
among themselves without changing the position of any of the 
other letters we can form p! new permutations. Therefore if 
this were done in each of the N permutations, we should 


* The product of all the integers from 1 to n is called factorial n, and is de- 


noted by the symbol 7! or|n. Thus 3! =1-2:3=6. A table of the values 


of n! up to n = 10 will be found at the end of the book. 


: 
| 
i 
) 
| 
) 
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obtain N-p!new permutations. In the same manner, if we 
replace the q b’s by qg new letters differing from each other and 
the remaining x — q letters, the 7 ¢’s by r new letters differing 
from each other and from the remaining n — r letters, and so 
on, we then obtain V-p!q!r!-+new permutations. But the 
things are now all different and may be permuted in n! 
ways. Therefore V-p!-q!-r!--=n!, or 
oe n! ? 
plain. 

Examprte. How many different permutations of the letters of the 

word Mississippi can be formed taking the letters all together ? 


We have 11 letters of which 4 are s, 2 are p,4 are 7. Therefore the 
number of permutations is 11!/(414!2!) = 34650. 


EXERCISES 
1. If there are six letter boxes, in how many ways can two letters be 
posted if they are not both posted in the same box ? Ans. 30. 
2. If there are six letter boxes, in how many ways can two letters be 
posted ? Ans. 36. 
3. Two dice are thrown on a table. In how many ways can they 
fall ? Ans, 36. 
4. Two coins are tossed onatable. In how many ways can they fall ? 
5. In how many ways can five coins fall on a table ? 
6. How many different permutations can be formed by taking five 
of the letters of the word compare ? 
7. Find the number of permutations that can be made from all the 
letters of the word (a) assassination ; (b) institutions; (¢) examination. 
8. Given the digits 1, 2, 3, 4, 5,6, 7, 8,9. Find 
* (a) How many odd numbers of two digits each can be formed, repeti- 
tion of digits being allowed. 
(b) The same as (a), except that repetition of digits is not allowed. 
9. How many even numbers less than 1000 can be formed with the 
digits 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, repetition of digits not being allowed ? 
10. In how many ways can a hand of ten cards be played one card 
at a time ? 
11, In how many ways can 3 different algebras and 4 different geom~ 
etries be arranged on a shelf so that the algebras are together ? 


> 
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271. The Number of Combinations of n Different Things 
Taken r ata Time. The number of combinations of n different 
things taken r at a time is 


(4) mC Te 
Tr: 


For, each combination consists of a group of r different 
things which can be arranged among themselves in 7! ways. 
Therefore ,C,-7! is equal to the number of permutations of » 
different things taken rat a time; that is, ,C.-r!=,P_, or 


Ca” R— Ln 2) (nr ae 
BTS 7 r! 


CoroLtuary 1. The value of ,C, may be written in the form 
! 
5 Ow 2st 
©) oe anetNery 
This follows immediately from (4) if we multiply numer- 
ator and denominator by (n —r)!, since 


n(n — 1)\(n — 2) + (m—r+1)-M—nl=nl. 


CorottaRy 2. The number of combinations of n different 
things taken r at a time is equal to the number of combina- 
tions of n different things taken (n — 7) at a time. 


n! n! 

C= Gite! G@ it 
The total number of ways ‘in which a selection of some or all 
can be made from n different things is 2"—1. For each thing 
may be disposed of in two ways, #.e. it may be taken or it may 
be left. Since there are n things, they may all be disposed of in 
2” ways. But among these 2" ways is included the case in 
which all are rejected. Therefore the number of ways of 

making the selection is 2" — 1, 
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Exampre 1. In how many ways can a committee of 9 be chosen from 


12 people ? 
The required number is 
12-11-10 
12C9 = 1203 = ——__— 


= 220. 
Larse oy 


ExaMPLe 2. From 6 men and 5 women, how many committees of 8 
each can be formed when the committee contains (1) exactly 3 women? 
(2) at least two women ? 

(1) The men may be chosen in ,C; ways, the women in ;C3 ways. 
The number of ways in which both groups may be chosen together is 
6Cs- 5C3, or 60. 

(2) Since each committee is to contain at least three women, it can be 


f ‘ 
made up as follows (a) 5 men and 3 women. 


(6) 4 men and 4 women. 
(c) 3 men and 5 women. 


Therefore the number of possible committees is 
6Cs X 5Cs +6Cs X 5Cs + 6C3 X 5C5 = 155. 


EXERCISES 

1. Find 10@’s; 11010; 100C'o0. 

2. How many different committees of 6 men can be chosen from a 
group of 20 men ? 

3. There are 20 points in a plane, of which no three are in a straight 
line. How many triangles may be formed each of which has three of 
these points for its vertices ? 

4. How many planes may be determined by 25 points, no four of which 
are coplanar, if each of the planes is to contain three points ? 

6. How many different committees, each consisting of 5 republicans 
and 4 democrats, can be formed from 10 republicans and 8 democrats ? 

6. From 20 men how many groups of 11 men each can be picked? In 
how many of these groups will any given one of the 11 men he? 

7. Out of 6 different consonants and 4 different vowels, how many 
linear arrangements of letters each containing 4 consonants and 3 vowels 
can be formed ? Ans. ¢C4* 463% Th. 

8. From ten books, in how many ways can a selection of six be mae, 

(1) when a. specified book is always included ? 

(2) when a specified book is always excluded ? 
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272. Probability. If an event can happen in hk ways and fail 
in f ways, and if each of these f+ h ways is equally likely, the 
(mathematical) probability * of the event happening is 

h 
h+f 
and the probability of its failing is f/(A+f). An equivalent 
way of stating that h/(h +f) is the probability of an event 
happening is to say that the odds are h to f in favor of the 
event or f to h against the event. 


The probability of an event happening plus the probability of 
its failing is always equal to unity. 


Exame.eE 1. Suppose from a bag containing 3 red ballsand 5 black 
ones, a ball is drawn at random, then the probability of its being red is } 
and of its being black 3. The chance that the ball is either red or black 
is 3+ 3= 1, or certainty. 

ExampPie 2. From a bag containing 3 red balls and 5 black ones, two 
balls are drawn. Find the probability that (1) both are red, (2) both are 
black, (3) one is red and one is black. © 

Two balls can be drawn in gz or 28 ways. Twored balls can be drawn 


in sCz2 or 8 ways. Therefore the probability of drawing two red balls is. 


3/28. 

Two black balls can be drawn in 5C2 or 10 ways. Therefore the prob- 
ability of drawing two black balls is 10/28. 

The number of ways of drawing one red ball and one black one is 
3C1 X Ci, or 15. Therefore the probability of drawing a red and a black 
ball is 15/28. 


Exampte 3. Find the probability of throwing six with two dice. The 
total number of ways in which two dice can fall is 6 x 6 or 36. A throw 
of 6 can be made as follows: 1, 5; 5,1;°4,2; 2,4; 3,3; ¢@e.-in 
5 ways. Therefore the probability is 5/36. 


* The reason for the definition of mathematical probability may be made 
clear from the following considerations. Suppose a coin were tossed n times 


and fell heads # times and tails f times. If n is a finite number, A and f will — 


in general not be equal. But as m is increased, h/(A+/f) and f/(A+/) will 
approach nearer and nearer to 1/2, and thus we take 1/2 to be the probability 
of the coin falling heads. 
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EXERCISES 

1. In asingle throw with one die, find the probability of throwing an ace, 

2. In a single throw with two dice, find the probability of throwing a 
total of five ; six; seven; eight. 

3. In a single throw with two dice, find the probability of throwing at. 
least five ; six ; seven; eight. 

4. A bag contains 5 red balls, 6 green balls, 10 blue balls. -Find the 
probability that, if 6 balls are drawn, they are (a) 2 red, 2 green, 2 blue; 
(6) 3 green, 3 blue; (¢) 5 red, 1 green; (d) 6 blue. 

5. Four coins are tossed. Find the probability that they fall two heads 
and two tails. Ans. 3/8. 


6. In a throw with two dice, which sum is more likely to be thrown, 
6 or 9? 


7. Find the probability of throwing doublets in a throw with two dice. 


8. Five cards are drawn from a pack of 52. Find the probability that 

(a) there is one pair. [Two like denominations make a pair, for ex- 
ample, two aces. ] 

(®) Find the probability that there are three of a kind ; (c) two pairs; 
(d) three of a kind and a pair; (e) four of a kind; (f) five cards of one 
suit. 

9. Four cards are drawn from a pack of 52. Find the probability 
that they are one of each suit. 

10. Seven boys stand in line. Find the probability that (a) a partic- 
ular boy will stand at an end; (b) two particular boys will be together ; 
(c) a particular boy will be in the middle. 

11. A and B each throw two dice.” If A throws 8, find the probability 
that B will throw a higher number. 

12. Find the probability of throwing two 6’s and one 5 in a single 
throw with three dice. 

13. In tossing three coins find the probability that at least two will be 
heads. : 

14. If the probability that I shall win a certain event is $, what are the 
odds in my favor? 

15. Find the probability of throwing an ace with a single throw of two 
dice. Ans. 11/36. 

“16. Which is more likely to happen, a throw of 4 with one die or a 
throw of 8 with two dice ? 
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273. The Binomial Theorem for Positive Integral Ex- 
ponents. Consider the product 


(w@+a)(@+ a) ++» (@+ a) [to n factors] 


where n is any positive integer. One term of the product is 
a”; it is obtained by taking the letter « from each parenthesis. 
There will be n terms xa, for the letter a may be chosen from 
any of the n parentheses which: can be done in ,C, = n ways. 
There will be ,C, terms x"*a?, for the a’s may be chosen from 
two of the n parentheses and the w from the remaining n — 2 
parentheses. In general, there will be ,C, terms x" a’, for 
the a’s may be chosen from any r of the n parentheses, and the 
x’s from the remaining n — r parentheses. Therefore 


(6) (x ak a)” = x” +L nC1x"-1a + nC2xn-2 a? +... 
etage as x"-Tqr = ae ey + a”, 


This formula for expanding (# + a)" is known as the binomial 
theorem. Since ,C, = ,C,_,, it follows that the coefficients of 


any two terms equidistant from the beginning and the end are 
equal. If we write — a in place of a we have 


(@— a)” =a + Cir (— a) + , Coa”? (— a)? + + +(— a)”, 
or 
(e—a)"=a"—,,Cya" a+ ,Cox” a? —,, O30" 808 + ---» + (—1)" a". 


Exampre 1. Expand (2a —y)5. 

(2% —y)°=(2%)°— 5Ci(2a)4y +5 C2(2 a7)8y?— 5 C3(2x)?y3 + 5Cs(2 x) y*—y? 
= 82 2 — 80 xty + 80 x8y3 — 40 x2y8 + 10 ayt — 5. 
. 

Exampce 2. Find the sixth term of (2% —3y)8. 

The sixth term is 3C5 (2x)8 ( — 3y)5, or — 108,864 x3y5, 

Exampier 8. Find what term contains x1! in the expansion of (22) 7 

x 
Callit the term. Then 4 C1_a(a2)4( — a) i is the term. In this term 
x 

we want the exponent of ~ tobe 11, Therefore 22—2t—t+1=11, or 
t=4. The coefficient of this term is — i903 = — 120. 
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EXERCISES 
Expand the following by the binomial theorem : 
1. (x—1)5, 8. (22—y)). 5. (« ts ie 
4139 x 
2. (2Qa+y)°. 4. (a =s) bot os 6. (2— ay), 
7. (0.9)5. [Hinr. 0.9=1-—0.1.] 8. (0.99)3. 


Write down and simplify : 

9. The 8th term of (a — 1)18, 12. The 6th term of (244 3y)". 
10. The 5th term of (22 — y). 13. The middle term of (1 — x)”. 
)°. 14. The middle term of (2% —y)*. 


11. The 7thterm of oo S 5 
5 15. The middle terms of (z—1/z)!. 


4x 
Find the coefficient of 
16. «x° in the expansion of (2 ae 


17. x!® in the expansion of (= - ae 
z 


18. x? in the expansion of (# +o) a5 
19. x!" in the expansion of (2 (é5 2)". 
x 


20. By considering the expansion of (1+ 1)”, prove that 
nC1 + nC2+ sick: nOn =2"—1. 
21. Prove 1 — ,0, + n»C2—nCs+- + (—1)" nC, =0. 


MISCELLANEOUS EXERCISES 
1. In how many ways can 10 boys stand in a row ? 
2. In how many ways can ten boys stand in a row when 
(a) A given boy is always at a given end? 
(b) A given boy is always at an end ? 
(c) Two given boys are always together ? 
(d) Two given boys are never together ? 


3. How many numbers of three digits each can be formed from the 
digits 1, 2, 3, 4, 5, 6, 7, when 
(a) A repetition of digits is allowed ? 
(b) A repetition of digits is not allowed ? 
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4. How many numbers of three digits each can be formed with the 
digits 2, 3, 5, 6, 7, 9, when 

(a) The numbers are less than 500 and a repetition of digits is 
allowed ? 

(b) The numbers are greater than 500 and a repetition of digits is 
not allowed ? 


5. In how many ways can a consonant and a vowel be chosen from 
the letters of the word vowels ? 


6. Find n when : 
(a) nC2 = 45 ; (d) nP3 = 21) ; (c) n02 = nC3- 


7. Show that the number of ways in which n things can be arranged 
around a circle is (n — 1)!. 


8, In how many ways can 6 people sit around a round table ? 


9. How many signals can be made by hoisting 7 flags all at a time one 
above the other, if 2 are blue, 3 are white, and the rest are green ? 


10. How many different numbers of seven digits each. can be formed 
with the digits 1,2, 3, 4, 3, 2, 1, the second, fourth, and sixth digits being 
even ? 

11. How many handshakes may be exchanged among a party of 10 
students if no two students shake hands with each other more than once ? 


12. A lodge has 50 members of whom 6 are physicians. In how many 
ways can a committee of 10 be chosen so as to contain at least 3 
physicians ? 

13. A crew contains eight men; of these three can row only on the 
port side and two only on the starboard side. In how many ways can the 
crew be seated ? 


14. Find n when nt2 on = 11,,C2. : 

15. In how many ways can 18 books be divided into two groups of 6 
and 12 respectively ? (= Ans. i806. 

16. In how many ways can 12 students be divided into three groups 
of 4, 3, 5, respectively ? 

17. How many different amounts can be weighed with 1, 2, 4, 8, and 
16 gram weights ? 


18. How many sums of money can be made with 5 one-cent pieces, | 


4 dimes, 2 half dollars, and 1 five-dollar bill ? 


19. In how many ways can four gentlemen and four ladies sit around 
a table so that no two gentlemen are adjacent ? Ans. 144, 


. 


\. i eg 
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20. Prove nr + nOr=i = niC.* 

21. How many dominos are there in a set numbered from double 
blank to double six ? 

22. A railway signal has three arms and each arm can take three 
different positions. How many signals can be formed ? 

a3. PrévegieCny = Ong + 2,0, +,05x% 

24. How many combinations of four letters each can be made from 
the letters of the word proportion? How many permutations ? 

Ans. 53 ; 758. 

25. Find the probability that in a whist hand a player will hold the 
four aces. 

26. Find the probability of drawing a face card from a pack of 52 
playing cards. 

27. If two tickets are drawn from a package of 15 marked 1, 2, ---, 15, 
what is the probability that they will both be marked with odd numbers ? 
both with even numbers ? both with numbers less than 10? both with 
numbers more than 10 ? 

28. To decide on partners in a game of tennis four players toss their 


“rackets. The 2 ‘‘smooths” and the 2 ‘‘roughs” are to be partners. 


What are the odds against the choice being made on the first throw ? 

29. Prove that the sum of the coefficients of the odd terms of a 
binomial expansion equals the sum of the coefficients of the even terms. 

30. If n is an even integer, prove that there is a middle term in the 
expression of (x + a)” and that its coefficient is even. 

31. Prove that ,C;+2,02+3,C3 +---n,C,= n(2)"-1. 

32. Prove ,C; —2,02+3,C3 + -+(—1)""1-n-,0, =0. 


* An application of this formula is the construction of Pascal’s Triangle. 


~ (oo by definition will be assigned the value 1.) 


oC 

1% 9104 

2p «Cy on : 

30 8, Cn C3 Chet gal 

40 4Cy 4C2 4C3 4C4 1 4 6 4 il 
The formula in Ex. 20 shows that any number n+iC; is equal to the number 
just above it, i.e. ',C,, plus the number »C;—1 which is to the left of nC. Thus 
for example ,C3=3C3-+ 3C>. We can, by means of this formula in’ Ex. 20, 
write down the next row. It is 

af 5 10 10 5 a! 
The numbers in the nth row of the table are seen to be the coefficients 

of the terms in the expansion of («+ a)” (§ 273). 


Bee ee 
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CHAPTER XVIII 
COMPLEX NUMBERS 


274. Definitions. We have already had occasions to refer 
to the so-called imaginary numbers. A number that arises as 
the result of extracting the square root or, indeed, any even root 
of a negative number is called an imaginary number. Thus 
/—2 is an imaginary number; the roots of the quadratic 
equation 22+ 8=0, viz. + 2/— 2, are imaginary numbers. 

We have hitherto avoided the use of imaginary numbers as 
far as possible. It now becomes desirable to take them defi- 
nitely into account, to learn how to work with them, and to 
gain some knowledge of their usefulness. Indeed, one of the 
primary objects of this chapter is to show that imaginary 
numbers have quite as concrete an interpretation as the real 
numbers, an interpretation which in many cases is of great 
service in the solution of concrete problems. 

The letter 7 is used to represent the so-called imaginary 
unit ; it is by definition such that i? =— 1. 

Numbers of the form 7b, where 6 is a real number different 
from zero, are called pure imaginary numbers. 

Numbers of the form a + 7b, where a and b are real numbers, 
are called complex numbers., 

In the complex number a + 4b, a is called the real part and 
ib the imaginary part. In a real number the imaginary part 
is zero; in a pure imaginary the real part is zero. A complex 
number a + 07 is imaginary if b + 0. 

When two complex numbers differ only in the sign of the 
imaginary part they are said to be conjugate. Thus 342% 
and 3 — 27 are conjugate complex numbers. 

432 
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275. Assumption. We assume that complex numbers obey 
the laws of algebra given in § 41. By applying this assump- 
tion we have symbolically for the sum and difference of the 
two complex numbers a + ib and ¢ + id, : 


a+ibt(c+id)=atect+i(vtd). 


That is, to add (subtract) complex numbers, add (subtract) the 
real and imaginary parts separately. 


276. The Geometric Interpretation of the Imaginary Unit. 
We now seek a geometric interpretation of the imaginary unit 
t. To this end we recall the familiar representation of the 
real numbers as directed segments on a line, 0 A 
together with the interpretation of multiplica- °C?" 4% 
tion by —1 ($35). To multiply areal number =?” 

a by —1 is equivalent geometrically to a rotation about the 
point O through two right angles of the segment OA which 
represents a (Fig. 237). 

Now, by definition, iis such a number that ?=—1. To 
multiply a real number a by — 1 is then equivalent to multi- 
plying it by 2, ie. by i-% Multiplying a real number a by ¢ 
may, therefore, be interpreted geometrically as an operation 
which when performed twice is equivalent to a rotation about 
O in the plane through two right angles; i.e. 
to multiply a by « may be interpreted geo- 
metrically as equivalent to rotating O.A about 
O in the plane through one right angie. 

The number a? will then be represented by 
a segment OB equal in length to OA whose 
direction makes with that of OA an angle of 
90° (see Fig. 238). In the figure we have also indicated the 
result of multiplying a by ®?=71-i=—1 and by ®=7-71-i=—7. 

2F 


Fie. 238 
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Multiplying by #=7-i-i-i=@?-?=1 is then to be inter- 
preted as a rotation through four right angles. 


EXERCISES 
Give the conjugates of the following complex numbers: 
1. 34 27%. 2. 3 —4i. 8. —5— 31. 4. —8+i. 


Simplify the following expressions : 
5. 2(8 + 47) — 4(1 —2). 7. fo 3t_b 2h 


6. —4(1—7)+ 6(3 — 281). 8 x+iytin+y. 


9. Prove that the sum of two conjugate complex numbers is a real 
number, 

10. Is the following statement true? If the sum of two complex 
numbers is a real number, the complex numbers are conjugates. Explain. 


11. Prove that every even power of i is equal to either 1 or — 1. 
12. Prove that every odd power of 7 is equal to either 7 or — 7. 
13. Find the value of i+ 2774+ 384 47%. 

14. Find the value of 123 + i#5 + 763 + 789 + i, 


277, Vectors inthe Plane. We have seen that, if any real 
number a is represented by a horizontal segment directed to 
the right or left according as the number a is positive or 
negative, then the imaginary number ai may be represented 
by a vertical segment directed upward or downward accord- 
ing as a is positive or negative. This suggests the possi-. 
bility. of representing other complex numbers by segments 
having other directions in the plane. Such a directed seg- 
ment will represent a magnitude (the length of the segment) 
and a direction. Therefore such a segment can be used to 
represent a variety of concrete quantities that are not merely 
geometric; eg. a force of a given magnitude and acting in 
a given direction; a velocity, meaning thereby the speed 
(magnitude) and the direction in which a body moves; ete. 


Such quantities having both direction and magnitude are — 


ss 


_ 
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called vectors, and, if the directions are restricted to lie in 
the same plane, they are called plane vectors. Any plane 
vector may, then, be represented by a directed line-segment 
in the plane. ; 

Two vectors are said to be equal if and only if they have the 
Same magnitude and the same direction. Hence, from any 
point in the plane as initial point, a vector can be drawn equal 
to any given vector in the plane. 


278. Addition of Vectors. The addition of vectors in the 
plane proceeds according to a definition analogous to the geo- 
metric addition of directed line-segments discussed in § 35. If 
we are given two vectors AB and BC, we may - 
conceive the first to represent a motion from 
A to B and the second a motion from B to C. al 
The sum of the two vectors then represents, @ a gs 
by definition, the net result of moving from A es 
to B and then from B to (, i.e. the motion from Ato C. The 
sum of the vectors AB and BC is then the vector AC (Fig. 


239). In symbols AB a BO = AC. 


In other words, the sum of two vectors is the vector from the 
initial point of the first to the terminal point of the second, 


-when the vectors are so placed that the initial point of the 


second coincides with the terminal point of the 


eo / first, From this definition it follows immediately 


¢ that, if two vectors issue from the same point 
a O, their sum is the diagonal, issuing from 0, of 
the parallelogram of which the two given vectors form two 
adjacent sides (Fig. 240).* 
*Tf the vectors represent two forces, this shows that the sum of the vectors 


represents the resultant of the forces according to the law known as ‘‘the | 
parallelogram of forces.” 
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279. The Components of a Vector. The projection of a 
vector on a given line is called its component parallel to the line. 
Thus in Fig. 241 the directed segment M,M, is the horizontal 


ae 
t 
1 
My Ms, 


Fic. 241 
component of the vector AB, and the directed segment N,N, 
is its vertical component. Moreover, 
vector AB = vector N,N, + vector M,M,. 


If the horizontal and the vertical components of a vector are 
known, then the vector is known. Why? 


280. The Complex Number x+iy and the Points in the 
Plane. Let OP (Fig. 242) be any vector issuing from O, and 
let the horizontal vectors issuing from O be represented by the 
positive and negative real numbers (and zero). We have seen 


Fic, 242 
‘ 


that the numbers of the form ai can be represented by the ver- 
tical segments issuing from.O. Here aisa real number and 7 is 
a vector of unit length. The horizontal component of OP will 
then be a certain real number 2, and the vertical component a 
certain pure imaginary number iy. The vector OP will then 
be equal to the sum of these two components, i.e. 


OP= «x + ty. 
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Conversely, every number of the form «+ iy represents a 
definite vector in the plane. If its initial point is at the origin 
of a system of rectangular coérdinates (with equal units on 
the two axes), its terminal point is the point (x, y). 

We have hitherto used vectors in the plane to represent the 
complex numbers. If we think of these vectors as all having 
their initial points at O, each vector determines uniquely, and 
is uniquely determined by, its terminal point. Hence, we can 
also use a complex number to represent a point in the plane, 
viz. the number «+ iy will represent the point whose rectan- 
gular codrdinates are (a, ¥). 


Exampte 1. Represent by means of vectors the complex numbers 
2+2iand1+4+67. Find the vector that represents their sum! 

In Fig. 243 the vector OA represents the complex number 2 + 27, and 
the vector OB represents the complex number 1+ 6%. The sum of these 
two complex numbers is represented by the vector OC. Why? 
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Fre. 243 


Exampte 2. Find the vector that represents (1 + 7)—(2 — 37). 

To find this vector, find the vectors, OA and OB, that represent 1+7, and 
2— 3%, and determine OC so that OA is the diagonal through O of the 
parallelogram of which OB and OO are adjacent sides (Fig. 244), Note 
that the vector OC is equal to the vector BA. 
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281. Equal Complex Numbers. Jf x + iy =0, then x=0 and 
y=0. For, if 7+ iy=0, and y#0, we should have x/y = —i, 
which is impossible. Why? 

Tf x, + iy, = 2+ iy, then x, = 2, and y,=¥Y, For, by trans- 
posing terms, we have (#,—2,)+i(y,—y.)=0. Hence, we 
have 2, = a and y, = ye. 

Thus, two complex numbers are equal if and only tf the real part 
of the first is equal to the real part of the second, and the imaginary 
part of the first is equal to the imaginary part of the second. 
Geometrically, two complex numbers are equal if and only if 
they represent the same point. 


282. The Polar Form of a Complex Number. Connect the 
point P(a, y)(Fig. 245), which represents the complex number 
x + iy, to the origin O. If we let (p, @) (ep 2 0) be the polar 
coordinates of P(O being the origin and OX the initial line), 
then for any position of the point P we have 

2 = pcos 0, 
®) i =p sin 6. 
Therefore, the complex number x + iy may 
be written in the form 


(2) x+iy=p(cos@+isin6). (p20.) 
This form of complex number 2 + iy is called the polar form. 


The angle 6 is called the angle or the argument, and the length 
p is called the absolute value * of the complex number. 


Fia. 245 


ExampLe. Find the angle, the absolute value, and 
the polar form of the complex number 24+i12V3. _ 
Plot the complex number (Fig. 246). Now we have 
p=vx2+y2. Hence p=V4+12=4. Moreover 
tand=V3, i.e. 0= 60°. That is, the absolute 
value is 4 and the angle is 60°. Therefore the polar 
form is 4 (cos 60° + 7 sin 60°). Fic. 246 
* Also sometimes called modulus. 


Pe+i2/3) 
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EXERCISES 


In the following exercises represent by vectors the numbers in paren- 
theses, and their sum or difference as the case may be: 


1. (84+7)+(-—44 2%). 4. (6—47%)-(-—2-2). 
2. (14+ 3%)—(6 — 62). 5. (84+ 27)+(38 +22). 
3. 7-—(64+ 387%). 6. (—4-—47)-6. 

Represent by a point each of the following complex numbers : 
7. 3+ 5%. 9. 6+ 7%. 11. —3+4 6%. 
8. 3—38i. 10. —5—3i. 12. 7+ iv2. 


In the following exercises, represent by points the numbers in paren- 
theses, and their sum or difference as the case may be : 


13. (8+7)+(—4+42%). 16. (6—47)—-(— 2-72). 

14. (14+ 37)-(5 — 62). 17. (84+21)4+(8 + 2%). 

16. 7-(54+ 32). 18. (84+ 37)—5. 

Find real values of x and y satisfying the equations : 

19. 2x4—iy=4y—6-—4i. 22. ixyt+a+y=5+4i. 

20. «+ ixy=y +54 367. 23. 2? + y2= 25 —(844+4 y—25) 7. 


21. (82+6y+2)i—3y—xe2=8. 24. te +iy=4i4 52. 


Find the angle and the absolute value of each of the following complex 
numbers. Represent the numbers in polar form : 

25. 1+ iv3. a7. 1-7. 29. 37. 31. — 8i. 

26. 545i. 28. 1 _ ws 30. —8. 32. 124 5%. 

33. Can the complex number x + iy, where x and y are real numbers, 
equal 7 ? 

$4. Under what circumstances is the sum of two complex numbers a 
real number ? 


Change the following complex numbers from the polar form to the 
form « + iy: / 

35. 3(cos 30° + isin 30°). "$8. 2V2(cos 225° + isin 225°). 

36. 4(cos 135° + isin 135°). 39. 4(cos 90° + isin 90°). 

37. cos 210° + 7 sin 210°. 40. 8(cos 180° + isin 180°). 
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283. Multiplication of Complex Numbers. Our assump- 
tion in § 275 allows us to multiply two complex numbers 
x, + ty, and x + iy, as follows: 


(ay + 4Y1) (®2 + UYa) = W005 + WY + 1ayYo + VY Ys 
= (ty, — YrYo) + UMrY2 + teyr)- 
If the two numbers are written in polar form, the multipli- 
cation may be performed as follows: 


a, + iy; = pi(cos 6, + 7 sin 6), 
XL + ty, = p2(Ccos O, + 7 sin 8). 
By actual multiplication, we have 


(& + ty1)(@2 + 12) 

= pip. [cos 8, cos 6, + 7 (sin 6; cos @, + cos 6; sin 6,) — sin 6, sin 4, | 

=' pip. [cos (6; + 6.)-+ 7 sin (6; + 6,) |.* 
Therefore, the absolute value of the product of 
two complex numbers is equal to the product 
of their absolute values, and the angle of the 
product is equal to the sum of their angles. 

In Fig. 247 the points P, and P, represent the 


complex numbers 21 + zy; and x2 + iy2 respectively. 
The point P; represents (a ,+7iy1) (a2 + tye)- 


Fic. 247 


284. Division of Complex Numbers. The quotient of two 
complex numbers 2, + iy, and a + iy, may be reduced to the 
form a +i) if we make the denominator real by multiplying 
both numerator and denominator by the conjugate of the 
denominator, “Thus, 


MAM + | Be = Yo Cry + iyi, — tary, — PynYa 
© By DY Wy + WYy” Ly — Ys | tty + Ys? wu 
__ U1@_ + YiYo Pek teas NL 
a? + Yo" Dae Yat Spigot 


* See § 188 
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If we write the two complex numbers in polar form and 
then perform the division, we have 
pr (cos 6, + isin 6;) _ p,(0os 6, + 7 sin 6;)(cos 4, — isin 6,) 
p2(Cos 6 + tsin 4) py (cos & + 7 sin O,)(cos 6, — isin 6,) 
— pi [00s (9; — 6,) + ¢ sin (6; — 6) ] 
Py (Cos? , + sin? 6) 
= 7098 (6, — 6.)+ isin (6, — 6;)]. 


X 
Therefore, the absolute value of the quotient of two complea 
numbers is equal to the quotient of their absolute values, and the 
angle of the quotient is equal to the difference of their angles. 
Exampte 1. Find analytically and graphically the product (1 +7) 
(8+ iv3). 
Soxution. Analytically, 
, (1+ 2(8 + V3t) =3 + 844 V814+ V3 2 = 8 —V3) +7(3 + V8). 
Graphically, writing the complex numbers in polar form, we have 
V2(cos 45° + isin 45°) and 2V3(cos 80° + isin 80°). 
Therefore pi = V2, pp = 2V3, 0 = 45°, 0, = 30°. 


Hence the absolute value of the product is pip, =2-V6 and the angle of 
product is 75°. In Fig. 248 the points Pj, P2, and P represent respectively 
the complex numbers 1 + 7, 8 + 7V3, (1+7)(8+iv38). 


Lia 
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ExamMp.e 2, Find analytically and graphically the quotient 
(3 +iv38)/(1 + Z). 
Sotution: Analytically: 


38+iv3_3+iv38 1-i_ (84+v3)—i(3 — V3) | 
1+i 1+i 1-i 2 


SSS000 500005) 20088 
COCCI eee 
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EE Deel |e ake ect 


Graphically, using the results in Ex. 1, we see in Fig. 249 that the 
points P;, P.2, and P represent respectively the complex numbers 


(14+ 2), (8+7V38), (8 + 7V3)/(1 +4). 


EXERCISES 
Perform the following operations analytically and graphically : 
1 d4+0@42%). - 1—iv3 
g. (1+7V8)(2 +472 V3). = es 
3. (2%)(5). : 7, Ot 58, 
4. (4 1)(— 2'— 24) (— 1 FTV): 1—% 
5 3+ v3. 8. AG= ors: 
“  1+i 2+i2V8 
Perform the following operations analytically : 
9, 3+ 14. (19 + 19 4 i 4 W2y7. 
._— . 
T—iv2 : 
14+18i 38—29% 
; 15. — - 

10. (ey. $4450 3s 
re eee (25) 

(2+%)?  (2—%)? v2 
12, ot Vv1 = 2 a7, 2+37, 38427 

-ivi—# nama 

x—t 8—4i 344% 

ieee 


core 18. V7 + 24i. 
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285. DeMoivre’s Theorem. The result of § 283 when ap- 
plied to the product of any number of complex numbers leads 
to the following : 


I. The absolute value of the product of any number of complea 
numbers is equal to the product of their absolute values. 


Il. The angle of the product of any number of complex numbers 
ts equal to the sum of their angles. 


If the above statements be applied to a positive integral 
power of a number, i.e. to the product of » equal factors, 
we obtain 
(3) [p(cos 6 + 7 sin @)]" = p*(cosn 6 + isin nO). 

For the special case p = 1 we obtain 
(4) (cos § + isin 6)” =cosn6+isinn®@. 

This relation we have just proved for the case where n is a 
positive integer. It also holds when n is a negative integer, 
For we have 

i _ cos 9 —i sind 
cos§é+isin@  cos?@ + sin? @ 


= cos (— 6)+ isin (— 8), 


(cos 6 + isin 6)* = 


and hence 
(cos 6 + i sin 6)” = [cos (— 6) + 7sin (— 6)]? 
= cos (— p@) +isin(— p98). 


Further, if n =1/q, where q is a positive or negative integer, 
we have, by what precedes, 


; 0 6\27; o t 
(5)  (cos@+ isin #)'= | (ost +i sin’) I = ge ee 


and hence 
ere Oe ak D LD 
(6) (cos@+ isin 6)?= (cos! +isin’) == cog me + isin pr 
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This shows that relation (4) is valid for all rational values of n. 
It should be noted, of course, that relation (5) states merely 
that a certain g™ root of cos 6 +7sin 6 is cos (6/q)+7sin (6/q) 
and that a similar statement applies to relation (6). The fact 
expressed by (4) is known as De Moivre’s theorem.* 


286. Powers and Roots of Numbers. De Moivre’s theo- 
rem often enables us to compute an integral power of a complex 
number without difficulty, as the following example will show. 

Exampte 1. Find the value of (2+27)5. The polar form of this 
number is 2V/2(cos 45° + 7 sin 45°). Hence 

(2 + 24)5= (2V2)5(cos 225° + 7 sin 225°) 
198,V3| — = 128 — 128i 
v2 A) Cie a nae 
To find the nth roots of a number requires special methods. 


Exampere 2, Find the 5th roots of 2+ 2%. 
Here as in Ex. 1 we may write 


24+ 2% = 2V2(cos 45° + isin 45°) 
and hence (2 +42 n= (2-V2)3 (cos 9° + isin 9°). 


But this is not the only number whose fifth power is 2+27%. For we 
may write 2 + 2i = 2V2[cos(45° + & 360°) + ¢ sin(45° + & 360°)], where 
kis any integer. That is to say, 


(2 + 21)5=(2V2)*[cos(9° + #72°) + isin(9 + & 72°). 
For the values % = 0, 1, 2, 3, 4 we get the five numbers ; 
(2-2) (cos 9° + isin 9°), (2/2)? (cos 225° + 7 sin 225°), 
(7) } (2V2)5(cos 81° + isin 81°),  (2-V2)8(cos 297° + isin 297°). 
| (2V2)4 (cos 158° + ¢ sin 158°), 
The succeeding values of k (i.e. k= 5, 8, +) evidently give numbers 


equal to the preceding respectively. Each of the five numbers is a fifth 
root of 2 + 27; they are all different. 


* ABRAHAM DE Motvre (1667-1754), a mathematician of French descent 
_ who lived most of his life in England. 


4 
—.” 


> i ae 
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The general formulation of the problem of finding the nth 
root of a number z = p(cos @ + ¢ sin 0) is as follows. The most 
general form for z is 


z= plcos(@ + k 360°) + ¢ sin(9 + k 360°)], 
where & is an integer. 


This gives, by De Moivre’s theorem, 


2*= p ‘| eos ie + k 360° + 7sin 6 + k 360 : $60. 

The n values k= 0, 1, 2,---,n—1 give n different values for 
z‘/™ and no more values are possible. Why? Here p/" means 
the numerical nth root of the positive number p. We have 
then: Every complex number (+ 0) has ‘just n nth roots. These 
n roots all have the same absolute value; their angles may be | 
arranged in order in such a way that every two successive 


ones differ by 360°/n. 


EXERCISES 
By using De Moiyre’s theorem find the indicated powers, roots, and ; 
products. 
1. (4474V2)8. 4. (8+iv3)", 
2. (cos 10° + isin 10°)°. 5. (—- 1-iva):. 
3 (-y®. 6. (—2+27%)4. 
7. [8(cos 15° + isin 15°) ]. 
8. [2(cos 20° + isin 20°)][8(cos 70° + 7 sin 70°)]. 
> 


. (2+ 2é][ V3 + 4]. 16, V—1—iv3. 
10. (3 —3i)(—1+i V8). 16. V/cos 45° + isin 45°. 
11. V4 + i4v2. 17. Y2Ti. 
12. V3 4iVv3. 18. The cube roots of 1. 
13. V—444i- 19, 58, 
14. 8(cos 60° + isin 60°). 20. V32. 


21. Prove that the n nth roots of a given number z are represented by 
the vertices of a regular polygon of n sides whose center is at the origin. 
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287. Applications in Trigonometry. De Moivre’s theorem 
may be used to advantage in certain trigonometric problems. 

I. To eapress cos nO and sin nO in terms of cos 6 and sin 6. 

We have the relation 

cos n6 + isin n6 = (cos 6 + isin 6)" 


n(n — 1) 
2 


= cos" 6+ n-7i cos” 6 sin 6 + 7 cos™? @ sin? 9 + «++ 


If in this relation we equate the real and the imaginary 
parts we get the expressions desired. 


ExAmpieE 1. Express cos 6 6 and sin 6 6 in terms of cos @ and sin @. 
The above method yields in this case : 


cos 66 + isin 66 =(cos 6 + sin @)§ 
= cos® 6 + 6 icos® ésin 6 — 15 cos‘ @sin? 6 — 207 cos? @sin® 6 + 15 cos? ésin* 8 
+ 6i7cosé@sin®@ — sin® 6. 


Equating the real parts, we have 
cos 6 @ = cos® 6 — 15 cos* @ sin2@ + 15 cos? @sin* 6 — sin® @, 
Equating the imaginary parts we get (after dividing by 7) 


sin 6 6 = 6 cos® 6 sin 6 — 20 cos? 6 sin? 6 + 6 cos @ sin5 @. 


II. To express cos"@ and sin" 6 in terms of sines and cosines 
of multiples of 6. If we place wu = cos 6 + 7 sin 6, we have 
u* = cos k6 + isin kd, u* = cos ké — isin ké. 


Adding and subtracting these equations, we have 
(8) wk + u* = 2 cos kd, 


ut —u-* = Zi sin k6, 
for any integral value of &. 
In particular when k = 1, we have 
2cosdé=u+u14, Z2isindO=4 —w, 
It follows that 
2" cos” 0=(u-+ut)*=u"+ nu? 2D yr oe tna) tu, 


a 


XVIII, § 287] COMPLEX NUMBERS 


The fact that the coefficients in the binomial expansion are 
equal in pairs makes it always possible to group the terms as 


follows: - 
2” cos"? = (wu + uw) + n(wr? 4 UH") Hoes, 


But the terms in parentheses on the right are equal respec- 
tively to 2 cos n@, 2 cos (n—2)6, ---. The following examples 


will make the method clear. 


ExampLe 2. Express cos‘ 6 in terms of cosines of multiples of 0. 


We set 
24 cost @ = (u + uw—1)4 


=ut+4w?+64+4u7+4+ uw 
= (ut + ut) + 4(v + u-?) + 6 
=2cos460+4-2cos204 6. 


Dividing both members by 2 we obtain the desired result 
cost @= } (cos40+4c0s26 + 3). 


EXamMPLe 3. Express sin® @ in terms of multiples of the angle @. 


We set 
25 sind 6 = (uw — u-1)5 


or 
382isin @= vw — 5 ui + 10 u— 10 u1+4+ 5 u-3 — u-5 

= (uw — u-5) — 5(u? — u-8) + :10(u — uw!) 
=2isin5é@—5-.2isin3@0+410-2isin 6. 

Whence 

sind é@= 7; (sin5 6 — 5sin3 6 + 10 sin 6). 
EXERCISES 

Express each of the following in terms of cos @ and sin 0. 

1. cos2é@ and sin 2 0. 3. cos4é@ and sin 4 6. 

2. cos3 6 and sin 3 @. 4. cos5é@ and sin 50. 


4tan 9 (1 — tan? @) 
1 —6tan?6 + tant @ 


6. Find tan 5 @ in terms of tan 0. 


5. Show that tan4@ = 


Express each of the following in terms of sines and cosines of multi- 


ples of @: 
7. sin? @. 9. sin‘ 0. 11. cos® é. 
8. cos? 6. 10. cos? @. 12. sin® 6. 
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MISCELLANEOUS EXERCISES 


Solve the following equations and illustrate the results graphically. 
1. 8 —1=0, 3. 2° — 32 =0. 5. 2&8 —1=0. 
2. 8+41=0. 4, o—1=0. 6. 2 41=0. 
7. Prove that 
cos nd = 3 [cos @ + isin @]” + t[cos @ — 7sin 6)". 
8. Prove that 
isin nO = 4 [cos 6 + 7sin 6]” — } [cos 6 — isin 4]. 
9. Prove that 


1+ sin 0+ 7.cos 6\” 1 ae 
————} =cos(} nr—n0 sin —né). 
ar, oo es (enna) 


10. Prove that the product of the n nth roots of 1 is 1, if n is odd, and 
— 1 ifn is even. 

11. Prove that the sum of the n mth roots of any number is 0. 

12. Complete the discussions in § 287 to derive the following formulas. 


I. (a) cos n6=cos"9— ME cosr* @sin? 6 


* n(n — aor 2)(n — 3) cos "4 @sint 6 + ..., 


(6) sin n6 = n cos"! 6 sin 6 — 


n(n = je at cos"-8 @ sin? 6 


4 n(n — 1)(n — 2)(n — 38) (n — 4) 
5! 


cos"—5 @ sind @ + ..., 


II. (a) cos" 0= [ cos nb-+ncos(n—2)0-4 ™%—2) 1) 
‘ 


cos(n—4)6+-- ‘|. 


(b) sin” @= i i »} cos nd — ncos(n — 2)0 +24 =Deos (n—4)6+ ll 
if n is even; but 


é n—1 
(—1) 2 
Qr-1 


sin” 6 = 


[ sin nd—n sin(n—2)0 + unt) 


sin (n — 4)0+- |, 


if n is odd. 


CHAPTER XIX 


THE GENERAL POLYNOMIAL FUNCTION 
THE THEORY OF EQUATIONS 


288. The General Polynomial Function of Degree n. The 
general polynomial of degree n, 


FT (®) = a,x" == a ae i feet 4x + Ay (a,, #~ 0), 


has already been defined (§ 255). We have already dis- 
cussed in some detail special cases when the degree of f(#) is 
1, 2, 3, (Chapters III, IV, V). For these cases we proved that 
the function is always continuous, and we learned how to find 
the slope of the graph of the function at any point. It is our 
present purpose to extend these results and methods to a func- 
tion represented by a polynomial of any degree. 


289. The Slope of the Graph of f(x). Continuity. To find 
the slope of the graph of the equation 


(8 y =f (@)= a2" + Aye") + -+ + ae + Ay 


at any point P,(x, y;) of this graph, 
we first find the slope Ay/Aa of the 
secant P,Q (Fig. 250) joining the 
point P, to any other point Q(a,+ Az, 
¥y,+ Ay) on the graph. To this end 
we must first calculate the value 
of Ay in terms of 2, and Az We 
have 


2e@ 449 
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i + Ay = f(a + Az) 
= a, (a, + Aw)" + a,_ (a, + Av) + + +4;(%+Ax) +a). 
= f (%) = A,04" + Ay yO)" 1 + +++ + A421 + Ay 

By subtraction and proper grouping of terms we find 

(2) Ay=f(% + Ax) — f(@) 
= A, (@ + Ax)”— xy") + a,_s[ (a + Ax) —ay-*] 

+ +++ + ay[ (a + Ax) — a]. 
Each of the terms of this expression is of the form 

(3) a,{ (a + Ax)* — a*], 

and the whole expression is equal to the sum of all terms ob- 

tained from (8) by letting & take on the values k = n,n — 1, +, 1. 

Expanding the first term in the brackets, we obtain 

,{ (@1 + Ax)* — a] 

= a,[%* + ka tAa+ 
He 


Me 2g? 4. + Agk— a,*] 


=a, kay*I4+ Lees F2Ag +.» + Ax Ax, 


It is clear from this ee that for every value of k 
the expression (3) has Aw as a factor. Moreover the expres- 
sion (2) for Ay is the sum of such terms as (3) for different 
values of k; and, since each of these terms has the factor Aa, 
their sum has the factor Av. Hence, if we divide Ay by ee 
we have for the slope Ay/Aw of P,Q, the expression 


ee a,[ nay? + wee) Lyx Ax 

Ax 2 
+ terms with higher powers of Aa] k=n. 
+ yal (nm — Lay? + (n= ue 3 J n—8Ay 
+ terms with oe ie) ae ue k=n—1. 


+t axl? Hy ie An] k 
+a hizo 
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The slope m of the graph is the limit approached by Ay/Az 
as Ax approaches zero (i.e. as Q approaches P, along the curve). 
This gives finally 


(4) m = na, ey" + (n — 1)a,_ ay"? +» + Qasr, + ay 

[Note that for the values n = 3 and n = 2 this reduces to the expres- 
sions previously derived for the cubic and quadratic functions. ] 

Moreover, it follows from the remark above, concerning the 
fact that Aw is a factor of Ay, that as Az approaches zero, Ay 
approaches zero also. But this proves that f(a) is continuous 
for every value of x We have then the theorem: 

Every polynomial f (a) is a continuous function of x. 


290. The Derived Function. In previous cases where we 
have considered the slope of a curve y= f(x) we have always 
considered its value at some given point P, on the curve. As 
the point P, moves along the curve, however, the value of the 
slope in general changes. In other words, the slope itself may 
be considered as a function of x This function is called the 
derived function or the derivative of f(x). If the original 
function is denoted by f(x), the derived function is denoted 
by f’(z). In case of the polynomial f(«) considered in the last 
article the derived function f’(x) is obtained from the expres- 
_ sion for the slope m by letting the given value a, become the 

variable 2, i.e. if f(x)=a,a" + a,_)0""'+ +++ a2 + a, we have 

the derived function 
(5) S'(@)=na,a"" + (n —1)a,_or-?-+ + + a. 
The derived function of any polynomial is readily written 
down from the following consideration. The derivative of any 
term a,2* is ka,a*; i.e. it is obtained by multiplying the term 
by the exponent of x and reducing the exponent of x by1. Thus 
the derivative of 2* is 3.22, of 10 2? is 20a. The above expres- 
sion for f'(#) shows that the derivative of a polynomial is the 


452 MATHEMATICAL ANALYSIS [XIX, § 290 


sum of the derivatives of its terms. Thus the derivative of 
5a? —3a'+ 7a”? —1 may be written down at once; it is equal 
to 35a —1223+14a. Observe that the derivative of a con- 
stant is 0. 

The relation between the derived function f(#) and the slope 
of the graph at any point, is expressed as follows: 

The slope of the graph of the curve y =f (x) at the point x= a 
is equal to the value uf the derived function for <=2,, 1.e. m= f' (a). 

Further, since the derived function of a polynomial is a 
polynomial, it follows from the theorem at the end of the last 
article, that the derived function of a polynomial f(a) is a con- 
tinuous function of 2. 

EXERCISES] 

Find f(x) when 

1. f(~)= 28 + 40?-— 64 + 3. 

2. f(~) = 508 — 428 +62? 4+2e+4+1. 

8. f(x) =T2'— 428427419, 

4. f(x%)=8e5—4e4+ 208 + 8224 1. 

5. Find the equation of the tangent to y = 4a — 34+ 1 at (1, 2). 
6 


. Find the equation of the tangent to y =25— 5x? +42 at the point 
(1, J 2). 2 


291. The Graph of a Polynomial f(x). In drawing the 
graph of a given polynomial of degree greater than 3, we may 
proceed as in the cases of polynomials of degrees 2 and 3. 
There are two general theorems to aid us: 

(1) The graph of any polynomial is a continuous curve; in 
particular, the value of y does not become infinite except when 
x becomes infinite. 

(2) The tangent to the graph at any point P turns continu- 
ously as P moves along the curve; i.e. the curve has no sharp 
corners and the tangent is nowhere vertical. (Why ?) 

We found in discussing the graphs of cubic functions that 


=" 
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the values of « for which the slope is zero were particularly 
helpful, in view of the fact that they gave us, in general, the 
turning points (maxima and minima) of the graph. Let us 
apply these principles to an example. 


Examp.e. Draw the graph of y =f (x)= }(8 2t—4 28 — 12 22 + 8). 

We have j’(x)=4(a8 — 22-—22”)= 4a("% — 2)(4 +1). 

Hence f’(x)=0 when x= 0, 2, — 1. 

We require next a table of correspond- 
ing values of « and y. Here synthetic 


division is often convenient. Thus, to find 
J («) when «= 2, we write 


S$ -4 —12 0 8/2 
ee. ee ee 
9. -§ 18] — acy. 


Hence y =— 92 when x = 2. 


When x = 8, we have 


ok 10" 0 © 98 
9 15 9 27 
3 56 8 9 80=8y. 


‘Hence y = 10 when « = 38. 


A Fia. 251 
We may note that since all the partial 


results 3, 5, 3, 9, 80 are positive, any value of x>3 will give values of y 
greater than 10. : ' 

Finding the values of y for other values of x, we have the following 
table: 


We have also indicated in the table the values of x for which m is zero. 
These data give us the graph exhibited in Fig. 251. This example sug- 
gests certain other general theorems regarding the graph of a polynomial, 
which are discussed in the following articles. 
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292. The Value of a Polynomial for Numerically Large 
Values of x. In the example of the last article we saw that 
for all values of x>3, the values of f(x) were greater than 10; 
in fact, the nature of the synthetic division showed that as x 
increased indefinitely from x = 3, the value of f(x) increased 
indefinitely. Any polynomial f(a) of degree m with real coeffi- 
cients (§ 288) may be written in the form 


ae sf owed " ae Bi Bn 20” * + eee — Xp | 


Anx” Anx” Ana” 


=a] 1 +( sgt Cc ae oe az) } 
x x El rgd 


Since the absolute value of a sum is equal to or less than 
the sum of the absolute values of its terms (§ 35), we have, 


1 1 1 Fi 
Cpe Oya tm + =| Sle ae| + |eqarg| to + 
al 
<5|(lemsl + eal b+ +141) <oo, (|2|>1). 


where c isa positive number independent of x. Hence, if | x| ><, 
the value of the expression in square brackets above is cer- 
tainly positive. Therefore for sufficiently large values |x|, 
the sign of f(x) is the same as the sign of a,a”. 

If a, is positive and x becomes positively infinite, f(x) is 
positive. If a, is positive and # becomes negatively infinite, 
f(x) is positive if m is even, and negative if n is odd. If a, 
is negative and # becomes positively infinite, f(a) is negative. 
If a, is negative and « becomes negatively infinite, S(@)_ is 
negative if m is even, and positive if n is odd. 7 
As w increases indefinitely in absolute value, the value of f(x) 
increases indefinitely in absolute value. For sufficiently large 
values of |x|, the sign of f (a) is the same as the sign of daw”. 


ee. oe 
s 
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In particular, this leads us to the following theorems. 

Tf f (x) is a polynomial of even degree, the infinite branches of 
the graph of y = f(x) are either both above the x-awis or both below 
the x-axis (according as a, is positive or negative). 

If f(x) is a polynomial of odd degree, the infinite branches of 
the graph of y = f(x) are on opposite sides of the x-axis (below 
the a-axis on the left and above the z-axis on the right, if a,>0; 
above the a-axis on the left and below on the right, if a,<0). 


From these theorems and from the continuity of the function 
J (@) we derive the following corollary. 


The graph of a polynomial f(x) of odd degree with real coeffi- 
cients must cross the x-axis at least once and, if it crosses more 
than once, it must cross it an odd number of times. .The graph 
of a polynomial of even degree with real coefficients either does 
not cross the x-axis at all or it crosses it an even umber of times. 


293. The Zeros of a Polynomial f(x). The Roots of the 
Equation f(x) =0. A value of « for which f(#) = 0 is called 
a zero of f(x); i.e. if f(b)= 0, then 6 is a zero of f(a). The 
zeros of f(x) are, therefore, the values of # which satisfy the 
equation f(z)=0. The zeros of f(a) are called the roots of the 
equation f(«)=0. The factor theorem (§ 261) tells us that if 
a is a zero of f(x), then x— ais a factor of f(x). Since a 
polynomial of degree n cannot have more than n distinct fac- 
tors of degree one, we may state the following theorem. 

A polynomial f(x) of degree n cannot have more than n dis- 
tinct zeros. 

Since at the turning points of f(x) the slope is always 
zero, it follows from the fact that the derived function is of 


degree n —1 that a polynomial f(a) of degree n cannot have 
more than n—1 turning points (maxima and minima). 


_— 
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294. The Number of Roots of f(x) = 0. We have seen that 
every quadratic equation has two roots which may be real or 
imaginary and which may be equal. We have also seen that 
every cubic equation f(*) = 0, whose coefficients are real, has 
at least one real root. If this root be 7,, we may write ($ 261), 
F(a) = («@ — ,)Q(a), where Q(x) is a polynomial of degree 2. 
The latter has two zeros, real or imaginary, so that any cubic 
function with real coefficients may be resolved into 3 linear 
ane f(a) = a9(@ — 71)(@ — 12)(@ — 12). 

It may be proved that any polynomial (no matter whether the ~ 
coefficients are real or imaginary) has at least one zero (real or 
imaginary). This statement is called the fundamental theorem 
of algebra. We shall accept it as valid without proof, since 
its proof is too difficult for an elementary course.* From this 
theorem it is easy to prove the following theorem : 

Any polynomial f(a) of degree n may be resolved into n linear 
_ factors. 

Proor: By the fundamental theorem, f(x) has one zero. 
Denote it by 7,. The factor theorem then gives 


Sf (@) = (@ — 71) (2), 
where Q, is a polynomial of degree n—1. By the funda- 
mental theorem, Q,(a) has a zero vr, Hence 


Q@) = @— Qe), ar F@) = @— MY — 7) GLA). 
Again, Q(x) is a polynomial of degreen —2. If n>2, 2, Qe 


has a zero, say 73, which leads to the expression 


F@) = @ — 1) (@ — 72)(@ — 75) Qs(@), 
where Q,(x) is a polynomial of degree n—3, Continuing this 


* This theorem was first proved by Gauss in 1797 (published 1799) when he 


was 18 years old. For proof see Finz, College Algebra, p. 588. 


. 


q 


SE ee a 


7 
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process we find 

I (@) = (x nae 1) (x a 12) a (@ a 2) Qns 
where Q, is a constant which evidently must be a, if f(2) is 
Q,2, + + + a) We have then finally 


F() = A (@ — 11) (@ — 72)» (@ — 7). 


Each of the numbers 7, 12,+-, 7, is a root of the equation 
J (x) =0. This proves the theorem just stated. 

Moreover, no number different from 7, 79, ---, 7, can be a root 
of this equation. For suppose s were such a number, then we 
should have f(s) = a,(s — 7))(s — rz) «++ (s —7,). Since each 
of these factors is under the hypothesis different from zero, 


the product f(s) is different from zero. Some of the num=—~ 


bers 7}, 72, °**,7, may be equal, however. This possibility 
leads to the following definitions. If f(a) is exactly divisi- 
ble by x—r but not by (a —7r)?, then r is called a simple 
root of f(x)=0. If f(«) is exactly divisible by (# — r)? but 
not by (x — r)*, then r is called a double root of f(w)=0. If 
J («) is exactly divisible by (# — r)* but not by (# —7)*" then 
r is called a k-fold root, or a root of order k. A root of order 
greater than one is called a multiple root. If f(#) represents 
a polynomial, the equation f(«) =0 is called an algebraic 
equation. Then we may state the last theorem as follows: 


Every algebraic equation of degree n has n roots and no more, 
if each root of order k is counted as k roots.* 


EXERCISES 
1. Is 1 a zero of the polynomial x’ —345+ 2a*—x%+3? 
g. Is 2 a zero of the polynomial x — 16? 
3; Is 3 a root of the equation 2? +32?+2—3=0? 


*It is logically necessary to note the fact that, if exactly & of the roots 
Ty, To, equal 7, f(x) is divisible by (e—7r)* but not by (e—r)*+1, Why? 
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4. Find kso that x =1 is a root of the equation «* + kx? -—-x+1=0. 
5. Find &so that 2 is a root of the equation #3 + 22 —- kr + 3=0. 


6. How many roots has the equation a7+23+x2%+3=0? How 
many of these roots are positive ? 


7. How many roots has the equation 25-2 «* + 23-3224+2x7%—1=0? 
How many of these roots are negative ? 


8. Find graphically the real zeros of the functions 
(a) —a. (b) w+2e—1. (c) +38e%+2. (d) 2—2?-62+48, 
Draw the graph of each of the following functions : 
9. y=, (8 at— 423 — 2447 + 48 x + 13]. 
10, y= 7, [8 a4 + 823 — 6 x? — 24% — 12]. 
11. y=, [804+ 428 — 12 a? + 24), 
12. y=2at — 1443 + 294?-— 1224 3. 


18. Prove, without assuming the fundamental theorem of algebra, 
that every algebraic equation of odd degree with real coefficients has at 
least one real root. 


295. Successive Derivatives. The derived function of a 
polynomial f(a) of degree n is a polynomial f’(~) of degree 


n—1. The derivative of f’(a) is a polynomial of degree 


n — 2, is denoted by f’’(x), and is called the second derivative 
of f(a). Similarly, the derivative of f’’(«) is called the third 
derivative of f(x) and is denoted by f’’(#). Similarly, the 
fourth, fifth, etc. derivatives may be found. The nth derivative 
of a polynomial of degree n is evidently a constant. 

Thus, if f(%)=a*—38a8—72+4+2, wehave f!(x) =403—922—7, 
Df Ge) 2 ae LS nr (Gg 24a — 18, fi%(%) = 24. 

296. Taylor’s Theorem. The following formula is known 
as Taylor’s theorem: 


©) 1) =O) + SO — 0) +L a) + 
+P (ay 


This formula enables us to express any polynomial in # as a 
polynomial in 2 — a, where a is any constant. : 


ee ee ee eee 


——s = ~~ 


i . ? o 
a a 
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For example, if we have f(«)= #3 — 4x + 2 and desire to express f(z) 
in terms of x + 1, we first find f’(%)= 322-4; f"(x%)=62; f'"(4)=6. 
The coefficients in the above formula are, for a =—1, 


f(—)H=5, f'(-)Y=—-1, f'"(— 1) =— 6, f"(— ) = 6. 
Therefore we have, from (6), 
—82+4+4=5-—(%+1)—38(@4 1)?4+(44+ 13. 

Proor. We have seen in § 290 that the derivative of x is 
kx**. Likewise the derivative of («—a)* is k(@—a)*. For 
if y =(« — a)*, we have, as in § 289, 

y + Ay =(x + Aa — a)*¥=[(@— a)+ Az] 
=(a#—a)*+ k(@ — a)* Aw + terms with a factor Aa*. 
Hence 


a = k(a—a)*1+ terms with a factor Aa, 
2 


and the limit of Ay/Az is obviously k(a — a). 
Let us now set 
(1) f(@)= A, + A,(@ — a) + A2(@ — a)? + + + A,(a — a)* + 
We then have, by taking successive derivatives of both sides, 
S'(a)= Ay + 2 Ap(e — a) +--+ + kA, (a — ance 
2 = sei oP eae ee ae 2 4 


if ®@) = k! ! “a + terms eoumiting c — a) as a coos 


These relations must all be true for all values of «; hence 
they must hold whenx=a. But this gives 


S@=A, f'(a) =A, f"(a)=2 A, +, f¥(a)=k! A, 
Hence 


A=f@, A4=/'@, 4=59,-, 4,=59,. 


By substituting these values in (7) above, we obtain Taylor’s 
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theorem as given in relation (6). Another form of Taylor’s 
theorem is obtained by replacing « by «+a in relation (6). 
This gives 


(8) f(xta=fa@)t+f'(@x FO x8 ab ses +£O xm, 


EXERCISES 


1. Write down the successive derivatives of the following polynomials : 
(a) 284+ 402-1244 17. 

(bo) 2a*— 328 + 82?— 142418. 

(c) #+2xe—1. 

(d) 1—8a% +42? +523, 


2. Prove that the nth derivative of a,”” + a@,p—12"-1 + --- + aye + a i8 
equal to a,n!. 


$8. Iixpand each of the following by Taylor’s theorem : 
(a) x? + 442 — 12% +4 17 in terms of x — 1. 

(b) 2a4—3 23 + 8a? — 14% + 8 in terms of x — 2. 

(c) #6 4+2%—-—1 in terms of x + 1. 

(d) 1—384+4+42? + 523 in terms of x + 2, 


4. By relation (8) in § 296 express each of the following as a polyno- 
mial in x: 

(a) f(@—1) if f(@)= 28 +422 -12¢+417. 

(6) f(@ — 2) if fw) = 2at — 323+ 8a2-— 1424 8. 

(c) f(@+1) if f(~H)=254+2e—1. 

(d) f(w+2) if f(z) =1-—38204422 +4523. 


297. Multiple Roots. If ‘we apply Taylor’s theorem succes- 


sively to f(a) and f'(a), we obtain 
(9) f(z) = 
fla) +F'@(e — a) +O @— ap na (@@—a)+ 
(10) f(a) = r 
I@ +I" @Q@= a) +O @— a + LOG af + 


a 4 


ae 
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If f(a)= 0, the first relation shows that x—a isa factor of f(a) ; 
this constitutes a new proof of the factor theorem. If f(z) is 
divisible by «— a but not by (« — a)’, it follows that f(a)= 9 
and that f’(a)#0. Hence by (10), or by the factor theorem, 
f’(@) is not divisible by «—a. If f(«) is divisible by (# — a)? 
but not by (@— a)’, we have, from (9), f(a)=0, f’(a)=0, 
f’(a)#0. We then conclude from (10) that if a is a double 
root of f(x)= 0, it is a simple root of f’(v)=0. In general, if 
J (@) is divisible by (w — a)* but not by («—a)**, relation (9) 
shows that f(a) =f'(a) =f") = =f*(a) = 0; fa) #0. 
Hence, by (10), f’(#) is divisible by (#—a)*" but not by 
(a—a)*. This leads to the following theorem. . 

A simple root of f(x)= 0 is not a root of f’(x)=0. A double 
root of f (x)= 0 ts a simple root of f’(x)=0. In general, a root 
of order k of f (x)= 0 is @ root of order k —1 of f'(x)=0. 

The following corollary of this theorem is evidently true. 


Any multiple root of f(x)=0 is also a root of f’(x)=0. If 
f(x) and f’(x) have no common factor, f(x)=0 has no multiple 
roots. If d(x)isthe H. C. F. of f(x) and f'(a), the roots of 
(x) =0 are the multiple roots of f (x) =0. 


Exampte 1. Examine for multiple roots the equation 
SJ (x)= 28 +27-10%+4+8=0. 
We have f/(x)=3a?+2x—10. To find the H.C. F, of f(x) and f’(x) 
we proceed as in § 259: 
828 + 322 — 302 424]. 822+22—10 
323 + 24% — 102 
; og? —20x%+24| «+1 


822— 602+ 72 186 x? + 124% — 620 . 
822+ 2x—10) 8a — 186 27 + 246% 
— 622 + 82 370 x — 620 


It ig now clear that f(2) and f’(~) have no common factor, Hence 
we conclude that f(“)= 0 has no multiple roots. 
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Exampire 2, Examine for multiple roots the equation 
S (a) = 0 —208 + 2¢— 1=0. 
We have f!(%) = 428 — 6a? + 2. 


Qet—4a?+4¢ —2 
204 — 8284+ 2& 


x 203 —322+4+1 
208 —4924 24 


o—2e%+1}) 2241 


Hence (x — 1)? is the H.C. F. of f(a) and f’(x), i.e. % = 1 isa triple root 
of f(z)=0. The fourth root of f(~7)=0ise=—1, Howisit obtained ? 


EXERCISES 
1, Examine for multiple roots each of the following equations : 
(a) #8 —342— 24% —28=0. (6) #+22+1=0. 


(c) ®—Ta—2a2+12%+8=0. 
(d) 2 +a*—9e8—52?+ 16%412=0. 
(e) x¢—6x3+1202-—107+4+3=0. 
(f) 8—325 + 623 —32?-382%+42=0. 


2. Prove that the graph of y = f(x) is tangent to the x-axis at a point 
representing a multiple root. 


8. Prove that the graph of y= (x) crosses or does not cross the 
x-axis at a point representing a multiple root according as the order of 
the root is odd or even. [Hinr: Use Taylor’s theorem.] 


4. Prove that a root of order k of f(x)=0 is a simple root of 
f'3(@) =0. ; 

298. Complex Roots. Jfa+ bi (a, b real numbers, ??=—1) 
is a root of an algebraic equation f(x) = 0 with real coefficients, 
then a — bi is also a root of the same equation. 

By hypothesis a + bi is a root of the equation 

SF (&) = And” + Oye" +» + a, = 0, 
te. f(at bt) = a,(a + bt)"+ a,_1(a + bi)" + +» +a) = 0. 
If each of the terms in the preceding expression be expanded 


a neat A RR A 
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by the binomial theorem, the powers of ¢ reduced to their 
lowest terms (7 = — 1, 73 =— i, etc.), and terms collected, we 


stats f(a + bi) = P+ Qi, 


where P represents the sum of the terms independent of 7 and 
Q is the coefficient of i. 

But since P + Qi = 0 by hypothesis, it follows from § 281, 
that both P=0 and Q=0. We wish to prove that a — bi is 
a root of f(z)=0; ie. f(a—bi)=0. To prove this we 
merely have to notice that f(a — bi) may be obtained from 
the expression for f(a + bi) by replacing i by —i. Therefore 


f(a—bi)= P— Q, 
where Pand Q represent the same quantities as before. But 


we have just shown that P=0 and Q=0. Therefore 
f(a — bi) = 0 or a — bi is a root of f(x) = 0. 


EXERCISES 
1. Solve zt + 423+ 522+ 224 —2=0, one root being —1 +7. 
2. Solve zt +423+622+42-+4+5=0, one root being i. 
3. Solve at — 222+ 522?-—2a”+4=0, one root being 1 ~iv3. 
4. If a+b (a and b rational but Vb irrational) is a root of f(a”) = 


with rational coefficients, a — Vb is also a root. 


[Hint : Show that f(a + Vb) reduces to the form P+ QVb where P 
‘and Q contain only integral powers of } and Q is the coefficient of Vb. 
Since P+ QVb=0, P=Oand Q=0. Why ?] 


5. Solve 224 — 322 — 1622-3 +2 =0, one root being 2 + V8. 

6. Form an equation with rational coefficients, of which two of the 
roots are i and 1 + v2. 

7. Solve the equation #3 — (4 +V8)a? + (5+4V3)2—5v3=0, if 
one root is 2 — i. 

8. Solve the equation #3 — (5 +7)? + (94 4i)x—5—57=0 if one 
rootis1+7. Is1—ia root? 
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299. To Multiply the Roots of an Equation. To trans- 
form a given equation f (x)= 0 into another whose roots are those 
of f(@)=90 each multiplied by some constant k, multiply the 


second term of f(a) by k, the third term by k*, and so on, taking 


account of the missing terms if there are any. 


The required equation is f(y/k) =0. For, if f(x) vanishes 
when # =a, f(y/k) will vanish when y= ka. Hence, if the given 
equation is a,0" + a,_;0" 1+ + + d)=0, the required equation 1s 


n n—1 ' 
oi) a Gy tntne 


which on multiplication by k” becomes 
Any” + kar yy" + hdny™ 2 + +++ + kay = 0. 


If k=— 1, we have, the roots of f(—x) = 0 are equal respec- 
tively to those of f(x) = 0 with their signs changed. 


Examprte 1. Transform 23—42?4+6=0 into an equation whose 


roots are twice those of the given equation. The desired equation is 
a8 — 4(2)a? + 5(2)8 = 0, or 23 — 8a? + 40 =0. 


Exampie 2. Transform x7—32>+42t—2%2+1=0 into an equa- 
tion whose roots are those of this equation with their signs changed. 
The result is (— x)? — 8(— #)§ + 4(— x) *— 2(— x) + 1=0, or 

—8e7°—4e4—22—1=0. 


EXERCISES 


Obtain: equations whose roots are equal to the roots of the following 


equations multiplied by the numbers opposite. 
1. oe —223+24+1=0. (2) & wt—a2?+2741=0. (-— 8) 
2. a7 —5%842¢%4—-1=0. (—2) 4. a 4+et—28+e2-1=0. (2) 
Obtain equations whose- roots are equal to the roots of the following 
equations with their signs changed. 
5. a? —6054+2et-274+1=0. T. x’ —o8 + 95-— gt —2=0. 
6. c5—-1=0. 8. 1—-aw— 2? — 2 — at —25 = 0. 


" ~ 
eee 
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300. Variations in Sign. A variation of sign or change of 
sign is said to occur in f(x) whenever a term follows one of 
opposite sign. Thus the equation 23 —322+7=0 has two 
variations of sign. 


If f(@) has real coefficients and is exactly divisible by x — k, 
where k is positive, then the number of variations of sign in the 
quotient Q(x) is at least one less than the number of variations of 
sign in f (x). 

Before proving this statement let us consider the process of 
dividing f(x) = a°+ a — 3a!— 223 — 274+ 5x”—1 by e—1 and 
S (x)= x — a3 + 4 o?—-13 a + 2 by 2 — 2, making use of synthetic 
division. 

11-3 -—2 -1 5 -1 fl 
1 2 -—-1 -—-3 -4 1 
Qi@)=1 2 -1 -3 -4 el 


es See Cae a a 
BEd Save? 
@@j=i 71.6 =-£ 6 


It will be noted in these examples that: @(@) has no varia- 
tions except such as occur in the corresponding or earlier 


- terms of f(a) and that since f(z) is exactly divisible by the 


given divisor, the sign of the last term of Q(x) is opposite to 
that in f(z). Let us now prove the statement in general. 
Proor: From the nature of synthetic division it follows that 
the coefficients in Q(x) must be positive at least until the first 
negative coefficient of f(«) is reached. Then, or perhaps not 
until later, does a coefficient of Q(x) become negative or zero, 
and then they continue negative at least until a positive 
coefficient in f(x) is reached. Therefore Q(x) has no variations 
except such as occur in the corresponding or earlier terms of 
f(«). But by hypothesis f(a) is exactly divisible by ~—k and 
2H 


Sen 
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hence the sign of the last term in Q(#) must be opposite to 
that in f(x). Therefore the number of variations of sign in 
Q(x) must be at least one less thane the number of variations 
of sign in f (2). 


301. Descartes’s Rule of Signs. The equation f (x%)=0 with 
real coefficients can have no more positive roots than there are 
variations of sign in f(a) and can have no more negative roots 
than there are variations of sign in f (— 2). 


Proor: Let 7, 72, ++, 7,(p <n) denote the positive roots of 
f(e)=0. If we divide f(a) by «— 7, the quotient by # — r,, 
and so on until the final quotient Q(x) is obtained, then we 
know from the last theorem that Q(#) contains at least p fewer 
variations of sign than f(x). But the least number of varia- 
tions of sign that Q(x) can have is zero. Therefore f(x) must 
have at least p variations, i.e. at least as many variations as 
J (z) =0 has positive roots. 

Second, by § 299, we know that the negative roots of f(x)=0 
are the positive roots of f(—«#) =0 and, hence, by the first 
part of this proof, we know that their number cannot exceed 
the number of variations of sign in f(— 2). 

It is important to notice that Descartes’s rule of signs does not tell us 
how many positive and how many negative roots an equation has. It 
merely tells us that an equation cannot have more than a certain number 


of positive roots, and cannot have more than a certain number of nega- 
tive roots, ‘ F 


Examrie. What conclusions regarding the roots of the equation 
x’ — 445 + 342 — 2 =0 can be drawn from Descartes’s rule ? 

The signs of f(x) are + — + —, i.e. there are 3 variations and hence 
the equation has no more than 3 positive roots. 


The signs of f(—x) are — + + —, i.e. there are two variations and” 


hence the equation has no more than 2 negative roots. 


But the equation is of degree 7 and has 7 roots. Therefore the equa- 


tion has at least two imaginary roots. Can there be more than two 
imaginary roots ? 


——s 


—————— ee ee 


a, ae ee 
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EXERCISES 


What conclusions regarding the roots of the following equations can 
be drawn from Descartes’s rule ? 


1. 2? —2e8+e2t-—1=0. 4. a —Qat+a8—e?—_ 2 +1=0. 
2. 2 +2#—27? +1=0. 5. a*—1=0. (n odd) 
8. 23 — 34a2 4+ 4¢—45=0. 6. 2*—1=0. (neven) 


7. Show that the equation 26 —522—a2++10—0 has at least two 
imaginary roots. How many may it have ? 


8. Show that the equation x* + 22 + «— 1=0 has two and only two 
imaginary roots. 


9. Show that the equation 28+ 423 422— 10 = 0 has six and only 
six imaginary roots. 
10. Can you tell the nature of the roots of the equation x! + iz8 — 3ix 
+4=0? 


_ 302, Equations in p-form. If each term of the equation 
. FS (@) = 4,2" + Gye"! + -- + 4, =0 
is divided by a, (by hypothesis a, + 0), we obtain the equation 
a" + Pye"? + pee ?-+ o + Dn = 0, 


in which the leading coefficient is unity and p, = Gael “eto; An 
a 


equation in this form is said to be in the p-form. For many 
purposes this is the most convenient form. 


303. Rational Roots. A rational root (+ 0) of the equation 
St (a) = 0 when the equation is in the p-form with integral coeffi- 
ctents is an integer and an exact divisor of the constant term. - 

Proor. Suppose that. the equation f(«)= 0 has a-root -a/b 
where. a/b.(b > 1). is a rational fraction in its lowest terms. 
Then we have ees 


ee: (2) +22)" ieee Prai($) + D, ms O 
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Multiplying both members of (11) by 0"? we have 


- + pa") + p,a"—b sp ove + pnb") =0 


or , 
(12) f= — (pa + pa + + pad”), 


The right-hand member of (12) consists of terms each of 
which is an integer. The left-hand member of (12) is a 
fraction in its lowest terms. Therefore the assumption 
that the fraction a/b is a root of f(#)=0 leads to an 
' absurdity. 

Now suppose r (+ 0) is an integral root. Then 


rn + pyr = pr 4 +s + Dn = 0. 


If we transpose the constant term p, and divide by 7, we 
obtain 


(13) 1) ob Di see te Dy = ae 


Now each term of the left-hand member of (13) is an integer; 
hence p,/7 must be an integer, i.e. p, must be exactly divisible 
by r. 


304. To Find the Rational Roots of an Equation with Ra- 
tional Coefficients. Ifthe equation is not in the p-form with 
integral coefficients, reduce jt to that form and then make use 
of the results in § 303. The following examples will explain 
the methods. 


Exampcte 1, Solve the equation 28 + 322-47 —12=0.. 


By Descartes’s rule of signs we know that the equation has no more 
than one positive root and no more than two negative roots. From the 
last article we know that if the equation has rational roots they are 
factors of 12. Thus we need only try 1, —1, 2, —2, 3, — 3, 4, —4, 6, 
— 6, 12, —12, 


s - 
EE ee 
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By synthetic division we have 
1 38 —4 —121/2 
a0 12 
1 5 6 0.) C: 


The depressed equation * is 22+ 5x2+6=(%+38)(%+4+2)=0. There- 
fore the roots of the original equation are 2, — 8, — 2. 


Exampie 2. Solve the equation 22+ 22+22+1=0. 

Writing the equation in the p-form we have 
e@+tie2+to+i=0. 

If we multiply the roots of this equation by &, we obtain 


a8 tiie + ee + © =0. 
2 2 
If we choose & equal to 2, this equation becomes 
(14) B+e2?+42+4=—0, 


an equation whose roots are twice those of the original equation. « ; 
By Descartes’s rule of signs equation (14) has no positive roots. Any 
rational roots are then negative, and are factors of 4, i.e. —1, —2, — 4. 
By synthetic division . 
1 4 4[-1 


—1 0 -4 
if 0 4 0 
The depressed equation is z2+4=0. Therefore the roots of (14) are 
—1, 2%, —2iand the roots of the given equation are — 4,4, —-% 


EXERCISES 
~ Solve each of the following equations. 
1. 08 +5974 15e%+4+18=0. 4. 602+727—92+2=0. 
2 2+22+274+1=0. 5. 623 —2474+327—1=0. 
8. 24+02-—427—4=0. 6. 2044+3 8—10 v?—12 ~+4+8=0. 
Find the rational roots of each of the following equations. 
7% 2t—382?—4=0. 10. 20¢— a2 —52?+7x%—6=0. 
8. 2°—32=0. 11. 2044223 —2?+1=0. 
9. et t+oeota2?+e¢4+1=0. 12. 404— 23 42-152+9=0. 


* If ris a root of a given equation f(~)=0 and f(x)=(«— 7) Q(x), then the 
equation Q(a)= 0 is called the depressed equation. 
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305. The Solution of an Equation with Numerical Coeffi- 
cients. The preceding articles furnish a number of methods 
for attacking the problem of finding the roots of an algebraic 
equation f (x)= 0 with given numerical coefficients. . 

(1) We may examine the equation for multiple roots (§ 297). 

(2) If the equation f(#)= 0 has rational coefficients, we can 
find all the rational roots by a finite number of trials. 

(3) When any root a has been found, we may divide f(a) by 
« — a and thus make the finding of the remaining roots depend 
on an equation of lower degree (the depressed equation). 


306. Irrational Roots. Graphical Approximation. In order 
to compute approximately any one of the real irrational roots 
of an equation f(a)=0 whose coefficients are real numbers, we 
require first a rough approximation to the root which is to be 
computed. The graph of y=/f(«) is a powerful tool for this 
purpose. An example will make the method clear. 


EXAMPLE. 


Locate agg as the real roots of the equation 
SEI i A ms of Tota ae of x eas 
J (x) is as follows. 

—2 |-1 0 it 2 tee 

— 88 sae ese 187 


x 


I(x) 
Figure 252 exhibits a rough graph of this 
function constructed from this table. We 
conclude that a root of the equation lies 
between — 1 and 0, another between 0 and 1, 
and a third between 2 and 3. 

Moreover Descartes’s rule tells us that this 
equation can have no more than. two positive 
roots and no more than one negative root, 
since there are only two changes of sign in 
f(#) and only one in f(— x). 

We have therefore located all the real roots 
of this equation. 


Fig. 252 


— 
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A more accurate construction in the neighborhood of one of these points 
enables us to get a better approximation. For example, the values « = 2.2 
and 2.3 give us respectively y=— 1.97 and 5.21. By drawing a smooth 


SS RERUSEA Li Bees 


Fig. 253 


curve through the three points corresponding to x = 2, 2.2, 2.3 (plotted 
on a large scale, Fig. 253) we may estimate the root of f(x) = 0 to be ap 
proximately 2.23. 

307. Newton’s Method of Approximation. Having founda 
first approximation to a root of an equation f(x)=0, we may 
secure a better approximation by a 
method first suggested by Sir Isaac 
Newton (1642-1727). In Fig. 254 let 
CC’ represent the graph of y=/f(«#) in 
the neighborhood of a root «=a of the 
equation. Let OM, = x represent the 
approximation to the root found; let 
M,P, = y= f (a). Let the tangent to the 
graph at P,(a, y;) cut the z-axis in T. 
The abscissa OT will then, in general, be a much closer 
approximation to the desired root. The equation of the 
tangent at P, is . 


Fic. 254 


(15) y—f(@)=S'@)@ — 2). 
Placing y = 0 and solving for x we have 
(16) BOP 5) 


Fa)? - 
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where x, denotes our second approximation. We have then 
(17) Xo =X, 4 hy, 


where the correction h; is given by 


Ff (x1) 
18 h,=— : 
( ) 1 f' (x) 
Exampie. Find by Newton’s method a better approximation to the 
root x = 2.28 of the equation 7° — 13 4?+2%+ 5 = 0 discussed in § 306. 


f(x) = 25 — 1822 4+ 2a 4 5. 
S' (a) = 5 xt — 262 4 2. 
S (a1) = f(2.23)= — 0.089.* 
S'@) = f!(2.28) = 67.67.* 
Hence we have 
f(a) _0 0 039 


ets = 0.00057, 
f'(@1) 67.67 


whence #2 = 2.23057. 


308. The Accuracy of Newton’s Method. A question that nat- 
urally arises is: How accurate is this root, 7.e. to how many decimal 


places is it correct ? Taylor’s theorem gives us information on this point. - 


We have 
(19) S(t +a) =S (m1) + f(a) + ies she 


If our first approximation to the root is x = 2; and hy, is the correction,t 
Newton’s method gives to h; a value which makes the sum of the first two 
terms of Taylor’s expression vanish. Since hi is very small, the terms 
beyond the third (involving h;3 and higher powers of h;) are insignificant 


compared with the term i a) 2. Hence for our purpose we may write 
(20) f(a + hi)= : "(ay hy? 
In the example considered above we have 

F''(@) = 2028 — i Sf!) = f'" (2:28) = 196.8. 


= (0: 00057 = = 0.00000032. 
Hence we have 


f(a) a2 = f(a + NOs = - 0,0000318, 


* Use synthetic division to get these values. 
t In the example just considered h; = 0.00057. 


a 
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Moreover S! (a1 + a) =f! (ar) HS" (ara +e, 


and in this example f’ (a; + hi) = 67.67 + 0.11 = 67.78 approximately. It 

follows that the new correction is about 

_ S(t +) 
St! (a1 oa hi) 
Therefore we may conclude that « = 2.23057 is the root sought, to five 

decimal places. 


he = <—0.000001. 


EXERCISES 
Find to three places of decimals the irrational roots of the following 
equations. 
1. 2 +324+20=0. 2 o8+222-24+3=0 3. et+xe—1=0. 
4 2+472-—-6=0. 6. 28 +38227—82-—1=0. 
6. If x is the cosine of an angle and y is the cosine of one third of the 


angle, then 4y3=3y-+ a. Find the value of cosine of 20° to three places 
of decimals. 


+ 


7. An open box is to be made from a rectangular piece of tin 9 x 10 
inches, by cutting out equal squares from the corners and turning up the 
sides. How large should these squares be so that the box shall contain 59 
cu. in.? 


8. Find the cube root of 12; 45; — 37. 


309. The Relation between Roots and Coefficients. If 
71, 12) °*, 7, are the roots of the equation 2" + px"! + pwr? + 
+ +p, = 0, then 
a” +p + peer + ase + p,=(@ ae r)(@ rs 19) SE (a ae r,)» 
If we carry out the indicated multiplication in the right-hand 
member and equate the coefficients of like powers of a, we 
have 


(21) Diy eS Ty ag me 8 Tg 
(22) Py = Tyo Ty%3 Ht +, + 273 Fo Epa 
(23) Ps = — Ty oP3 — Ty" 2% 4 — 98° — Thal pln 


. ° . . ° . ° . . . . . . . 


@. nal(-Drin« rs 
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That is, 
— p,; = the sum of the roots. 

py = the sum of the products of the roots taken two at a time. 
— ps3 = the.sum ay the ie ee the roots taken three at a time. 


(—1)"%, = Sita pr ae of all the roots. 


We have at once the following corollaries : 


1. To transform an equation into another whose roots are those of the 
original equation each multiplied by m, multiply pi by m, pe by m*, ps by 
m, and so on (§ 299). 

2. To transform an equation into another whose roots are equal to 
those of the original equation with their signs changed, change the signs 
of the alternate terms, beginning with the second. 


Examere 1. Solve the equation 223— «#?—8%+4+4=0 given that 
two of the roots are equal in absolute value but opposite in sign. 
Let the roots be 7, — 7, and s. 


Then r—r+s=i, 
rs — rs — v2 =— 4, 
— rs =— 2. 


Therefore s = } and r = 2 or — 2, #.e. the roots are 4, 2, — 2. 


EXERCISES 


1. Solve #8 + x2—4x2—4=0, given that the sum of two of the roots 
is Zero. 


2. Solve xt — 623 — 9a? + 54% =0, given that the roots are in arith- 
metic progression. 

3. Solve xt— 1623+ 86 ~?— 1% x + 105 = 0, given that the sum of two 
roots is 4. Ans. 1,73, °5; 7; 

4. Solve 423 — 20 x? — 23% — 6 = 0, two of the roots being equal. 


5. If r1, re, 73 are the roots of 2° —52244x2—8=0, find the value 
of each of the following expressions : : ‘ 

(@) 11? Po? +187. 

(b) m3 + 103 ‘are ee 

Co) ri2re? + ry2rs? + 12252, 

(2) 1182 + ri8r3 + ro8r1 + Po®rs + re2ri + 1s2ra- 


2 eng 


a ee ee 


ee 


CHAPTER XX 
DETERMINANTS 


310. Determinants of the Second Order. Expressions of 
the form a,b2— ab,, where a), dg, b;, b, are any numbers, arise 
often in mathematical analysis. Thus the area of a triangle 
with one vertex at the origin and the other two vertices at the 
points (a, };), (dp, be), is equal to $(a,b. — agb,) ($195). Again, 
the solution of a pair of simultaneous linear equations in two 
unknowns (§ 69) can be written as two fractions whose numer- 
ators and denominators are all of this form. (§ 311.) 

The expression a,b, — a,b, may be written in the form 


la, by 


(1) 


’ 


lay by 


and is then called a determinant of the second order. Such a 
determinant contains two rowsand two columns. The numbers 
G1), by, by, are called the elements of the determinant. The 
two elements a,, b, form the so-called principal diagonal. 

- To evaluate a determinant of the second order, #.e. to find 
what number it represents, one merely has to subtract from 
the product of the terms in the principal diagonal the product 
of the other two terms. Thus we may write 


a, by 
Qa dg 


It is important to notice that each term of the expansion 
contains one and only one element from each row and one and 


4 7 
gee) 6) 3) =— ee 


= Aybe — And; ; 


only one element from each column. 
475 
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311. Simultaneous Equations in Two Unknowns. Let the 

equations be 
ae + by=c 

(2) 1 1y 1) 


Ant + doy = Cy 

If we solve these equations by the usual method of elimination 
(§ 69), we obtain 

(3) = C1). aE, Cay ‘o AyCy — Ag 


le Abo — yb,” a,b — gb,’ 


provided a,b, —a.b; +0. We at once recognize the fact that 
these results may be written in the form 


c, by GH 
- |C2 be _ |e Cy 

(4) Cpe a 0,\” = a, oy ? 
dy dy dy de 


provided a,b, —a,b,+0. The following points should be noted 
in the above solution. 
(1) The determinants in the denominators are identical and 
are formed from the coefficients of x and y in the original 
equations. 
(2) Each determinant in the numerator is formed from 
the determinant in the denominator by replacing by the 


constant terms the coefficients of the unknown whose value ~ 


is sought. : 
ExaMPLE. Solve by determinants the simultaneous equations 
2%—y=1, 
1 - 5 ate 4 
: eS, Bb ee eo oles 
Pao Sa eh Y= ese 
3 2 3 2 
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EXERCISES 
Evaluate each of the following déterminants : 
1 le 6 ‘ face Renal te cos 6 
Pe bay ST cos & sin @ sing cosa 
2 2a b tan@ secé 
* |e —d sec@ tané| 


6. Show that the normal form of the equation of a straight line 
(§ 205), may be written in the form 


y 


x — 
—sina cosa| ” 


Solve by the use of determinants the following pairs of equations : 


4n—3y 
St =7 
22 +y =8, 2 ’ a+y ’ 
8. 9. & 4 sak 
ba—y=4. aoe go 7. a 
5 

xsin 6+ ycos 6= sin 0, 

x cos @+ y sin 6 = cos 6. 

x+y tan 6 =sec? 6, 

xsec?@ + yctn 6 =sec?9+1. Ans. 1, tan 6. 


Prove the following identities and state in words what they show.* 


ay by 
a2 be 


aq ade 
by be 


12. 


a 
13. 


ag a2 
tb, a4 
be a2 
aH by 
dz be 
a1 by 
a2 be 


a by 


a2 be 
ma, 0b 


Ma2 be 
(ai+b1) b1 
(a2+b2) be 


* For example, Ex. 12 shows that in a second-order determinant if the cor- 
responding rows and columns are interchanged, the value of the determinant 
is not changed. 
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312, Determinants of the Third Order. To the square 
array 


a, by G 
(5) Ohm Uh 
a; 63; Cg 


we assign the value 

(6) — QybaC3 + Ayb3C, + AgbyCo — AybyCo — AghyC3 — Agb2c 
and the name determinant of the third order. 

The expression (6) is known as the development or expan- 
sion of the determinant, the numbers a, 0, etc., as the elements, 
and the elements a, bo, c, as the principal diagonal. 

It is important to notice that im the development (6) each 
term consists of the product of three elements, one and only 
one from each row and one and only one from each column. 

An easy way of obtaining the expansion (6) of the deter- 
minant (5) is as follows: 

Form the product of each element of the first column by the 
second-order determinant formed by suppressing both the row 
and column to which the element belongs. Change the sign of 


the product which contains the element in the first column and 


the second row and take the algebraic sum of the three products. 


a bh ¢ 
2 t . be Ce bi Cy by ex 
EXAMPLE 1. {de be Co|= a1 iad 3 
b3 C3 b3 Cs be 
a3 bs C3 
= b2C3 — aw)3c2 — A2b1C3 + A2b3C1 + agb1c2 — Asbecy. ~ 
2 Sjn 7) 
ExamMpLtE 2. |_5§ 4 7\=2| 4 4 ‘45 he aap 2 
roe ic —1 i aa 
=2(4 +7)+5(8 + 2)4(21 — 8)= 99. 
Saal 6 ee 
’ EXAMPLE 3. jo —1 4|=8|— 5 2 = 8(— 2 — 20)=— 
0 6 2 
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EXERCISES 
Evaluate each of the following determinants. 
Zo h 3 -—-1 01 5 —2 4 a 6 *¢| 
pe 1). 8s jp Ole, 8.16 3 Ble) 4. (Baw sek 
Paw 2 37.6 1 7 —4 8 ca) 6 


5. In § 196 it was shown that the area of the triangle whose vertices 
are Pi(%1, yi), Po(%2, Yo), P3(%s, Ys) is 
S[21Y2 — Xoy1 + XoY3 — L3Y2 + Lay — X1Yys]- 
Prove that the area of this triangle is 
vy; 1 
4% yo 1}. 
ve y3 1 
6. Using the result of Ex. 5, find the area of the triangle whose 
vertices are 
(a) (2, 1), (3, 1), ee 1, 7) ; 
(b) (3, 2), (8, 6), (— 1, — 4); 
(c) (0, a), (0, — a), (0, 0). 
7. Prove that the three points Pi(21, y1), Po(%2, y2), P3(as, ys) are 


collinear if, and only if, pera 
1 


Te Yar Li== 0, 
te ys 1 
8. By means of determinants show that the three points (a, b+), 
(6, ¢ +a), (¢, a+b) are collinear. 
9. By use of determinants determine whether the three points (0, 0), 
(1, 1), (5, 6) are collinear. 

10. Prove that the equation of the straight line through the points 
P,(%1, Y1), Po(%2, 2), is eee as 
Cie tee 10. 
te y2 1 ve 

11. By determinants find the equation of the straight line through each 
of the following pairs of points. 

(a) (2,1), (8,7); () (6,1), (2-1); (© (7,1), @, J). 

12. Find by the use of determinants whether the three lines 32—y—7 
=0,2%+y+2=0, «— y=O0 are concurrent or not. 
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313. Solution of Three Simultaneous Equations. Let the 
equations be 


C9) 


aye + by +e2z = d,, 
aye + boy + C2 = dry 
age + by + cz = d3. 
If we solve these three simultaneous equations by the usual 
method of elimination, we obtain, 
wes yboC3 + dobgcy + dgbyCo — dgbacy — Ayb3co — dabice 
AyD9C3 + Agb3Cy + AzbiC2 — Azbo¢y — Ayb3Cq — AghyCg 


Ay do03 + AgdsCy + AgdyCo — AsoCy — AAC — AgdyCg 
~ yb 203 F Agby0, + 3b1Cq — Agboey — ayb3C2 — Ayb4C’ 
__ Abed; + Ayb3d; + A3b;d2 — Agbod, — ayb3d, — agb,d3 
~ AyboCg + Ayb36, + A3b1Cq — ghee — 4b3¢2 — gb, Cy” 


(8) yy 


provided the denominator of each fraction is not zero. These 
results may be written in the form 
dy bh % d GY ay bh 
dy by Cy My dy Cy a, bz dy 
dz, bs c. ds nO. az 6b, @ 
9) ¢ = 183.98 _ & ae a | ee ees 
( ) a b, G|’ a b GY : m% b 
a, be & ay by Ce a bg C 
dz bg Cg az bg Cg a3 bg 


Each denominator is the same determinant, which is called 
the determinant of the system. It is made up of the coefficients 
of x,y,z. Each determinant in the numerator is formed from 
the determinant in the denominator by replacing the coefficients 
of the unknown whose value is sought by the constant terms. 
Compare this rule with that given in § 311. 


Exameie. Solve the following equations by determinants : 
52—2z2=—2, 
—8y—4z2=7, 


2x%—5y=—19, 


———. 


| 
. 
. 
; 
, 
; 
i 
; 
; 


ee 
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SoLvurion. 
=o 0 —2 56 —2 —2 
7-8 —4 0 re 
i —19 —5 Ole te ay = 2—19 0 Piped P 
| 6 0 —y —112 5 0 —2 — 112 
0-8 -4 (SS tt 
2 —5 0 2 —6 0 
5 0 —2 
0 -38 7 
ges Beeb Cort oe AAS 
5 0 -2 —112 
0 —-8 —4 
2 —5 0 
EXERCISES 
, Expand each of the following determinants : 
2 3 3 |—7 1 2 Cazes 
i 4 —1 2). 2. 2 -3 —6). Sait aay 
—1 4 1 4 2 4 OG 
as) ea ae | ahg 
Porte ib. Si AS OSH NE 
Cave OC ae 
Solve by determinants each of the following sets of equations : 
4%e+5y+22=20, 8e+y—z2=838, 
6 (3¢4—8y+52=12, 7 {ety+2=7, 
Ly ae ea 2ea+4y+2= 12. 
ANS © (1.2309) 6 
“2+y+2=1, ax+y—z2=@+a-—1, 
8. ax + by+ez=d, 9. —xtayte=@—atl, 
ata + b2y + cz = d?. x—ytaz=a. . 
Ans. (a,.@, 1), 
10. Solve the equation 
2 2 i 
8 # —1)/=0: 
2 ame 6 
11. Solve for x and y the simultaneous equations 
+12 1 1 1 3 
8 x—1;/=0, |—2 1 —2\/=0. 
She Bice al hs al 4 
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12. Evaluate the determinant 


sing cosB 1 
cosa sins 1 
1 1 1 


Prove the following identities and express in words what they prove. 
See Ex. 12-16, pp. 477. 


a by a, de. a am bf a by 
13. |a2 be cCo|=|b1 bs bel]. 14. |a@e be Co} =—J|a3 bg Cz}. 

az b3 ¢3 C1 Co C3 az bg 68 dg be Ce 

a a Ob ma, b1 am bb GY 
15. |a@2 de be! =0. 16. |maz be Col|= mide be Cea). 

a3 ads Obs maz 63. 3 ag bs Cs 

(4 +61) b a 61 % 


17. (a2 + be) be Col=|de be Cel. x 
(a3 + bs) 63 Cg az bg ¢ 


314. Inversions. Let us consider the permutations of a set of ob- 
jects, such as letters or numbers, and let us fix a certain particular order 
of the objects which we shall designate as the normal order. An inversion. 
is said to occur in any permutation when an object is followed by one 
which in the normal order precedes it. Thus if abcd is the normal order, 
then there are two inversions in bade. If 12384 is the normal order, then 
there are three inversions in 14382. 


THrorEM. Jf in a given permutation, two objects are interchanged, 
the number of inversions with respect to the normal order is increased or 
decreased by an odd number. 


Let us consider the permutations XrsY and XsrY, where X and Y 
denote the groups of objects which precede and follow the interchanged 
objects y ands. Any inversion fn X and Y and any inversion due to the 
fact that X, 7, s precede Y are common to X7s Y and Xsr Y.. Therefore, the 
number of inversions in X7s Y is equal to the number in XsrY increased 
or decreased by 1 (according as 7s is or is not in the normal order). 

Now let us consider two objects such as r and s separated by 7 objects. 
If the objects » and s are interchanged, the number of inversions. is still 
changed by an odd number. For, by 7 + 1 interchanges of adjacent pairs 
the object r can be brought into the position immediately following s, and — 
by 7 further interchanges of adjacent pairs, s may be brought to occupy 
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the position formerly held by r. Each of these (¢+1)+i=2i+41 
interchanges of adjacent pairs has increased or decreased the number of 
inversions by 1. Hence the net result of these 27 +1 interchanges has 
increased or decreased the number of inversions by an odd number. 


315. Determinants of the nth Order. The square array 


Gy ih ae x OT 
dy. 03 cae: 9 


(10) matics bites oe 


ge iat on ee 


of n? elements, such as we have considered for the cases n = 2, n = 8, is 
called a determinant of the nth order and will be denoted by the Greek letter 
A. This determinant will be understood to stand for the algebraic sum of 
all the different products of n factors each that can be formed by taking 
one and only one element from each row and one and only one element 
Jrom each column, and giving to each such product a positive or negative 
sign according as the number of inversions of the subscripts (normal 
order 1, 2,---, n) ts even or odd, when the letters have the normal order 
ab-+-q. 

It should be noted that from the remarks in § 314 it follows that if we 
arrange the elements in any product so that the subscripts are in normal 
order, we can determine the sign of each term, by making it positive or 
negative according as the number of inversions of the letters is even or odd. 


316. Properties of Determinants. Txrorem 1. The expan- 
sion of a determinant of order n contains n ! terms. 

Proor, There are as many terms in the expansion of a determinant 
of the nth order as there are permutations of the subscripts 1, 2, 3,.--, n. 
But this number is n! (§ 269). 


Turorem 2. If each element of any row or column is multiplied by any 
constant m, the value of the determinant is multiplied by m. 

Proor. Since by the definition of a determinant, each term of the ex- 
pansion must contain one and only one element from each row and each 
column, the factor m will appear once and only once in each term of the 
expansion. If m is factored out of this expansion, the remaining factor 
is the expansion of the original determinant. 
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ILLUSTRATION. 
may, b1 Cy 
mdz be Ce|= maybec3+ maebsc1 +mazb1C2— Ma, b3Ce — MA2b1Cz — Mazgdot 
mag bs Cg 
a bb CG 
=MmM\d2 be Ce|* 
a3 bs Cg 


TuroreM 3. The value of a determinant is not changed if rows and 
columns are interchanged, so that the first row becomes the first column, 


the second row the second column, and so on. ; 


This follows at once from the definition of the determinant and the 
paragraph immediately following it (§ 315). 


Turorem 4. Jf two rows or two columns of a determinant are inter- 
changed, the sign of the determinant is changed. 

Inuustration. See Ex. 14, p. 477, and Ex. 14, p. 482. 

Proor: Since by Theorem 3 rows and columns may be interchanged 
without affecting the value of the determinant, we need only consider the 
interchange of two rows. First, if two adjacent rows are interchanged, 
the order of the letters in the principal diagonal and in each term of the 
development is left unchanged. However two adjacent subscripts in each 
term of the expansion are interchanged, and hence the sign of every term 
is changed. Why ? 

Next consider the effect of interchanging two rows separated by & inter- 
mediate rows. By & interchanges of adjacent rows, the lower row can be 
brought just below the upper one. Now the upper row can be brought 
into the original position of the lower row by & + 1 further interchanges 
of adjacent rows. Therefore interchanging the two rows is equivalent to 
2k + 1 interchanges of adjacent rows. But 2% + 1 is an odd number and 
therefore this process changes the sign of the determinant. 


TuEorEM 5. If tworows or two columns of a detemminant are identical, 
the value of the determinant is zero. 

Proor: Let A be the value of the determinant and let the two identi- 
cal rows or columns be interchanged. Then, by Theorem 4, the value of 
the resulting determinant is — A. But since the rows or columns which 
were interchanged were identical, the value of the determinant is left 
unchanged. That is to say, A=— A or2A=0, orA=0. 


Corotuary. Jf all the elements in any row or column are the same 
multiples of the corresponding elements in any other row or column, then 
the value of the determinant is zero. 
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317. Minors. If we suppress the row and the column in which any 
given element appears, the determinant formed by the remaining elements 
is called the minor of that element. 


IntustraTion. In the determinant 
aq by 
d2 bz Cg 


2 ’ az bs C3 
the minor of a2 is 
b; Cy 


bs C3 


and the minor of cs is 
OH by 


2 be| 


The minor of qa; is denoted by Ai, of b; by B,, ote. 


EXERCISES 
ae aes a 5:58 
7 a Prove that }1 1 5{;=0. &; Provethat) 1 72) 55) =0: 
449 2 4 10 
Ai Gy ae 2 et: 
S. Prove that (2) t-5/=|5. 1 56 
i, be 3 6. 58 
3.4 46 43 6 
4. Prove that |2 4 1lj=—|4 2 1 
See Sats: 4 8 5 
4 q 6 5 3 
38 -1 56 =—1 -3 
6. Prove that |2 2. 2. -—3 6|=0 
1 3 3 2 9 
5 4 —1 penn be 
26 9 —65 13 38 —1 
6. Prove that {28 18 10/= 80/14 6 y Nes 
j80 3 —25 The 1-5 


7. How many inversions are there in the arrangement 4213765 if the 
normal order is 1234567 ? 

8. How many inversions are there in the arrangement 45521 if the 
normal order is 42315 ? 
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9. Find the value of the minor of 5, of 6, of 7, for the determinant 
4 5 1 


8 6 2 
2 ions 


10. Write down the minor of a3, of cz, of bs, for the determinant 
a by Cy ay 
a2 be C2 dz J 
a3 b3 C3 ds 
a4 b4 C4 dy 


11. Show that 


i 2B haa 1°54 8 212 3) 
8°36 °2) | 278 2-3) 2 a ee eee 
AOE PES ee easloL 5.6 TC) O41 ees 
15) 1-5 Ae peo st ee ae ES 0 5 6b. r6 


318. Additional Theorems. — The following theorems will be 
found useful in evaluating determinants. 


TuroreM 6. Laprracn’s Expansion. Jf the product of each element 
in any row or column by its corresponding minor be given a positive or 
negative sign according as the sum of the number of the row and the num- 
ber of the column containing the element is even or odd, then the algebraic 
sum of these products is the value of the determinant. 

Proor: First, it is evident that in the development of the determinant, 
A, is the coefficient of a. For A; is a determinant of order n — 1 in the 
elements dz, -+-, @,, and its expansion contains a term for each permuta- 
tion of 2, 3,---,. Moreover, the signs of the terms are correct; for, the 
number of inversions is not changed by prefixing a. 

Second, let us consider the element e situated in the 7th row and the jth 
column. We can bring this element to the leading position, i.e. first row 
and first column, by i — 1 transpositions of rows and j — 1 transpositions 
of columns, 7.e. by 7 + j — 2 transpositions in all. Therefore the sign of 
the determinant will have been changed 7+ j—2 times. That is, if i + j 
is an even number, the sign of the determinant is left unchanged ; while if 
4+jis an odd number, the sign of the determinant is changed. Now 
that the element under consideration is in the leading position, we know 
from the first step that its coefficient is its minor. Since the relative posi- 
tions of the elements not in the ith row or the jth column are not effected 
by these transpositions, the minor of the element in its original position 
is the same as the minor of the element when it is in the leading position. 
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Hence the coefficient of the element e, which is situated in the ith row 
and the jth column, is (— 1)*+) #, where Z is the minor of the element e, 


Corotiary. If in the development of a determinant by minors with 
respect to a certain column (row) the elements of this column (row) are 
replaced by the corresponding elements of some other column (or row), 
the resulting expression vanishes. 


ILLUSTRATION. 
a by Gy dh} 


@a b2 Cz de = @,A1 — d2A2 + A3A3 — a4Ag. 

a3 bs C3 ds 

as bg C4 dy 
We wish to show that, for example, 6,A; — boA2 + b3A3 — b4A4 is 
zero. This expression is zero, for we have replaced the column of a’s by 
the column of b’s and hence the determinant has two columns identical. 
The same proof applies to a determinant of order n. 


Taeorem 7. If each of the elements of any row or column of a deter- 
minant consists of the sum of two numbers, the determinant may be 
expressed as the sum of two determinants. 


Proor: Let 
(@i+a1) Be q 


(d2+ a's) bo- Qe 
(Qn +@'n) One On 
be the given determinant. Expanding in terms of the first column we 


have 
(a1 + a1) Ai — (2 + @!2) Az + (a3 + a's) As + ++» + (— 1)" 1a, + Wn) An 


or (@1Ai — a2A2 + a3A3 +--- + (— 1)" 10,4, ] 
+ [a’,Ai — a!2A2 + a/gAg + +» + (—1)""1a!, Ap], 


7.@. 
mM be NH wy bye 


bg + a! be «++ Ge 
a2 O02 92) 2 2 k 


an bn °° Qn a, bn 79° On 


Turorem 8. If to the elements in any row (or column) be added the 
corresponding elements of any other row (or column) each multiplied by 
a given number m, the value of the determinant is unchanged. 


The proof of this theorem follows easily from Theorems 7, 5, and 2. 
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319. The Evaluation of Determinants. We are now in a posi- 
tion to expand a determinant of any order. The following examples will 
illustrate the methods employed. 


10) . z d 
XAMPLE 1 xpan 28 26 27 


26 27 28 
27 28 29 


Multiply the first column by — 1 and add it to the second and third 
columns. It gives 2 1 2 


26 ante 
27 1 2 


By the corollary of Theorem 5, the value of this determinant is 0. 


A= 


A= 


Exampte 2. Expand the determinant 


ae ay 
la Mate 
Ag ogo ee ale 
gr aes 


We seek to transform this determinant in such a way as to make all 
the elements’ but one in some row or column 0. The second column 
looks most promising. We accordingly add 4 times the first row to the 
second row (this replaces the 4 in the second row by 0); we then add 2 
times the first row to the third row (Why ?); and then add the first 
row to the fourth row (Why?) These operations give 


A ie ole 9 26 7 2 26 7\% 
ee =le-i7 6l=| 3 16 

Be Oe eT is Werene 176 

Boas wees = 


The last determinant may be still further simplified as follows ; 


2 26 7 0 40 19 

A=| 2 17 6/=/ 0 81 18 
HAS MGs Vea uae 
40 19 Cae | 

Fen (Sets =—|s1 i8| 


= —(162—81) =— 181. 


* This determinant is obtained from the preceding by subtracting the 
elements of the last column from those of the first. 


ait 
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EXERCISES 
Evaluate the following determinants. 
a ie) 18 8 7. |a b c+d 
ty PG 17}. ac b+d 
25 24 —18 ad b+ec 
@. /34 28 12 8. jt7 2a a 
28 84 21}. 1 a+b ab 
14 35 26 1 26 03 
8. |18 26 24 Siler oe, 
129 89 49). Deter Om 0s 
37 «635 «11 ¢c 0 y 0 
a ee ee a | pte Bile 
1-14 2 108 
2-2 1—1)° a b : 
0 241-1 a  ¢ 
§ |3 4—2 65 pL es Ree Ba 
4-3 8-4 Gano. cM d 
22S, 2S" + Oi); a® b? oc @ 
Te O' yp 4c 1 a  & @ 
6. |23 24 25 26 12. a b cd 
412 18 14 16) —-a 6b cd 
382 33 34 385 —-a—b c¢d\ 
DS cD —a—b-cd 


13. Prove that if a determinant whose elements are rational integral 
functions of some variable, as y, vanishes when y= 0, then y—b is a 
factor of the determinant. 

[Hixr: Use the corollary of theorem 6.] 

14. Solve by factoring Examples 10, 11, 12. 


15. Factor into two factors 


16. Factor 
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320. Solution of a System of Linear Equations. Suppose we 
_ have n linear equations in nm unknowns and we desire their solution. Let 
the equations be 

G10, + b1%2 + 1X3 + + PF, =— TN 

Got + beme + Cos + +++ + P2%n = Ge 


. 


(11) 
GX + DnXe + Cyt + ++ + Pn&n= In 


Let A be the determinant of the cofficients of the unknowns, i.e. 


a, by + pi 
(12) es Q2 be ++ pe 
Qn bn ao Dn 


The determinant A is called the determinant of the system. Multiply 
the equations by 41, — Az, A3, — Ag, etc., respectively, and add the re- 
sults. Then we have 


(18) 21(a1A1 — a2Ae +--+) + %2(b1A1 — b2A2 +++) + ++» + %n(p1A1 — pode +=) 
= Q1Ai—G2A2 aes 


From the corollary of Theorem 6 it follows that the coefficient of 2; is 
A and that the coefficients of the other unknowns are zero. Moreover, 
the right-hand member of (13) is the expansion of A if we replace the 
column of a’s by the column of constant terms. This determinant will 
be denoted by A,,. Therefore we may write 


A-% = Ag 
or 
1 = =e ? 
provided A + 0. 
Similarly “ 
A A 
sear eee 


provided A +0. 


It will be noticed that this is a direct extension of the methods employed 
in $§ 311,313. The result may be stated in words as follows. The value of 
any unknown is equal to a fraction whose denominator is the determinant 
of the system and whose numerator is the determinant obtained from the 
former by replacing the coefficients of the unknown sought by the column 
of constant terms. 
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321. The Case A=0. The previous methods show that, even if 
A= 0, we can derive from the given equations the relations 


A + & = Agg, A+ %2 = Adg °°, A+ %_ = Aggy: 
Now if A = 0, these relations would imply that 
Aag = 0, Any = 0, ++) Apg = 9. 
But it is easy to write down a system in which A = 0 and one or more of 
the Ag,, Asg ++: are not zero. Such a system is then clearly inconsistent 
and has no solution. For example, 221 + #2 =1, 2% + a = 2. 

If Agg = Atg = -*> = Apg = 0, the system may be consistent but the un- 
knowns 2}, %2, ---, %, are not then completely determined. For example, 
2a, 4+%=1,4% +2 Be = 2. 

A complete discussion of this case is beyond the scope of this book.* 


$22. Consistent Equations. Equations which have a common 
solution are called consistent. Consider the three equations in two un- 
knowns « and y: 


(14) get by+qy= 0. 
(15) ; ax + boy + ¢2= 0. 
(16) age + by + cs =0. 


Two cases arise according as to whether a pair of the three equations 
has a single or an infinite number of solutions. 


Case 1. A single solution. In order that these three equations be con- 
sistent it is necessary that 


Cy b1 a % 
a by 
17 z= C2 be = Aes C2 [ o| 
ap a bal’ : Mm by a2 be cs 
a2 bo a2 be ) 
satisfy equation (16), z.e. that 
Cy by a C1 a b1 
— a3 - c =0 
c2 Ob? E de ast ao be 
or its equivalent 
aq bi Cy 
dg be Co|=0. 
a3 63 Cs 


* Those interested in this problem will find a complete discussion in 
BocuEr, Higher Algebra, Chapter IV. 
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Case 2. An infinite number of solutions. In this case 


a a2 a& 
bi ba Os 
and hence, by the corollary of theorem 5, the above determinant must equal 
zero. Therefore, in order that three linear equations in two unknowns 
have a common solution, it is necessary that the determinant of the coeffi- 
cients of the unknowns and the known terms vanish. 

Extending this result.to m linear equations in » — 1 unknowns, we 
have @ necessary condition that n linear equations in n — 1 unknowns be 
consistent is that the determinant formed from the coefficients of the un- 
knowns and the known terms must vanish. 

It must be clearly understood that the vanishing of the above determi- 
nant is only a necessary and not a sufficient condition that the equations 
be consistent. For example, the system 


2z+ y—1=0, 


24+ y+5=0, 
4x%+2y+3=0, 


gives 
21-1 
A=|2 1 5/=0, ; 
4 2 8 


but the equations are inconsistent, for any pair are inconsistent. 


EXERCISES 
Solve the following systems of equations by means of determinants : 
2e—y—z=0, r+y+w=6, 
1 8ea+y+2=5, A e+y+2=7, 
2%—3y—v=—2, ytz2+wu=8, 
‘(2e%+38v= 5, t+e+uwu=9. 
—e*+y+2=2m, ~2+2y—z24+3wv=— 10, 
2 (%—-y+z2=2n, 5. %+38y—2z2—4w=1, 
e+y—z=2p. 2%—y—32+5w=8, 
8y—4¢%—22+w=—21, 82—y—z—2w=18.. 


e+Ty+2—w=138, 
y—24—824+2w= 14, 
84+ 5y -524+38w= 11. 
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Determine whether the following systems of equations are consistent : 


2e+y+1=4, 2e+y—1=0, x—-y—-2=0, 
6& <x+y—2=0, 7 4 8e—2y+7=0. 8 «<x—-y+7=0, 
82—6y—2=0. 4a+y—2=0.: 8a+y—2=0. 
9, Find & so that the following equations are consistent : 
2e+y—3=0, 
3sx2—y= 2, 
ety+k=0, 


MISCELLANEOUS EXERCISES 


1. Prove that the equation of the circle that passes through the points 
(a1 ’ Yi), (%2 ’ y2), (Xa ’ Ys) is 
(+e), & y 4 
Cte pools Te id ee és 
(x2? + ya) 22 y2 1 
(xs? + ys") % Ys 1 
2. Prove that ax?+ by? +2hay+2jfr+2gy+c is the product of 


two linear functions if 
G hg 


bo. f\i=0! 
a 
3. Prove that a necessary condition that the three lines ajx+ diy +¢1 
=0, aox + boy + co = 0, asx + bsy + cz = 0, be concurrent is that 
Qa Ob) 4 
a2 be a 0. 
a3 bg C3 
Is this condition also sufficient ? 


’ 4. Prove that the locus of the equation az + by +c=0 is a straight 
line. 

[Hint: Let (21, 1), (%2, yz) be any two fixed points on the locus and 
(a, y) any other point on the locus. Then we have az + byi+c=0, 
axe + byg +e=0,ax+by+c=0. Since these equations are consistent, 
the determinant of the coefficient is zero. ] 


PART V. FUNCTIONS OF TWO VARIABLES 


SOLID ANALYTIC GEOMETRY 


CHAPTER XXI 


LINEAR FUNCTIONS 
THE PLANE AND STRAIGHT LINE 


323. Introduction. Thus far the only functions which we 
have represented geometrically are those of the form y= f(a), 
i.e. functions of a single independent variable 2 Such fune- 
tions, in general, were seen to represent a curve in the (a, y) 
plane. We shall now study functions of the form z = f(a, y), 
i.e. functions of two independent variables x and y. In order 
to carry out this investigation it is necessary to set up a codrdi- 
nate system in three dimensions. 


324. Orthogonal Projections. The orthogonal projection of 
a point P upon a plane « (Fig. 255) is the foot P’ of the per- 
pendicular drawn from P to « The ortho- 
gonal projection of a segment PQ upon a is 
the segmeht PQ! joining the projections of 
P and Q upon «. 

The orthogonal projection of a point P 
upon a line 7 is the foot P’ of the perpen- 
dicular drawn from P to J. The orthogonal projection of a 
segment PQ upon the line 7 is the segment P’Q! joining the 
projections of P and Q@ upon I. 

404 


Fie. 255 


XXI, § 325] LINEAR FUNCTIONS 495 


325. Rectangular Codrdinates in Space. Consider three 
mutually perpendicular planes intersecting in the lines X'X, 
Y'Y, Z'Z. These lines are themselves mutually perpendicular. 
The three planes are known as the codrdinate planes and their 
three lines of intersection as the codrdinate aves. The planes 
are known as the xy-plane, yz-plane, xz-plane, and the axes 
as the x-axis, y-axis, z-axis. The point O which is common 
to the three planes and also to the three axes, is called the 
origin. The positive directions of these axes are usually taken 
as indicated by the arrows in Fig. 256. 


Fic. 256 Fic. 257 


Let P be any point in space, and let us consider the seg- 
ment OP. The numbers representing the projections of 
OP on the three axes we call the codrdinates of P and 
denote them by 2, y, and z. In Fig. 257, «= OA, y= OB, 
a= OC. 

Conversely, any three real numbers 2, y, z maybe con- 
sidered as the coordinates of a point P. Why? If Mis the 
foot of the perpendicular dropped from P on the ay-plane, and 
Ais the foot of the perpendicular dropped from M on the #-axis, 
the codrdinates of P are z = OA, y= AM, z = MP. 

The eight portions of space separated by the coérdinate 
planes are called octants. From the preceding definitions it 
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follows that the signs of the codrdinates of a point P in any 
octant are as follows: 

(a) xis positive or negative according as P lies to the right 
or left of the yz-plane ; 

(b) y is positive or negative according as P lies in front or 
back of the wz-plane ; 

(c) 2 is positive or negative according as P lies above or 
below the wy-plane. 


EXERCISES 
What are the codrdinates of the origin ? 
What is the z codrdinate of any point in the zy-plane ? 
What are the x and y coérdinates of any point on the z-axis ? 


4. What is the locus of points for which z =0? for which y = 0? 
for which z=0? 


5. What is the locus of points for which = 0 and y=0? 
6. What is the locus of points for which y = 0 and z = 0? 
7. What is the locus of points for which z = 0 andx=0? 
What is the locus of points for which x = 2 and y=2? 


Rohe 


e @ 


If P(x, y, 2) is any point in space, find 

(a) its distance from the azy-plane ; (d) its distance from the z-axis ; 
(6) its distance from the yz-plane ; (e) its distance from the y-axis ; 
(c) its distance from the xz-plane ; (f) its distance from the z-axis. 

10. Describe the positions of each of the following points: (2, — 8, 3) ; 
(- 2, 8, — 5); (3, 38, —8); (—4, —7, — 9). 

11. Plot the following points: (2, 1,3); (4, —1, — 2); (0, 0, — 3); 
G415 (~b--)s GO); Le =) eee 
(4, —1, —1). 

12. Find the distance from the origin to the point P (@, ¥; 2). 

13. A point P moves so that its distance from the origin is always 
equal to 4. Find the equation of the locusof P. 

14. Show that the points (a, y, 2) and (— a, y, 2) are symmetric with 
respect to the yz-plane. 

15. A rectangular parallelepiped has three of its faces in the cobrdi- 


nate planes. Find the coérdinates of its vertices, assuming that the di- 
mensions of the parallelepiped are a, b, c. 
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326. Directed Segments. We shall define the angle be- 
tween two directed lines 1 and m which do not meet, to be the 
angle between two similarly directed 
lines U’ and m! which do meet (Fig. 258). 


———$—$—— 
TuEorEM I. Jf AB is a directed seg- zu 
ment on a@ line l, which makes an angle 6 = 
Fig, 258 


with the directed line l’, then 

(1) Projy AB == AB cos 6. 
Proor: Through A' (Fig. 259) draw J, parallel to 7 and let 

B, be the projection of Bonl,. Then, by definition, the angle 


between 7 and /’ is the same as the angle 
aa between J, and I’. It follows from $135 


A B 
that 
at, jn A’'B' = A'B, cos 6, 
Fig. 259 or A’B’ = AB cos 6, 
since A'B; =-AB. 


THeoREM II. The projection on a directed line s of a broken 
line made up of the segments A, A>, A,A3, A;Ay +++; A,-1A,) 18 
equal to the projection on s of the segment A,A,,. 


The proof of this theorem is left as an exercise. See § 136. 


Corotuary. If P; (a, %, 2%) and Py, (a, Yo, %) are any two 


oints, then . 
P * X_ — X, = Proj, P;P., 


(2) ¥2 — yi = Projy P,P., 
Zo — 2; — Proj, P,P). 


EXERCISES 
1. Find the projections upon the codrdinate axes of the sides of the 
polygon ABCDEF whose vertices are A (0, 0,0), B(1, — 6, 4), C(— 2, 
4, - 1), D (3, = 1, 2), E (2, 1, 4), F qd, 1, 1). 
2. The projections of the segment MP upon the codrdinate axes are 
4, 38, —lrespectively. If Mis (2, —1, 3), find the codrdinates of:P: 
25 


“a 
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_ 827. Direction Cosines of a Line. Let J be any directed 
line and J’ a line through the origin having the same direction. 
If /’ makes angles «, 8, and y with the a, y, and z axes respec- 
tively, then, by definition, / makes the same angles with these 
axes. These angles are known as the direction angles of the 
line J, while their cosines are called the direction cosines of 1. 
Reversing the direction of a line changes the signs of the direc- 
tion cosines of the line. For reversing the direction of a line 
changes «a, B, y into 7 — «, t — B, m — y, respectively ; and by 
§ 122 cos (r— 6) =— cos 6. 


THEOREM. The sum of the squares of the direction cosines of 
a line ts equal to unity. 


Proor. Let P(a, y, z) be any point on 7’ (Fig. 260). Then, 


we have 
x = OP cosa, 


(3) y= OP cos B, 
‘z = OP cos y. 
Therefore, 


a +? + 2 = OP’[cos? a + cos? B + cos? y]. 


Since a? + y2 + 2 = OP”"> it follows that 
(4) cos? a +cos? B + cos? y = 1. 


* OM? = 22+ y2 and OP* = 2+ 0M = 2+22+y2, 
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Any three numbers /, m, n, (not all zero) are proportional to 
the direction cosines of some line; for, P(l, m, n) is a point 
and the direction cosines of OP are 


cosa= l ) 
+VP+ m+ n2 
(5) Bas Hae eee 
tVP2 +4 m2 + v2 
cos y = Ls 


+VP +4 m? +n? 

The direction cosines of OP are evidently proportional to J, 
m,n,and they may be found by dividing /, m, and n, respec- 
tively, by + V2 + m? + n?2. 


328. The Distance between P,(x,, y,, z;) and P,(x., y2, 22). 
Let the direction angles of the segment P,P, be a, B, y. Pro- 
jecting P,P, upon the axes, we have, from the corollary of § 326, 


P,P, cos @= %,—%, P,P, cos B=Yy2—%y%, P,P. cosy = % — %. 
Squaring and adding we have, by the theorem of § 327, 
P,P, = (0% — %)?+ (Y2— 11)" + (2 — 4) 
Therefore, 
(6) P,P, = V (Xp — %1)? + (Yo — Yi)? + (22 — 21)”. 


EXERCISES 
1. Find the length and the direction cosines of the segment P,P2, when 
(a) P, is (2, 8, 4) and Ps is (— 1, 0, 5) ; 
(b) P, is (—1, 2, — 7), and P>» is (4, 1, 4) ; 
(c) Pi is (4, 7, 1), and Py is (1, — 2, — 7). 
2. Prove that the triangle whose vertices are A(m, n, p), B(n, p, m), 
C(p, m, n) is equilateral. 
3. Find the direction cosines of a line which are proportional to 4, 7, 1. 


4. Find the length of a line-segment whose projections on the co- , 
ordinate axes are 4, 7, 2. 
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829. The Angle between Two Directed Lines. If «, B,, 1 
and 0, Bs, yo are the direction angles of two directed lines 
1, and 2, the angle 6 between them may be determined as 
follows. 

Draw the lines 7’; and 1’, acto the origin, parallel to the 
given lines (Fig. 261). Then the angle between /'; and I’, is 6. 


Fig. 261 


If P(a, y, 2) is any point on /',, then, by Theorem II of § 326, 
pioreay Projy, OP = Projy, OMNP, 
ae OP cos 0 = OM cos a, + MN cos B, + NP cos yp. 
But, 
OM=OPcosa, MN=OPcosf, NP= OP cos . 
Therefore, 
(7) cos®=cosa, cos a, + cos B; cos B, + cos y, COS Yo. 


We shall assume that 6 is the smallest positive angle satis- 


fying equation (7). 


330. Parallel and Perpendicular Lines. If two lines are 
parallel and extend in the same direction, they are parallel to 
and agree in direction with the same line through the origin. 

Therefore, if a, Bi, y; and 0, Bo, y, are the direction angles 
of the two lines, a; = , Bi = Bo, y1= y2; and we may write 


(8) cosa,=cosa,, cos B,;=cosB,, cos y, = Cos yp. 


Conversely, if relations (8) are satisfied, the given lines are 
parallel and extend in the same direction. Why? 


— 


a ee) 


Se 
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If the two lines are parallel but extend in opposite directions, 
we have a, = 7 — a, 8, = 7 — Bo, y1 = 7 — yn, and therefore, 


(9) cosa,=—cosa,, cos B,=—cos B.,, cos y, =— cos yp. 


Conversely, if relations (9) are satisfied, the given lines are 
parallel and extend in opposite directions. Why? 

If the two lines are perpendicular, it follows from formula 
(7) that, 
(10) COS a, cos a, + cos B, cos B, + cos y, cos y, = 0. 


Conversely, if (10) is true, the lines will be perpendicular. 
If 1, m, n and Ul’, m', n' are proportional to the direction 
cosines of two lines, the lines will be perpendicular if, and 
only if, 
(11) il'+ mm'+nn'=0. 


They will be parallel if, and only if, the numbers /, m, n are 
proportional to l', m',n'. If any of the numbers J, m,n are 
zero, the corresponding numbers of the set 1’, m’, n' must, of 
course, also be zero. 


331. Point of Division. Let P,(a, 4, 21), Pe(a2, yo, 22) be 
two given points and P(x, y, z) any point on the segment P,P, 
P,P 

ch that —— 
2 PP, 
segment,'it follows from § 326 that 


=. If a, 8, y are the direction angles of this 


P,Pcosa=x2—%, PP,cosa= %— 2. 


Therefore, 
P,P cosa _*2£—% i 
PP, cosa %—2 ” 
or ‘ 
X; + AX 
Pa 
Pee 


502 MATHEMATICAL ANALYSIS — [XXI, § 331 


Similarly, we have 
(13) y a Yict Ade pet he 


It should be noticed that A is positive if P lies within the 
segment P,P,, and negative if it lies without. By varying i, 
the codrdinates of any point (+ P,) on the line P,P, may be 
obtained. 

For the mid-point of P,P, we have }=1 and, hence, the 
codrdinates of the mid-point of P,P, are 


14 : — Ui t % —"ntY eee ea 
EXERCISES 


1. Find the cosine of the angle between the two lines whose direction 
cosines are proportional to 2, 3, 1 and — 1, 4, 5. 


2. Find the codrdinates of the points of trisection of the segment 
P,(4, — 1, 8), Po(— 4, 7, 3). 

3. Prove that the medians of the triangle whose vertices are (1, 2, 3), 
(3, 2, 1), (2, 1, 8) meet in a point. 

4. Show that the following points are the vertices of a right triangle : 
(1, 0, 6), (7, 8, 4), (4, 5, — 2). 

5. If two of the direction angles of a line are 45° and 60°, find the 
third direction angle. 

6. Prove that the values a = 30°, 8 = 80° are impossible. 

7. The direction cosines of a line are m, 2m, 3m. Find m. 


8. Show that («—1)?2+(y + 2)? +(z2—3)?=9 is the equation of a 
sphere whose center is at (1, —2, 3) and whose radius is 3. 

9. Express by an equation the fact that the point (x, y, 2) is equi- 
distant from (2, 1, 8) and (— 1, 4, 8). 

10. Show that the points (3, 7, 2), (4, 3, 1), (1, 6, 3), (2, 2, 2) are 
the vertices of a parallelogram. 

11. Prove by two methods that the points (38, 6, 4), (4, 18, 8), 
(2, — 1, 5) are collinear. 

12. Show that the points (4, 3, —4), (— 2, 3, 2), (— 2, 9, — 4) are 
the vertices of an equilateral triangle. 


— 
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13. Find the codrdinates of the point which divides the segment P,P, 
in the ratio \, given 


(a) P,(2, 6, 8), Fi(— 1, 3, 5), A= 83 ; 
(0) Pi(—2, — 5, 8), Pa(8, 0,—2), %=—2; 
(c) P\(8, —7, —9), Pe(2, — 2, —1), A= 4 


14. Prove that the medians of the triangle Py (x1, y1, 21), Po(aa, yo, 22), 
P3(%3, Ys, 23) meet in the point 


aa aa W+tYo+ Ys 21+ 22+ 23\_ 
3 s 3 } 3 


15. Prove that the lines joining the mid-points of the opposite edges 
of a tetrahedron pass through a common point and are bisected by that 
point. 

16. Are the following points collinear: (2, 1, 3), (—2, —5, 8), 
(1,552)? 

17. Find the direction cosines of the line that is equally inclined to the 
three axes. 


18. Prove that the lines joining successively the middle points of the 
sides of any quadrilateral form a parallelogram. 


19. Find the projection of the segment P,(1, 2, 3), P2(2, 1, 3) upon 
the line that passes through the points P3(— 3, 5, — 5), P4(8, — 9, 12). 


332. Locus of an Equation. We saw that in the plane the 
locus of the equation f(x, y) = 0 represents, in general, a curve. 
In an analogous way the equation f(a, y, z)= 0, in general, re- 
presents a surface. For, if we solve for z, we have z= F(a, y) 
and from this equation, we see that we can find, corresponding 
to every point (x, y) in the zy-plane, one or more values of z 
(real or imaginary). The locus of the real points (a, y, ) is, 
in general, a surface, but may be a curve ora point. If there 
are no real values for az, y, z which satisfy the equation 
f(a, y, 2)=0, we say that the equation has no locus. 

The locus of points satisfying the two conditions f(a, y,z)=0 
and F(a, y, z)= 0 is, in general, a curve in space, which is the 
intersection of the two surfaces represented by these equations. 
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833. The Plane. A plane is defined as a surface such that 
every point collinear with two points of the surface is itself a 
point of the surface. 

We shall prove the following propositions : 


(a) Every equation of the oe degree in x, Y, and z represents 
a plane. 

(b) Every plane is represented by an equation of the a de- 
gree in @, Y, &. F 

To prove (a), let P; (a1, 41, 2%), Pe (ae, Yo, 22) be any two points 
on the surface whose equation is Avy + By + Cz+ D=0. 
Then we have 
(15) Ax, + By, + Cz: + D=0, 
(16) Aaty + By, + Cz, + D=0. 


Now let P; (a3, ys, 23) be any point on the line P,P, Then 
(if P; + P2), there exists a value of A(+— 1) such that 


We wish to show that the codrdinates of this point also satisfy . 


the equation Av + By+Cz+D=0. By substitution in this 
equation we have 


1 
(17) 7 Ant But Ca+D)+ oe (Aa -+ Bys+ Cz-+D)=0. 


Relation (17) is true, since i follows from (15) and (16) that 


each parenthesis vanishes separately. Therefore the surface 
defined by the equation Ar+ By+ Cz+ D=0 satisfies the 
definition of a plane. 

To prove the statement (0), let + be any sate and let OR 
be the perpendicular from O which meets 7 in P, (Fig. 
262). The positive direction of OR will be taken from O to 
the plane. The direction angles of OR willbe called a, B, y 


atitre y Wt , utd (g 331) 


es 
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and the length OP, will be denoted by p.* Now if P(@, y, 2) 
is any point in the plane, we have, by § 326, 


Fig. 262 


(18) Projorz,0P = Projo,0M + Proj on MN + Projo,NP. 


Hence the equation 
(19) xcosa+ycosB+zcosy=p 


is the equation of the plane. Why? It is seen to be an equa- 
tion of the first degree in a, y,z. This form of the equation 
is called the normal form. 

It follows from the above that, if Aw + By+ Cz+ D=0is 
the equation of a plane, the direction cosines of a line perpen- 
dicular to the plane are proportional to A, B, C. 

It is left as an exercise to prove that to reduce Ax + By + 
Cz+ D=0 to the normal form we must divide each term by 
+ VA? + B+ C?, the sign of the radical being chosen opposite 
to that of D if D+0, the same as that of C if D=0, the 
same as that of B if C= D=0 or the same as that of Aif 
B= C= )D=(.* 

*Tf the plane passes through the origin we shall suppose OR is directed 
upward, and hence cosy >0 since Y<7/2- If the plane passes through the 
z-axis, then OR lies in the ry-plane and cosy =0; in this case we shall sup- 
pose OR so directed that 8 <7/2 and hence cos8>0. Finally if the plane 


coincides with the yz-plane, the positive direction on OF shall be taken as 
that on OX. 
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334. The Angle Between Two Planes. The angle between 
two planes is defined to be the angle between two normals (i.e. 
perpendiculars) to the planes. Let Aya + By+Cz+D,=9 
and A.w + By + O.z+ D,=0 be the equations of the two 
planes. The direction cosines of their normals are then (§ 333), 


Bop acral Boy COS Oy = ee 
ae V A? + BP + C? eo V A,? + B+ C;? 
cos B, = eee Sa cos By = eee Me 
+VA? + B+ OP +VA2+ B2+ 0 
cos y) = Cr COS 2 Ce 


4VAr+ Bt OF Val + BP OP 
If 6 is the angle between these normals, then, from § 329, 
A, A, + B,B, + O,C, 3 
VA? + B? + C2 VA? + BP + OP 
_ If the planes are perpendicular, cos 6 =0, and we have 
(21) A, A, + B,B, + CC, = 0. 


(20) cos 9@=+ 


If the planes are parallel their normals are parallel. Hence, 
by § 330, their equations in normal form are 


“Cos a+ycosB+zcosy=p, 2x cos a'+ycos B'+zc0s y'=p', 


where either cosa=cosa', cos 8 = cos f', cos y= cosy’, or 
! 

cosa =— cosa', cos 8 =— cos f', cosy =—cosy'. Therefore, 

. . ore . 

if the two equations be written in the form 


Aw+ By+Cz+D,=0, Aw+ By+ Cz+ D,=0, 
the planes will be parallel if and only if | 
(22) Ay => kA, ) B, = kB, ,) Cy = kC,. (k od 0) 


The equation of any plane parallel to Ax + By + Ce +D=0 
can therefore be written in the form Aw + By+Oz+ D’=0. 


XXI, § 334] LINEAR FUNCTIONS 507 


EXERCISES 


1. Sketch the planes whose equations are (a) x=2, (b) y=4, 
(c) z=—5, (d) 2a+y=1, (e) y—2=0. 


2. How many arbitrary constants are there in the equation of the 
plane Ax + By + Cz + D=0? 


3. What is the general equation of a plane that passes through the 
origin ? 
4. What is the equation of the xy-plane ? yz-plane ? «z-plane ? 


5. What are the intercepts on the axes of the planes whose equations 
are 


(a) 2a—8y+2=12; (6) x-y+z=8; (c) e+y=0; (d) 54—7=0? 
6. Give three numbers proportional to the direction cosines of the 
normal to the planex+2y—z=9. What are the direction cosines ? 
7. What is the normal equation of the planex—y+2=9? 
' 8. What is the equation of the system of planes parallel to 
2x2—y+z2=1? 
9. What is the equation of the plane that passes through the origin 
and is parallel to 22—3y+7z2=5? 
10. Show that the planes 2x+4y—z=2 and 4%—y+44z=7 are 
perpendicular. 
11. What is the equation of the plane parallel to 27+ 2y+z2=9 and 
6 units farther from the origin ? 2 units nearer ? 
12. What is the distance between the parallel planes2x+2y+z2=9 
and2%+2y+2=15? 


13. Find the equation of the plane passing through the points 
(a) qd, 2, 1), L— 1, i 0), (0, 0, 1) ; 
(6) (@, 1,8), (1,1, 2), (—1, 1,4); 
(ec) (2, 2,2), (1,1, —2), (1, —1,9); 
(ad) (1, 1, = 1), qd, >) 1, 2), Ca 2, 74, 2). 

{ Hint: Use the equation Ax + By + Cz+ D=0 and divide by any coefti- 
cient that is not zero.] 

14. If D ~0 show that the equation Ax + By + Cz + D=0 can be 
written in the form #/a+y/b+z2/c=1 where a, b,c are the inter- 
cepts made by the plane on the 2, y, ¢ axes respectively. 

15. Show that the four points (0, 0, 3), (4, —3, —9), (2, 1, 2), 
(4, 3, 3) are coplanar, 7.e. they lie in the same plane. 
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16. Find the equation of the plane that passes through the point P 
and is parallel to the plane «, when 
(a) Pis (2,1, 8) andais2x4+38y—52=5; 
(6) Pis (1, 0, 0) andwis2e¢+y+z2=1; 
(c) Pis (—2, —1, 6) and w@is8x4—5y—2z2=8. 


17. Find the equation of the plane passing through the point P and 
perpendicular to the planes & and 8 when 

(a) Pis (1,1,1),a@is2e—y—z=4, and fisx+y+z2=1; 

(b) Pis (—1, 2,1), e@ise+y—382=8, and Bis3“e—5y+4+2z2=1; 

(c) Pis (0, 3, 4), wis2a+4y+4+2=7, and Bis2e—z2+32=2. 


18. Find the equation of the plane passing through the points Py, Pe 
and perpendicular to the plane «, when 

(a) Pi is (1, 1,1), Po is (—1, 2, 1), andais2e—3y—z2=2; 

(b) P, is (0, 0, 1), Peis (2, 1, 3), andawise+y—62=0; 

(c) P, is (2,1, — 8), Pe is (0, 4, 2), paged ee 


19. Prove that the distance from the plane Ax + By + Cz+D=0 to . 


Az; + By + Ca +D_ 
VA? + B+ C2 
20. Find the distance from the plane « to the point P when 
(a) Pis (2,1, 4) andawis2a—4y+4+2=2 


(b) Pis (2,8, —1) aad twee wee eee :0; 
(c) Pis (0, 0, 3) and @ is8a%— 2y—5z=1. 


21, Prove that the equation of the plane which passes through the 
point (#1, y1, 21) and is parallel to the plane Az + By+ Cz+ D=0is 
A(a — %)+ BY -—)+ C@-a)=0. 

22. Prove that the equation of a plane which passes through the 
point (91, y1, 21) and is perpendicular to the plane Ax+By+Cz+D=0 
is (Bzi— Cy) a+ (Ca1—Azi1)y+ (Ay — Bui)z = 0. 

23. Find the cosines of the angles between the following pairs of planes 

(a) 2x—8y+2=1, 2%4+2=0 
(6) e—y—2=2, y—42=8; 
(c) a+2=8, 4u+y+432=5. 


the point (a1, yi, 21) is + 


24. Find the equation of the plane that passes through Pj, P, and 


makes an angle @ with the plane @, where 
(a) Pi is (0, —1, 0), Pe is (0, 0, —1), ais y+z—7 =0, and @ is 120°; 
(0) Pi is (1, 0,1), Peis (0,1,2),cise+2y+22=2, and @ is 60°, 


- 
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25. Find the equation of the locus of a point which moves so that its 
distance from the zy-plane is twice its distance from the x-axis. 


26. Find the equation of the locus of a point whose distance from the 
plane « + 2y — 5 =0 is twice its distance from the z-axis. 


27. A point moves so that its distance from the origin is equal to its 
distance from the zx-plane. Find the equation of its locus. 


335. Simultaneous Linear Equations. In § 70 we saw that 
three simultaneous linear equations in three unknowns have — 
in general a single solution. We shall now show that three 
such simultaneous equations have either, (a) a single solu- 
tion, or (0) an infinite number of solutions, or (c) no solution. 

We shall prove this statement geometrically. Each equa- 
tion represents a plane; the three planes may assume the fol- 
lowing relative positions. 


Case I. Wo two of the planes are parallel or coincident. 


(a) The three planes may intersect in a single point; then 
there is a single solution of the three simultaneous equations. 

(6) The three planes may intersect in a line; then there is 
an infinite number of solutions. 

(ec) The three planes may intersect so that the three lines os 
intersection are parallel; then there is no solution. 


Case Il. Two of the planes are parallel but not coincident. 

In this case the three planes can have no point in common 
and the equations have no solution. 

Case III. Two of the planes are coincident. 

(a) The third plane may be parallel to the coincident planes, 
in which case there is no solution. 

(b) The third plane may intersect the coincident planes, in 
which case there is an infinite number of solutions. - 

(c) The third plane may coincide with the coincident planes, 
in which case there is an infinite number of solutions. 


—_ 
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336. Pencil of Planes. A1l the planes that pass through a 
given line are said to form a pencil of planes. If 


Aye + By + OF + D, = 0, 


23 
( ) | Ape + Boy + Cyz + D, = 90, 


are the equations of any two planes passing through the given 
line, then the equation of any other plane of the pencil can be 
" written in the form 


(24) Aye + By + Oz+ D,+A (Awe + By + Cz+ D,) =9, 


where A is a constant whose value determines the particular 
plane of the pencil. (See § 68.) 


337. Bundle of Planes. All the planes that pass through a 
common point are said to form a bundle of planes, and this 
common point is called the center of the bundle. If 


Aw + By+Cz+D,=0, 
(25) Agu =- Boy + Coz +- D, => 0, 
A,w + By + C3z + D;, = 0, 


are the equations of any three planes passing through the 
center and not belonging to the same pencil, then the equation 
of any other plane of the bundle is 


(26) (Aya+ By + Chz+ D;) + Ay( Agu +f Boy + Cyz + Dg) 

+ Ax(Asxw + By + Cye + D;) = 0, 
where dj, A, are constants whose values determine the position 
of the particular plane of the bundle. Why? 


EXERCISES 
1, Find the equation of the plane that passes through the intersection 
of the planes a and B and the point P, when 
(a) wis2x4+3y—z=1,Bisa+y —2z2=2, and Pis (1, 0, 2); 
(b) Gisa+y+2z2=0, Bis4a~—2y—z=1, and Pis (2, 1,1); 
(c) @is8e4—2y—2=2, Bise—y+z2=8, and Pis (1, 0, 1). 
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2. Show that the planes whose equations are 8x —6y +2=0, 62+ 
y=22+13, lly—2z2=117, belong to the same pencil. 


8. What is the equation of the plane of the pencil whose axis is 
22—y+5z2+4+2=0, 4ea—3y+2=1, which is perpendicular to the 
plane x = 0? el ae ei, 


4. Find the equation of the plane that passes through the intersection 
of the planes 2%+y—2+1, 3a—y—2z=2 and is perpendicular to the 
planex+y—z2=1. 


5. Find the equation of the plane that passes through the point of in- 
tersection of the planes a, B, y and the points Pi, P2, when 

(a) ais2e+y=1, Bisx—z=1, yis2e—y+22¢=8, 
P, is (1, 0, 1), and Py is (2, 1, 1); 

(6) @is8x—y—z=3, Biszr—y+2z=1, yis8e—2y+2=8, 
P, is (2, 1, 3), and P» is (0, 8, 0). 


338. Equations of a Straight Line. (a) The two simul- 
taneous equations 


(27) 


Ay + By + Cz + D, = 0, 
Aye + By + Cy + D, = 0, 


represent a line, the intersection of the two planes, provided 
the two planes are not parallel. 

(6) A given point and a given direction determine a line. 
Let the given point be P,(a,, %, %) and a, B, y the given direc- 
tion angles. If P(a, y, z) is any other point on the line at a 
distance d from P,, then by § 326, d cos a=x—«a,, dcos B=y—%, 
dcosy=2z—%. Hence we may write 


(28) epee hf dag CS ey 
cosa cosB cosy 


which are the equations of the required straight line. These 
equations are known as the symmetric equations of a straight 
line. In these equations cos «, cos B, cos y can evidently be 
replaced by any three numbers proportional to them. 


512 MATHEMATICAL ANALYSIS [XXI, § 338 


(c) Two distinct points P;(a, 71, 21), Pe(%2; Ye, %2) determine a 
line. Any line through the point P, is of the form 


eA eS he 2 
cosa cosB cosy 


Now the direction cosines of P,P, are proportional to 2 — %, 


Ys —Yy) % —%, (§ 828.) Therefore the equations of the line 
through the points P,, P, are 


(29) Bie Ry PS i i eee 


We should note that in every case two equations are necessary 
to represent a line. 


ExamP.e 1. Reduce to the symmetric form the equations of the straight 
line, 2a+y—2=38, «—y+2z2=7. Eliminating y between the two 
equations we have 8x%+2=10. Similarly, eliminating z we have 
5“+4y=18. Solving these two equations for x and equating the values 


found, we have 
y—18_2—10. 


—5 —38 


The line isseen to pass through the point (0, 18, 10) and to have direction 
cosines proportional to 1, — 5, — 3. 


Am 
i= 


Exampie 2. Find the equations of the line that passes through the 
point (4, —1, 3) and is perpendicular to the plane 24—3y+42=7. 
The required line is parallel to any line perpendicular to the plane and hence 
its direction cosines are proportional to 2, —38, 4 (§833). Therefore, 
the equation of the required line is 


EXERCISES 


1. Write the equations of the line that passes through the point F 
and whose direction cosines are proportional to a, b, c, where 
(@)\ Ps (1, 2), Drand’a=2b = 11, c=: 
(b) Pis (8,0, —1) anda=2, b=8, c=9; 
(c) Pis (3, —2, —5) anda=2, b=—9, c=3. 
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2. Find the equations of the lines passing through the following pairs 
of points : 


(a) (2,1, 4), (12, 2, 8) ; (c) (4, 8, 8), (8, — 2,1); 
(o) (8, — 5, —8), (— 8, 5, 7); (d) (5, 2,.1), (4, 7, — 9). 
8. Write in symmetric form the equations of the lines 
(a) 2e-—y+382=8, 84+5y+2=9; 
(0) 8a—y—2z=8, 4%4+6y—32=38 
(c) ba +8y+2= 38, 2e—-y+e2=7 
4. Find the equations of the line that passes through the point P and 
is perpendicular to the plane gw, when 
(a) Pis (2,1, 7) and @is8%—y+4z2=9; 
(6) P is (4, 2, —2), and wis2%—6y+32=8 
(c) Pis (—1, 6, 3), and@is84+4y—z2=5 
5. Find the equations of the line that passes through the point 
(2,— 1, 4) and is parallel to the line 
z2—8_y-—T_z2-T7. 
ego pete 


6. Find in symmetric form the equations of the line that passes 
through the point (2, —1, 4) and is parallel to the line 24+y—z2=5 
xz—y+32=4. 


7. Find the equation of the plane that passes through the point P and 
is perpendicular to the line 7, when 
(a) Pis (2,5, 1), and vis “= wt Si abiemcip) 5 Pa 


(0) Pis (—1, 4, 7), and vis 244 yee 


8. Find the equation of the plane that passes through P (1, 5, 2) and 
is perpendicular to the line 3% —y+2z2=8,4-—y+2z2=6 


9 If @ is the angle between the two lines ~—™ - aia ecae id = 1 hose 
1 1 1 

—% — Ss 2—2 find cosé. , 

ag C2 


and ~ 


10. Prove that the lines a= - az 
to each other. =a = 


are perpendicular 


2u 


CHAPTER XXII 


QUADRATIC FUNCTIONS. QUADRIC SURFACES 


339. The Sphere. If a point P(a, y,z) moves so as to be 
always at a constant distance r (r > 0) from a fixed point (h, k, 1), 
the locus of P is calleda sphere. The equation of this locus is 


(t) (x Wy +y— RP +@ Dar 
If this equation is expanded, it has the form 
(2) x+y?+ 22+ Ax+ By+Cz+D=0, 


where A, B, C, D are constants depending upon the coérdinates 
of the center and the length of the radius. 

Conversely, an equation of the form (2), in general, repre- 
sents a sphere, for it can be written in the form 

A\? BY Ov} 2) BG 
(3) (2+5) +(y ue 5) +245) =F+7+5-D, 
which is a sphere if 
At oie eG? 

The center of the sphere is at the point (— 4/2, — B/2, — C/2), 
and the radius is 


V A2/4 + B/4 + 07/4 —D. 
If the right-hand member of (3) is zero, the locus is the 
single point (—A/2, —B/2,—C/2). If the right-hand member 


of (3) is less than zero, the equation has no locus. See § 206. 
514 Paes 
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EXERCISES 
1. Find the equation of the sphere whose center is at P and whose 
radius is r, when 
(a) Pis (2, 1, 9), andr=6; 
(0) Pis (1, —8, 0), andr=2; 
(c) Pis (4, —9, — 2), andr =7. 
2. Find the equations of the eight spheres tangent to the three co- 
ordinate planes and having a radius of 4. 
3. Find the equation of the sphere which has the line joining P(2, 6, 8) 
and Q(4, 6, 6) as a diameter. 
4. Discuss the locus of each of the following equations. 
(a) 2+ y2+227—2e—2y—22e=6. 
(6) @+y+224+4e+4y —62+ 25=0. 
(c) 2+y24+ 2-22 —6y4+82=5. 
(d) P+y2+2—22-—4y+5=0. 
5. Find the locus of points the ratio of whose distances from (0, 1, 0) 
and (1, 2, 3) is 5. 
6. Show that the equation of the tangent plane to the sphere 
, 2 + y? +22 = 2 
at the point (21, y1, 21) is 
ey + yy + 22; = 7°. 
{Hinr: The tangent plane is perpendicular to the radius. ] 
7. Find the equation of the sphere passing through the following 
four points. : 
(a) (1, 2, 3), (3, 1,0), (2, 1, 9), (3, 4, 1). 
(d) (2, 1, 0), (= 1, es 1, 0), (3, 0, 2), (0, 0, 0). 
{Hixt: Use the equation «?+ y2+ 22+ Ax + By + Cz+ D=0 and 
determine the values of A, B, C, D.] 


340. Cylinders. The surface generated by a straight line 
which moves parallel to a given line and always intersects a 
given fixed curve, is called a cylindrical surface or a cylinder. 
The generating line in any of its positions is called an element 
of the cylinder. 

Any algebraic equation in two cartesian codrdinates repre- 
sents in space a cylinder whose elements are paralle] to the 
axis of the third variable. 
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For example, the equation 
x? + y? =4 


represents in the xy-plane a circle (Fig. 263). But, the equation is satis- 
fied by the coordinates of any point P which lies on a line parallel to the 


oy ed 


Fic. 263 


z-axis and passes through a point @on the circle. Moreover, if @P moves 
parallel to the z-axis and continues to cut the circle the coérdinates of P 


still satisfy the equation x? + y? = 4. oe cylinder traced by the line 
QP is the locus of the equation x? + y2= 4 
It is clear that if a cylinder has its axis paraliel to a coérdinate axis, a 
section made by a plane perpendicular to that axis is a curve parallel 
and equal to the directing curve on the codrdinate plane. Thus the 
section cut by the plane z = 3from the hyperbolic cylinder whose equa- 
tion is 
a? — y2 = 4, 


is a hyperbola equal and parallel to the oe in the zy-plane whose 
equation is 2? — y? = 4. 


341. The Projecting Cylinders of a Curve. A cylinder 
whose elements are parallel to one of the codrdinate axes and 
always intersect a fixed curve in space, is called a projecting 
cylinder of the curve. The equations of the projecting cylin- 
ders may be found by eliminating in turn each of the variables 
x, y, 2, from the equations of the curve. Why? The curve 
may often be constructed conveniently by means of two dis- 
tinct projecting cylinders. 


— 
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EXERCISES 
1. Describe the locus of each of the following equations. 
(@) = 2. (h) yz = 5. 
(6) 222+y2=8. (i) z—E=0. 
(c) 8e4@—y=9. 
3 24292 = 6, 
(d) y? = 4 pe. a a : 
1 (e) +22? =9, ied 
f (1) ©—az =7. 
Cr}. ='s; , Gia¥-ak Got 
(9) =e =1. ob, 


2. Prove that «?+2ay+y?=1-— 2 is the equation of a cylinder, 
the direction cosines of any element being proportional to (1, 1, 0). 

3. Find the equations of the projecting cylinders of each of the following 
curves. Construct the curves as the intersection of two of these cylinders. 


(a) P+y¥4+2=4,2+y—2=0. 
(b+) c=1,2+y+4+2=4 

(c) 2—y2=42,2?+4+ y=z. 

‘d@) P=Hxrt+2z,2=2+ y?. 

(e) 2 = zy, x? = yz. 


342. Symmetry, Intercepts, Traces, Sections. If a given 
equation is unaffected by replacing « by — a throughout, the 
locus is symmetric with respect to the yz-plane. 

If a given equation is unaffected by replacing y by — y, the 
locus is symmetric with respect to the xz-plane. . 

If a given equation is unaffected by replacing z by — 2, the 
locus is symmetric with respect to the wy-plane. 

What would be atest for symmetry with respect to the x-axis ? the 
y-axis ? the z-axis ? the origin ? 

The segments measured from the origin to where a surface 
cuts the axes are called the intercepts of the surface on the 

-axes. To find the intercepts place two of the variables equal 
to zero and solve the resulting equation for the third variable. 
Why ? 
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The sections of a surface made by the codérdinate planes are 
called the traces of the surface (Fig. 264).. To find-the equa- 
tions of the traces put each variable in 
turn in the given equation equal to zero. 
Why ? 

The equations f(a, y, z)=0 and «=k, 
a constant, are together the equations of 
the curve of intersection of the surface 
and a plane parallel to the yz-plane. 
Similarly sections parallel to the wy- and yz-planes may be 
found. If k =0, the sections are the traces. 


Fie. 264 


343. The Ellipsoid. ‘The surface represented by the equation 
2 
(4) +2425 


is called an ellipsoid. It is symmetric 
with respect to the three codrdinate 
planes, the three axes, and the origin. 
The intercepts on the 2-, y-, zaxes are 
respectively +a, +b, tc (Fig. 265).* 
The traces on the three codrdinate planes 
are, respectively, 


The sections of the ellipsoid by the plane «=x is an ellipse 
whose equations are 


y? 5 g2 
en wel I eo 
a2 a? 


* The figure exhibits only that part of the surface lying in one octant,— ~ 
that in which 2, y, z are all positive. 
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The semi-axes of this ellipse are bV1 — k?/a?, eV1 — k®/a?. 
As |X| increases from 0 to a, the axes of this elliptical section 
decrease. When |k|=a the ellipse reduces to a point, and 
when |k| >a the sections are imaginary. The surface lies 
therefore entirely between the planes x=a, x=—a. Sim- 
ilarly it may be shown that the surface is also bounded by the 
planes y=b, y=— 0; z=¢,2 =—c. 


NY 


NY Qin 


NM 


| 


| 


A general idea of the appearance of an ellipsoid is given 
by Fig. 266, which represents a plaster model of this sur- 
face. 

SprcraL Casgs. In general the semi-axes a, b, c are unequal, 
but it may happen that two or three of them are equal. If 
the three are equal, i.c.a = b=c, the surface is a sphere. If 
two are equal, for example, if b =c, the ellipsoid is called an 
ellipsoid of revolution, for it can be generated by revolving the 
ellipse x2/a? + y?/b? = 1, z =0 about the w-axis. 
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344. Surfaces of Revolution. The surface generated by 
revolving a plane curve about a line in its plane is called a 
surface of revolution. The equation of the surface is readily 
found when the axis of revolution, i.e. the line about which 
the curve is revolved, is one of the codrdinate axes. 

Let y= f(a) be the equation of the 
plane curve in the ay-plane and the 
x-axis the axis of revolution. As the 
curve y= f(x) revolves about the «axis, 
any point P on this curve describes a 
circle, whose center is on the w-axis and 
whose radius is equal to f(a) (Fig. 267). 
Therefore for any position of P (a, y, 2) we have, 


y+e=[f(2)/ 


which is the equation of the required surface of revolution. 


If the ellipse «?/a? + y?/b2 = 1,-z = 0 is revolved about the x-axis, the 
equation of the surface of revolution is 


y? +e =F [a2 — a}, or ae Be = 
a a 


EXERCISES 
1, Sketch and discuss each of the following as age ee 
(a) 942 +49? + 16 2% = 144. 
(6) 252? + y? + 2? = 100. 
(¢) 22+ 8y?+ 222 = 16. 
2. Show that the ellipsoid in Ex. 1 (6) is an ellipsoid of revolution. 


x 


8. Find the equations of the ellipsoids formed by revolving the follow- 
ing ellipses about the axes mentioned. 


(a) 9a? +4y?= 36, 2=0, a-axis. 

(6) 922 +4y?=36,2=0, y-axis. 
(c) 9a? +22=9,'y=0, z-axis. ° 

(d) 2 y?+422=100,4=0, y-axis. 
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4. When an ellipse is revolved about its major axis the ellipsoid gen- 
erated is called a prolate spheroid; when it is revolved about its minor 
axis, an oblate spheroid. Which of the ellipsoids in Ex. 8 are oblate and 
which are prolate ? 


5. Describe the locus of each of the following equations. 
(a) @ pe (6) mp c 
345. The Hyperboloid of One Sheet. The surface repre- 
sented by the equation 


(5) 


is called a hyperboloid of one sheet. It is symmetric with 
respect to each of the codrdinate 
planes, each of the codrdinate 
axes, and the origin. The inter- ~ 
cepts on the 2 and y-axes are 
+aand +b respectively, while 
the surface does not meet the 
z-axis (Fig. 268). The traces on 
the codrdinate planes are, respec- 
tively, 


Of these, the trace on the ay-plane is an ellipse, while the other 


two are hyperbolas. 
The section of the surface made by the plane z=h, is an 


ellipse whose equations are 


a y 


EL ot RA: ES 
af 1 +5 if 2 al 
Cah ¢é 


=l, z=. 
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This ellipse is real for all real values of k. The semi-axes are 
the smallest when k=O and increase without limit as |k| 


increases. 
The plane y=), |A|+#0, intersects the surface in the 


ot ee 
aad 2 a ak = | 
If |A| <d the transverse axis is parallel to the z-axis, while 
if |A| > 0 it is parallel to the z-axis. 


hyperbola 


A good idea of the appearance of this surface is given by 
Fig. 269, which represents a plaster model of a portion of the 
surface. 

If X =}, the section consists of the two straight lines 


7420, y=d; 220, y=b. 
q 36 alc 
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If X =—b, the section is the two lines 
*4+2=0, y=—b; =—7=0, =— 6. 
@ € a@ ec 


These four straight lines lie entirely upon the surface. 

Similar considerations apply to the sections made by planes 
parallel to the yz-plane. 

The form of one eighth of the surface is given in Fig. 268. 
The broken lines in that figure indicate three sections by the 
three planes 

y= A, for |A|< 6, =b, and > 0d. 

Some of the straight lines on the surface are shown on the 
model represented by Fig. 269. 

If a=b the hyperboloid becomes a surface of revolution 
obtained by revolving the hyperbola 2?/a? — 22/c? =1,y¥=0 
about its conjugate axis. 


EXERCISES 


1. Sketch and discuss each of the following surfaces. 

(a) 2?+4y?—22=16. (b) 9a?+y?—22=36. (c) 4%?+16 y?-2?=64. 
2. Are any of the surfaces in Ex. 1 surfaces of revolution ? 

3. Show that 


cee Cea aes 


is the equation of a hyperboloid of one sheet whose center is at the point 
(251, .8). 
2 y 
4. Show that a z s+2 >= land —— z+e 5+% =1 are equations of 
a 
hyperboloids of one A te di 
5. Find the equation of the hyperboloid of revolution formed by 
revolving each of the following hyperbolas about the axis specified. 
(a) 922-4 y? = 36, z= 0, transverse axis. 
(6) 922 —4y? = 36, z = 0, conjugate axis. 
(c) 4y?— 22 = 16, x= 0, transverse axis. 
(d) 4y*— 22 = 16, x = 0, conjugate axis. 
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346. Hyperboloid of Two Sheets. The surface represented 
by the equation 
(6) iLO ‘hak oo Sap 


is called a hyperboloid of two sheets. It is symmetric with 


Fic. 270 


respect to each of the codrdinate planes, the codrdinate axes 
‘and thé origin. The intercepts on the xaxis are + a, while 


 // 
\ ee 
RW 


Fie. 271 


the surface does not meet the y- or z-axis (Fig. 270). The 
traces on the coérdinate planes are, respectively, 
2 2 2g 


There is no trace on the yz-plane. 
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The plane «=& intersects the surface in the curve whose 
equations, if k + + a, are 


f= Ey 


If |k| >a this curve is an ellipse; if |k| =a it is a point. 
If |k| <a the equations have no locus. All sections parallel 
to the wy- and wz-planes are hyperbolas. 

A good idea of the appearance of this surface is given by Fig. 
271, which represents a model of a portion of the surface. 

If 6=c the hyperboloid becomes a surface of revolution 
formed by revolving the hyperbola 


about its transverse axis. 


EXERCISES 
1. Construct and discuss each of the following surfaces. 
(a) 422 — 99? — 36 2? = 144. 
(6) 227—y?—2=1. 
(c) 9a? —4y?— 2? = 36. 


2. Are any of the surfaces in Ex. 1 surfaces of revolution ? 


3. Show that — 4+ 4 — fale and -2-¥4+2=1 are equations 


of hyperboloids of ts aes 


4. Find the equation of the hyperboloid of revolution formed by 
revolving each of the following hyperbolas about the axis specified. 


(a) ze r =1, z= 0, conjugate axis. 


(b) 442 -— 2=4, « =0, transverse axis. 
(c) 2027-4 22=1, y= 0, conjugate axis. 
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347. The Elliptic Paraboloid. The surface represented by 
the equation 


(7) 24Pe: 


is called an elliptic paraboloid. It is symmetric with respect 
zZ to the xz- and yz-planes, and the z-axis. The 
intercepts on all three axes are zero. The trace 
on the wy-plane is a point, namely the origin; 
the traces on the wz- and yz-planes are, respec- 
tively, the parabolas 27 =a’, y=0; y?= 56%, 
‘Fig. 272 x = 0 (Fig. 272). 
Sections made by the planes z=k (k >0) 
are ellipses. Why? Those made by the planes x= and 
y =k, respectively, are parabolas. Why? 


Y 


Fie. 273 


Figure 273 represents a model of a portion of the surface. 
Ifa=b6, the surface is a figure of revolution formed by re- 
volving the parabola 2? = a’, y = 0, about the z-axis. . 
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348. The Hyperbolic Paraboloid. The surface represented 
by the equation 
ee ty? s 
8) apa 


is called a hyperbolic paraboloid. (See Fig. 274.) It is sym- 
metric with respect to the az- and yz-planes. AJl three inter- 
cepts are zero. The trace on the zy-plane is the pair of lines 


the traces on the az- and yz-planes are, respectively, the 
parabolas 


Fic. 274 


_ Sections parallel to the xy-plane are hyperbolas, while those 
parallel to the xz- and yz-planes are parabolas. The form of 
- the surface is shown in Fig. 275. 
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EXERCISES 
1, Sketch and discuss each of the following surfaces. 
(a) 2+4y? = 362. (c) y-#=2. 
(bo) 2024+ 22 = 16y. (d) Qat@— Pay, 


2. Sketch the surface «? —-2% + y2-—4y=z2—5. 


349. The Cone. The surface represented by the equation 
0) Bye 8 


is called a cone. It is symmetric with respect to the three 
coérdinate planes, the three axes, and the origin. All three 
Zz intercepts are zero. The trace on the ay- 
plane is a point, namely the origin. The 
traces on the az- and yz-planes are respec- 
tively the pairs of lines co+ az=0, y=0; 
cy + bz = 0, x =0(Fig. 276). Sections paral- 
lel to the xy-plane are ellipses, while those 
parallel to the az- and yz-planes are hyper- 
bolas. If any point P (a, %, 2%) on the sur- 
face is connected with the origin, then the line OP lies entirely 
on the surface. For, (Aa, A®,, A®3) are the codrdinates of any 
point on this line (see § 331), and they are seen to satisfy the 
given equation (9), for all values of X. 
If a = 6 the cone is a cone of revolution. 


Fi. 276 


EXERCISES 
1. Construct and discuss each of the following surfaces. 
(a) a +y2?—22=0. (b) 922+ 4y2—8622=0.° (c) 22—y + 42=0. 
2. A point P moves so as to be equidistant from a plane and a line 
perpendicular to the plane. Find the equation of the locus of P. 


3. A point P moves so that the sum of its distances from the three 
coérdinate planes is equal to its distance from the origin. Find the 
equation of the locus of P. 
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350. Summary. The surfaces discussed are here enumer- 
ated for reference. 


ELLipsor : 
2 2 2 
wee soe =1. (Figs. 265, 266, § 343) 


HYPERBOLOID OF ONE SHEET: 


ye : 
+2 ——=1. (Figs. 268, 269, § 345) 


a Bb 
HyPprrRBOoLOoID OF TWO SHEETS: 
2 2 2 
ES ae (Figs. 270, 271, § 346) 


ELLIPptic PARABOLOID : 
rt me Ya 


ay ee (Figs. 272, 273, § 347) 
HYpEerBoLic PARABOLOID: 
we y? 0 
aoe (Figs. 274, 275, § 348) 
QuapRic Cone: 
ey #_9 Fig. 276, § 349 
—+0-5=0. (Fig. 276, § 349) 


7+U=1, y? = 4 pa. ($ 340) 


It is beyond the scope of this book to prove that the general 
equation of the second degree in three variables a, y, z, can, in 
general, be reduced to one of the above types. Those inter- 
ested in this problem will find it fully discussed in any stand- 
ard textbook on solid analytic geometry.* 

* See, for example, SNYDER AND SIsaM, Analytic Geometry of Space, 


_ Chapter 7. 
2M 
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351. Other Systems of Coordinates. 
Numerous systems of codrdinates for deter- 

* mining the position of a point P in space have 
been devised. The most common of these sys- 
tems are the rectangular, polar, spherical, and 
cylindrical. a brief account of the last three systems follows. 


Fig. 277 


352. Polar Coordinates. Consider the line OP drawn from 
the origin O to any point P (Fig. 277). Let a, B, y be the 
direction angles of OP, called the radius vector, and let p be the 
length of the radius vector. The four quantities a, B, y, p are 
called the polar coordinates of P. 

Conversely, any four quantities a, 8, y, p, with the restric- 
tion that cos? «+ cos? 8 + cos? y= 1, determine a point whose 
polar coérdinates are «, B, y, p ; 

Prove that the equations of transformation from rectangular to polar 
codrdinates are, 

(10) %=pcose%, y=pcosp, 2=pcosy, p2?= 22+ y? + 22. 


353. Spherical Coordinates. Any point P in space de- 
termines (Fig. 278) the radius vector OP (=p), the angle ¢ 
between the radius vector and the 2-axis, and a 
the angle 9 between the a-axis and the pro- 
jection of the radius vector on the zy-plane. 
The quantities p, 0, ¢ are called the spherical 
coordinates of the point P. The angle@d is , 
known as the colatitude, and the angle 6 as i 278 
the longitude. 

Conversely, any three quantities p, 0, @ determine in space a 
point P whose spherical coérdinates are p, 0, ¢. 


Prove that the equations of transformation from necanle dat to spheri- 
cal codrdinates are, 


(11) x = psin 6 cos ¢, ya pein one z= pcos 8, 
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354. Cylindrical Coérdinates. Any point P in space de- 
termines (Fig. 279) its distance z from the 
wy-plane and the polar coérdinates 7, 6 of 
the point P’ which is the projection of P on 
the wy-plane. These three quantities r, 0, z 
are called the cylindrical codrdinates of P. 
Conversely, any three quantities r, 6, z deter- 
mine a point whose cylindrical coérdinates they are. 


Fia. 279 


Prove that the equations of transformations from rectangular to cylin- 
drical codrdinates are, 
(12) xz=rcosé, y=rsind, z=2. 


EXERCISES 


1. Express each of the following loci in spherica) codrdinates. 

(a) 2+4+y2+22=9. (b) 2P+y—422=0. (c) 42°4+9y?—22= 36. 

2. Express each of the following loci in polar codrdinates. 

(a) 2%+y+2=16 (6) x+y=0. (c) 2e2?-y2?-—2=0. 

3. Express each of the following loci in cylindrical codrdinates. 

(a) 2+ y2=9. (6) 2+y2+27=9. (c) 2—2e+y?=6. 

4. Express the distance between two points in polar coérdinates, 

5. Find the polar, spherical, and cylindrical codrdinates of the points 
whose rectangular codrdinates are (2, 1, 4), (8, 8, 3). 

6. What is the locus of points for which 

(a) @=aconstant, ¢ =a constant (spherical codrdinates) ? 
(6) r=aconstant, @=a constant (cylindrical codrdinates) ? 

7. Find the general equation of a plane in polar coordinates. 

8. Find the general equation of a plane in spherical codrdinates ; 
in cylindrical coédrdinates. 

9. Show that in polar codrdinates a point may be regarded as the 
intersection of a sphere and three cones of revolution which have an 
element in common. 

10. Show that in spherical codrdinates a point may be regarded as 
the intersection of a sphere, a plane, and a cone of revolution which are 


- mutually perpendicular. 


11, The spherical codrdinates of a point are 5, 7/4, 7/6; find its 
rectangular codrdinates ; its polar codrdinates; its cylindrical codrdinates. 
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For a more complete table, see THE MAcMILLAN TABLEs, pp. 94-111. 
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a 
CERTAIN CONVENIENT VALUES FOR n=1 TO n= 10 


Vn 


1/n! 


1.00000 
1.41421 
1.73205 
2.00000 
2.23607 
2.44949 
2.64575 
2.82843 
3.16228 
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0.100000 


CUOMO PwWDe 
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LOGARITHMS OF IMPORTANT CONSTANTS 


n = NUMBER 
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1l+r 
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M = logu e 
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kilograms in 1 lb. 
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ft. lb. per sec. in 1 H. P. 
kg. m. per sec. in 1 H. P. 
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3.14159265 
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The proportional parts are stated in full for every tenth at the right-hand side. 
The logarithm of any number of four significant figures can be read directly by add- 
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- ing the proportional part corresponding to the fourth figure to the tabular number 
-_- gorresponding to the first three figures. There may be an error of 1 in the last place. 
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(Characteristics of Logarithms omitted — determine by the usual rule from the value] 
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Rav1ans| DeGREES 
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6470 | . 


TANGENT 


Value 


8249 
+3281 
3314 
3346 
3318 
3411 


3443, 
3476 
3508 
3041 
-B0T4 
3607 


3640 
3673 
3706 
3139 
3172 
3805 


3839 
3872 
3906 
3939 
3973 
4006 


4040 
4074 
4108 
4142 
4176 
4210 


4245 
4279 
4314 
4348 
4383 
4417 


A452 
4487 
4522 
4557 
4592 
4628, 
4663 
4699 
4734 
4770 
4806 
4841 


A817 
4913 


6495 | .4¢ 


6521 


* 6546 | . 


Logo 


Costne 


Value 


Logo 


5118 
5161 
5203 
5245 
5287 
5329 


5370 
5411 
5451 
5491 
5531 
5571 


CoTANGENT 
Value 


5611 | 


5650 
5689 
5727 
5766 
5804 


5842 
5879 
5917 
5954 
5991 
.6028 
6064 
-6100 
6136 
6172 
-6208 
6243 
-6279 
6314 
6348 
-6383 
6417 
6452 


6486 
6520 
6553 
6587 
6620 
6634 
6687 
6720 
6752 
6785 
6817 
6850 


-6882 
6914 


Log4o| Value 
4882 
4839 
AT9T 
A755 | . 
4713 | . 
4671). 


4630 | - 
4589 | . 
4549 | | 
4509 | . 
4469 | . 
4429 | 


4389 | - 
4350 | . 
4311 | . 
4273 | . 
4234 |. 
4196 |. 


4158 | .€ 


2.2286 . 
2.2113 . 
2.1943 .341¢ 
2.1775 . 
2.1609 . 


2.1445 


2.1283 . 
2.1123. 


2.0965 
2.0809 
2.0655 


2.0503 


2.0353 . 
2.0204 . 


2.0057 
1.9912 
1.9768 


1.9626 


Logyo| Value 
CoraNGENT 


Logo vane 


TANGENT 


511 . 


Cosi1nE 


72° 00’ 
50 


40 
30 
20 
10 


71°00’ 
50 


40 
30 
20 
10 


70° 00’ 
50 


10 
69° 00’ 
50 


40 
30 
20 
10 
68°00’ 
50 
40 
30 
20 
10 
67°00’ 
50 
40 
30 
20 
10 
66° 00’ 
50 
40 
30 
20 
10 
65°00’ 
50 
40 
30 
20 
10 


64°00’ 
50 
40 
30 


20 
10 


.9499 | 68° 00’ 


Logo] Dncruzs|RADIANS 
INE 


1.2072 | 
1.2043 | 


1.2014 
1.1985 
1.1956 


1.1926 | 
1.1897 | 


1.1868 


1.1839 | 


1.1810 
1.1781 
1.1752 
1.1723 


1.1694 
1.1665 
1.1636 
1.1606 


1.1577 | 
1.1548 | 


1.1519 


1.1490 | 


1.1461 
1.1432 
1.1403 
1.1374 


1.1345 
1.1316 
1.1286 
1.1257 
1.1228 
1.1199 


1.1170 


1.1141 } 
1.1112 | 
1.1083 | 
1,1054 | 
1.1025 


fe. 


i? a 


1.0996 | 


Four Place Trigonometric Functions 


a 


“ 


—_— 


541 
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|Raprans| DEGREES 


4712 | 27°00"! .4 
10}. 


AT41 
AT71 
4800 
4529 
4858 
4887 
4916 
4045 
A974 
5003 

50352 
5061 
5091 
-5120 
5149 
5178 
5207 
5236 
5265 
5294 
5323 
5352 
5381 
5411 


20 
30 


40]. 
50}. 
28°00’). 
10}. 
20 | 
30 | . 
40}. 
50 | « 
29°00’) . 
10 


20]. 
30}. 
40 | . 
50]. 
80°00’). 
10} 5 
20}. 
30]. 
40]. 


50 


31°00’) .: 
10 


20 
30 


40}. 


50 


32°00’| . 
10 


20 
30 
40 
50 
33°00’ 
10 
20 
30 
40 
50 
34° 00’ 
10 
20 


30}. 
40]. 


50 


35°00’). 
LON 
20}. 


30 
40 


50]. 
36° 00’| . 


Sinn 


Value 


5348 . 
5373. 


5398 


5422 . 


5471 


5495. 
5519 
5544 . 
5568 « 


5592 . 


5616 


6810 R 
6833 | « 
6856 | . 
-6878 | . 
6901 | . 
6923 | .£ 
6046 | . 
6968 | . 


6990. 
-7012 
-7033 
-T0355 
7076 
1097 
.7118 
7139 
-7160 
7181 
7201 
1222 
1242 
7262 


TANGENT 
Logyo| Value 


TT4 
5812 
5851 


5890.77! 


5930 


5969 


6009 
6048 
-6088 
6128 
6168 
-6208 


6249 
6289 
-6330 


6371 
6412 
6453 


-7196 
7226 
apy g 
7287 
7317 
7348 
137. 
.7408 
.7438 
-T467 
-T497 
7526 
“7556 
-T585 


“T7614 
TO44 
T1673 
01 
1730 
-TT59 
-1788 
-7816 
-7845 
7873 
+7902 
-7930 
7958 
-T986 
8014 

8042 

8070 

8097 
8125 
8153 
8180 
-8208 
8235 
8263 


8290 
8317 
8344 
8371 
8398 
8425 
8452 
8479 


Logyo| Value 
CoTANGENT 


Value 


* COSINE 


CoTANGENT 


Value 


1,9626 


1.9486 . 
1.9347 . 


1.9210 


1.9074 . 
1.8940 . 


1.8807 
1.867 


1.8546 . 
1.8418 . 
1.8291 . 
1.8165 . 


1.8040 . 
Ve AN eS 
L.7796. 
z 7675 . 
17556 . 
1.7437 . 
L821 -; 
1.7205 . 
1.7090 . 
1.6977 . 
1.6864 . 
1.6753 . 
1.6643 . 
1.6534 . 
1.6426 . 
1,6319 . 
1.6212 . 
1.6107 . 


1.6003 . 
1.5900 . 
1.5798 . 
1.5697 . 
1.5597-. 
1.5497 . 


1.5399 . 
1.5301 . 
1.5204 . 
1.5108 . 
1.5013 . 


1.4919 


1.4826 . 
1.4733 . 
1.4641 . 
1.4550 . 
1.4460 . 


1.4370 


1.4281 . 


1.4193 


Logyo| Value 
TANGENT 


Logo 


«2923 


Logi 


Costnz 


Value 


8910 
8897 
8884 
-8870 
8857 
8843 


8829 
-8816 
8802 
8788 
S774 


. 8760 


.8746 
8752 
.8718 
8704 
8689 
8675 
8660 
8646 
8631 
8616 
-8601 
8587 


8572 
8557 
8542 
8526 
-8511 
8496 


Logi 


9490) 
9492 
9486 
94.79 
9473 
9466 
9459 
9453 
9446 
19439 
94:32 
9425 
-9418 
9411 
9404. 
9397 
9390 
9383 


9375 
-9368 
9361 
9353 
9346, 
.9338 


.9331 
-9323 
-9315 
-9308 
9300 
9292 


9284 
-9276 
-9268 
-9260 
9252 
9244 


9236 
9228 
9219 
0211 
$203 

9194 


-9186 
9177 
9169 
.9160 
9151 
9142 


9134 
9125 
-9116 
9107 
-9098 
-9089 


9080 


68° 00’ 
50 
40 
30 


20 
10 


62° 00’ 


61°00’ 
50 


40 
30 
20 
10 


60°00’ 
50 
40 
30 


20 
10 


59°00’ 
50 
40 
30 
20 
10 
58° 00’ 
50 
40 
30 
20 
10 
57°00’ 
50 


56°00’ 
50 


40 
30 
20 
10 


55° 00’ 


54° 00’ 


1.0996 
1.0966 
1.0937 
1.0908 
1.0879 
1.0850 


1.0821 
1.0792 
1.0763 
1.0734 
1.0705 
1.0676 


1.0647 
1.0617 
1.0588 
1.0559 
1.0530 
1.0501 


1.0472 
1.0443 
1.0414 
1.0385 
1.0356 
1.0327 


1.0297 
1.0268 
1.0239 
1.0210 
1.0181 
1.0152 


1.0123 
1.0094 
1,0065 
1.0036 
1.0007 

9977 


9948 |. 
9919 
-9890 
-9861 
9832 
-9803 


9774 
9745 
9716 
9687 
9657 
9628 
9599 
9570 
-9541 
9512 
9483 


9454 
9425 


ee DzGREes| RADIANS 


642 


Four Place Trigonometric Functions 


Ravrans|Drernns 


TANGENT 


Sin: 
Value oe Value 


Logo 


CoTANGENT 


Value 


Logi 


Oosinz 


Value 


Logi 


20 
30 
40 
50 


87°00’ 
10 
20 
30 
40 
50 
88° 00’ 
10 
20 
30 


40 
50 


39° 00’ 
10 
20 


40 
50 


40°00’ 
10 | « 
20}. 


30 
40 
50 
41°00’ 
10 
20 


40 
50 


42°00’). 
0 


48°00’ . 
10]. 


20 
30 
40 
50 


44°00’). 
10}. 


20 
30 
40 
50 


45°00’). 


ae 


.5878 .7692| .7265 . 
5901 .7710| .7310 . 
5925 .7727| .7355 . 
5948 .7744| .7400 . 
5972 .7761| .7445 . 


5995 .7778| .7490 


6018 .7795| .7536 . 
6041 .7811| .7581 . 
6065 .7828| .7627 . 
(6088 .7844| .7673 . 
6111 .7861| .7720 . 
6134 .7877| .7766 . 


6157 .7893] .7813 . 
6180 .7910| .7860 . 
.6202 .7926| .7907 . 
6225 .7941] .7954 . 
6248 .7957} .8002 . 
6271 .7973} .8050 . 


.6293 .7989} .8098 . 
6316 .8004/ .8146. 


30 | .6 


Value Logyo| Value 


1.3270. 
1.3190 . 
Pte 
1.3032) . 
1.2954 . 
1.2876 . 
1.2799 . 
1.2723... 
1.2647 . 
L2572, 
1.2497 | 
1.2423 . 
1.2349 . 
1.2276 | 
1.2203 . 
1.2131 . 
1.2059 . 
1.1988 . 


1.1918 . 
1.1847 
UATIS: 
1.1708 . 
1.1640 . 
ale Ryle A 


1.1504 . 
1.1436 | 
1.1369 . 
1.1303 
1.1237 . 
1.1171 | 


1.1106 


1.1041 . 


1.0977 


1.0913 . 
1.0850 . 
1.0786 . 


1.0724 


1.0661 


1.0599 


1.0538 . 


1.0477 


1.0416 . 


1.0355 
1.0295 
1.0235 


1.0176 . 
1.0117. 
1.0058 . 


1.0000 


Log4o| Value 
TANGENT 


CosinB OoTANGENT 


Logo Naive cms Dzceres|Raprans} 


54°00'] 
50 


40 
30 
20 
10 


53° 00’ 
50 
40 
30 


20 
10 


52° 00’ 
50 


40 
30 
20 
10 


51°00’ 
50 


40 
30 
20 
10 
50°00’ 
50 
40 
30 
20 
10 
49° 00’ 
50 
40 
30 
20 
10 
48°00’ 
50 
40 
30 


20 
10 


47°00’ 
50 
40 
30 


20 
10 


46°00’ 
50 
40 
30 


20 
10 


45° 00’ 
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a 
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INDEX 


Abscissa, 39. 

Absolute error, 236. 

Absolute value, of a directed quan- 
tity, 5; of a number, 36, 438. 

Addition, 41; graphic, 50; laws 
of, 52; of angles, 145; formulas, 
in trigonometry, 201; with 
rounded numbers, 238; of vectors, 
435. 

Algebra, fundamental theorem of, 
456. 

Algebraic functions, 143. 

Algebraic scale, 3, 5. 

Analytic geometry, 84. 

Analytic representation of a function, 
21. 

Angle, definitions of, 143; directed 
—s, 145, 306; measurement of, 
144, 188, 190; addition and 
subtraction of, 145; functions of, 
147, 168; between lines, 146, 
306, 500; between planes, 506; 
of elevation and depression, 150; 
use of, in artillery service, 190; 
vectorial, 163; —s of triangle, 
210; trisection of, 388; of a 
complex number, 438. 


Approximation, Newton’s method of, 


471. 

Arbitrary functions, 18, 19. 

Arc of a circle, 189. 

Archimedes, 386. 

Area, of a triangle, 186, 298 ff.; of 
any polygon, 301. 

Arithmetic mean, 214. 

Arithmetic progression, 216. 

Arithmetic scale, 3, 5. 

Artillery service, use of angles in, 
190. 

Asymptotes, 278, 280, 350. 

Axes, of reference, 38, 495; of ellipse, 


Axioms, 53. 

Axis, of parabola, 109, 354; polar, 
163; major and minor, 340; trans- 
verse, 280, 349; conjugate, 349. 


Binomial theorem, 428. 
Briggian logarithms, 227. 
Bundle of planes, 510. 


Cardioid, 383. 

Center, of pencil of lines, 91; of 
ellipse, 273, 282, 340; of circle, 
283, 320; of hyperbola, 280, 349; 
of projection, 370; of bundle of 
planes, 510. 

Change, rate of, 68. 

Change ratio, 69. 

Characteristic of a logarithm, 227 
ff. 

Circle, 320 ff.; center and radius 
of, 320; cartesian equation of, 270, 
320 ff.; parametric equations of, 
392; polar equation of, 381; as 
special case of an ellipse, 342; 
intersection of two —s, 330; or- 
thogonal —s, 331, 334; pencil of 
—s, 332; radical axis of, 332; radi- 
cal center of, 334; tangent to, point 
form, 324; slope form, 325; tan- 
gents from an external point to, 
327; polar of point with respect 
to, 328; inversion with respect 
to, 336. 

Cissoid, 384. 

Cofunction, 177. 

Colatitude, 530. 

Collinearity, condition for, 301. 

Combinations, 420 ff. 

Commensurable segments, 33. 

Common logarithms, 227. : 


273, 340; of hyperbola, 280, 349. | Completing the square, 113, 283 ff. 
543 


544 


Complex numbers, 432 ff.; defini- 
tion of, 432; geometric inter- 
pretation of, 433, 436 ff.; absolute 
value, angle, argument of,. 438; 
polar form of, 438; multiplication 
and division of, 440; powers and 
roots of, 444. 

Complex roots of an equation, 462. 

Components of a vector, 436. 

Composite number, 414. 

Computation, numerical, 231, 236 ff., 
242 ff. 

Conchoid, 385. 

Cone, 528. 

Conic or Conic section, 337 ff.; as 
sections of a cone, 370. (See 
circle, ellipse, parabola, hyperbola.) 

Conjugate axis, 349. 

Conjugate complex numbers, 432. 

Conjugate diameters, 376. 

Conjugate hyperbolas, 353. 

Consistent equations, 94, 491. 

Constant function, 18. 

Continuous functions, 18, 102, 449. 

Coérdinates, on a line, 37; rectan- 
gular, in a plane, 38; rectangular, 
in space, 495; polar, in a plane, 
163, 377 ff.; polar, in space, 530; 
spherical, 530; cylindrical, 531. 

Cosecant, 168; graph of, 173. 

Cosine, definition of, 147; variation 
of, 159; graph of, 159; graph 
of, in polar coérdinates, 166; line 
representation of, 169; law of —s, 
180; direction —s of a line, 498. 

Cotangent, definition of, 168; graph 
of, 173; line representation of, 
169. 

Coversed sine, 168. e 

Cube, duplication of, 388; table of 
—s, and — roots, 534. 

Cubic function, 129 ff. 

Cycloid, 399. 

Cylinders, 515. 

Cylindrical codrdinates, 531. 


Decreasing function, 24. 
De Moivre’s theorem, 4438. 
Dependent variable, 12. 
Depressed equation, 469. 


INDEX 


Derivative, of a function, 451, 458 ff. ; 
successive —s, 458. 

Derived function, 451. 

Descartes’s rule of signs, 466. 

Detached coefficients, 402 ff. 

Determinants, 475 ff.; definition of, 
475, 478, 483; evaluation of, 488; 
properties of, 483 ff.; minor of, 
485; Laplace’s expansion of, 486; 
solution of equations by means of, 
476, 480, 490. 

Diameter, of a conic, 373; conjugate 
—s, 376. 

Diocles, 384. 

Directed angles, 143, 306. 

Directed lines, 306, 500. 

Directed quantities, 4. 

Directed segments, 5, 48, 497. 

Direction angles and cosines, 498. 

Directrix, of conic, 337; of ellipse, 
340; of hyperbola, 350; of parab- 
ola, 355. 

Discontinuous functions, 18. 

Discriminant of a quadratic, 124. 

Distance, between two points in a 
plane, 294; in space, 499; of a 


point from a line, 311; of a point | 


from a plane, 508. 

Division, by zero, 46; with rounded 
numbers, 241; of complex 
numbers, 440; point of, 295, 
501 ; — transformation, 404. 

Duplication of cube, 388. 


Eccentricity, 337. 

Element of a determinant, 475, 478, 

Ellipse, definition of, 272, 338; 
axes and center of, 273, 340; 
equations of, 272, 282, 338 ff.; 
slope of, 273; construction of, 
346; focal radii of, 345; latus 
rectum of, 343; parametric equa- 
tions of, 347,.393; properties of, 
340, 342, 365, 373; vertices, 
343. ; 

Ellipsoid, 518 ff. 

Elliptic paraboloid, 526. 

Empirical function, 18. 

Equality, 51; conditional and un- 
conditional, 61. 


SL ee 


neti as 


INDEX 54 


Equation, definition of, 61; linear 
—s, 64, 83, 93 ff., 509; quadratic, 
120 ff.; trigonometric —s, 174; 
exponential —s, 234; solution by 
determinants, 476, 480, 490; in 
p-form, 467; depressed, 469; 
parametric, 392 ff. 

Error, absolute and relative, 236. 

Explicit function, 81. 

Exponential equations, 234. 

Exponential function, 217 ff. 

Exponents, 53, 218. 

External secant, 168. 


Factor, 51; of a polynomial, 404, 
407; — theorem, 411. 

Factoring, solution of 
equation by, 121. 

‘Fire, indirect, in artillery service, 
190. 

Focal radii, of ellipse, 345; of hyper- 
bola, 353. 

Focus, of conic, 337; of ellipse, 340; 
of hyperbola, 350; of parabola, 
355. 

Forces, parallelogram of, 184, 435. 

Fractions, 33, 58; partial, 416 ff. 

Function, idea of, 1; definition of, 
28; arbitrary, constant, empirical, 
18; continuous, 18, 102, 449; 
representation of, 10, 13, 21, 22; 
increasing and decreasing, 24; 
linear, 64 ff., 494 ff.; quadratic, 
98 ff., 265 ff., 514 ff.; cubic, 129 ff. ; 
power, 140; trigonometric, 147 ff., 
168 ff.; logarithmic, 212 ff.; ex- 
ponential, 217 ff.; polynomial, 
449 ff.; explicit and implicit, 81; 
inverse trigonometric, 192 ff.; sum 
of linear —s, 79; tables of —s, 
534 ff.; two-valued, 20, 265 ff. 

Functional notation, 409. 

Fundamental theorem of algebra, 
456. 


quadratic 


Geometric mean, 214. 
Geometric progression, 216. 


Geometric representation, see graphic 


representation. 
Graphic addition, 7, 50. 


2N 


or 


Graphic interpolation, 13. 

Graphic representation, 3, 10, 37, 64, 
433, 436 ff. ‘ 

Graphic solution of problems, 78, 
123, 470. 


Graphs, statistical, 26; of linear 
functions, 72; of quadratic func- 
tions, 99 ff., 265ff.; of cubic 


functions, 129 ff.; of polynomials, 
452; of trigonometric functions, 
158, 159, 161, 166, 173; of the 
exponential function, 221; of the 
logarithmic function, 224; in 
polar codrdinates, 164, 378 ff.; of 
parametric equations, 395. (See 
entries under various classes of 
functions for further details.) 


Hesse’s normal form of the equation 
of a straight line, 316. 

Highest common factor, 407. 

Hooke’s iaw, 71. 

Hyperbola, definition of, 280, 338; 
axes and center, 280, 349; vertices 


of, 349; asymptotes of, 278, 
280, 355; construction of, 354; 
equations of, 279, 283, 348 ff.; 
parametric equations of, 393; 
latus rectum of, 350; geometric 
properties of, 349, 350, 368; 
tangents and normals to, 359; 
conjugate —s, 353. 

Hyperbolic curves, 140. 

Hyperbolic paraboloid, 527. 

Hyperbolic spiral, 386. 

Hyperboloid, of one sheet, 521; 


of two sheets, 524. 
Hypocycloid, 400. 


Identities, definition of, 61; trigono- 
metric, 171. 

Imaginary number, 432 ff. 

Implicit functions, 81; 
functions, 265 ff. 

Incommensurable quantities, 34. 

Increasing function, 24. 

Independent variable, 12. 

Infinity, 48. 

Initial line, 163. 

Inscribed circle, 187. 


quadratic 


546 


Integer, 33; properties of, 414. 

Intercept, 74, 517; form of equa- 
tion of straight line, 315. 

Interpolation, 13, 77, 230. 

Intersection, of two lines, 93; of 

- two circles, 330; of a line and a 
conic, 357. 

Inverse trigonometric 
192 ff. 

Inversion, with respect to a circle, 
336; of order, 482. 

Inversor of Peaucellier, 336. 

Irrational numbers, 34; as roots of 
an equation, 470. 


functions, 


Laplace’s expansion of a determi- 
nant, 486. 

Latus rectum, of an ellipse, 343; of a 
hyperbola, 350; of a parabola, 355. 

Law, of signs, 49, 466; —s of ex- 
ponents, 53, 220; of sines, 180, 
of cosines, 180; of tangents, 209. 

Less than, 39. 

Limacon, 383. 

Line representation of trigonometric 
functions, 169. 

Linear equations, 64, 83, 93, 476, 
480, 490, 509. 

Linear functions, 64 ff., 494 ff. 

Linear interpolation, 77. 

Locus, of equation in rectangular 
coérdinates, 67, 83, 509; in polar 

~ eoérdinates, 377. 

Logarithm, definition of, 223; in- 
vention of, 212; laws of, 225; 
systems of (natural and common), 
226, 227; characteristic and man- 
tissa of, 227 ff.; use of tables of, 
229; —s in computation, 231, 
242 ff.; tables of, 536 ff. ‘ 

Logarithmic paper, 260 ff. 

Logarithmic scale, 252. 

Logarithmic spiral, 387. 

Longitude, 530. y 


Magnitude, 4 

Major axis of ellipse, 340. 

Mathematical analysis, 30. 

Maxima and Minima, 109, 137, 453, 
455. 


INDEX 


Measure, unit of, 2, 33, 34, 144,188. . 
Menelaus, theorem of, 319. 
Midpoint of a segment, 295, 502. 
Mil, 190. . 
Minor of a determinant, 485. . ; 
Minor axis of ellipse, 340. > 
Multiple roots, 460. : ; 
Multiple-valued function, 20, 265 ff. 
Multiplication, 44, 50, 52, 239, 440. 


tem, Eine grees a 4 


Napier, J., 212. 

Natural logarithms, 226. 

Newton’s method of approximation, 

471 ff. 

Nicomedes, 385. 

Normal, to a curve, 359; — form of . 
the equation of a straight line, 316; t 
of a plane, 505. : 

Number, 2, 33; real, 3, 36; rational F- 
and irrational, 34; positive and neg- / 
ative, 3; complex (imaginary), 432 ff. 

Octant, 495. 3 

One-valued function, 20. 3 

Ordinate, 39. 

Origin, 38, 163, 495. 

Orthogonal circles, 331, 334. 4 

Orthogonal projection in space, 494. 3 

Parabola, 354 ff.; definition of, 109, 4 
268, 338; equations of, 109, 282, & 
354 ff.; properties of, 355, 362; 
slope of, 268; tangents and 7 
normals to, 359, 362; latus rectum | 
of, 355. 

Parabolic curves, 140. ; 

Parabolic reflector, 364. , ‘ 

Parabolic spiral, 389. Z ‘ 

Paraboloid, of revolution, 364; 


elliptic, 526; hyperbolic, 527. 


Parallel lines, in plane, 85; in space, 

500. | 
Parameter, definition of, 90, 392; i 

of system of lines, 90. - 
Parametric equations, 392 ff. a. : 
Partial fractions, 416 ff. | 
Pascal, B., 383,431; i —’s triangle, 431. ’ | 
Peaucellier, inversor of, 336. , 
Pencil, of lines, 91; of circles, 332; | 


of planes, 510. ] 


Period of trigonometric functions, 
157, 159, 162. 

Permutations, 420 ff. 

Perpendicular lines, in a plane, 86; 
in space, 500. 

Plane, 504 ff.; vectors in a, 435. 

Point of division, in a plane, 295; 
in space, 501. 

Polar and Pole, with respect to a 
circle, 328; with respect to a 
conic, 364, 373. 

Polar axis, 163. 

Polar coérdinates, in a plane, 163 ff., 
377 ff.; in space, 530. 

Polar form of complex number, 
438. 

Polygon, area of, 301. 

Polynomials, 402, 449 ff. 

Power function, 140. 

Powers, 53, 218, 444; table of, 534. 

Prime number, 414. 

Principal diagonal of a determinant, 
475, 478. 

Principal value of inverse trigono- 
metric function, 193 ff. 

Probability, 426 ff. 

Product formulas in trigonometry, 
207. 

Progression, arithmetic and geomet- 
ric, 216. 

Projectile, 397 ff. 

Projecting cylinder of a curve, 516. 

Projection, 196ff.; central, 370; 
orthogonal in space, 494, 497. 

Pure imaginary number, 432. 


Quadrant, 39; angles in a, 145. 
Quadratic equation, 120 ff. 
Quadratic function, 98 ff.; applica- 
tions of, 115ff.; slope of, 274, 
287 ; implicit, 265 ff., 514 ff. 
Quantity, 2, 4; directed, 4. 


Radian, 188. 

Radical axis and center of two circles, 
332, 334. 

Radius vector, 163, 530. 

Range, of variable, 23; of a pro- 
jectile, 397. : 

Ratio, 33; simple, 294, 319. 
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Rational numbers, 33; as roots of an 
equation, 467. 

Reciprocal spiral, 386. 

Rectangular codrdinates, in a plane, 
38 ff.; in space, 495. 

Reference, axes of, 38. 

Reflector, parabolic, 364. 

Relative error, 236. 

Remainder theorem, 411. 

Revolution, surfaces of, 364, 519, 
520. 

Roots, of numbers, 444; table of, 
534; of an equation, 120, 455 ff.; 
equal, of a quadratic, 124; rela- 
tion of, to coefficients, 125, 473; 
complex, 462; rational, 467; 
irrational, 470; multiple, 460; 
Newton's method of approximation 
to, 470 ff. 

Rotation in a plane, 200. 

Rounded numbers, 236 ff. 


Scale, arithmetic and _ algebraic, 
3, 5; rectilinear, uniform and non- 
uniform, 5; logarithmic, 252. 

Secant, definition of, 168; graph of, 
173; line representation of, 169. 

Section of a surface, 517. : 

Segment, directed in a plane, 5, 48; 
in space, 497; ——-s to represent 
statistical data, 6. 

Shear, 132, 288. ; 

Significant figures, 236. 

Signs, law of, 49. 

Simple ratio, 294, 319. 

Simultaneous equations, 94 ff., 476, 
480, 490. 

Sine, definition of, 147; variation of, 
157; graph of, 158. 

Single-valued function, 20. 

Slide rule, 252 ff. 

Slope, 73, 135, 268, 273, 285, 287, 
290, 449. 

Solution, of quadratic equations, 
120 ff.; of algebraic equations, 
468 ff.; of trigonometric equations, 


174; of exponential equations, . 
. 284; of triangles, 181 ff., 244 ff. 
Sphere, 514. 
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Spherical coérdinates, 530. 

Spirals, 386 ff. 

Statistical data and graphs, 6, 26. 

Straight line, 64 ff., 500ff.; slope 
of, 73; equations of, 83, 307 ff., 
511; intercept form of, 89, 315; 
normal form of, 315; parallel and 
perpendicular —s, 85, 500; system 
of —s, 90; intersection of —s, 93; 
polar equation of, 380; pencil of 
—s, 91; direction cosines and angles 
of, 498. 

Subnormal, 364. 

Successive derivatives, 458. 

Sum of linear functions, 79. 

Surd, 35. 

Surface, 504 ff., 514 ff.; 
tion, 364, 519 ff. 

Symmetric equations of 
line, 511. 

Synthetic division, 412. 


of revolu- 


straight 


Table, of squares, etc., 118, 5384; of 
logarithms, 536 ff.; of trigono- 
metric functions, 538 ff. 

Tabular representation of a function, 
13. 

Tangent (to a curve), definition of, 
103; to a circle, 324ff.; to a 
conic, ‘360 ff.; slope of, 73, 107, 
135, 268, 273, 285, 287, 290, 449; 
slope forms of equation, 359; 
point forms of equation, 361. 

Tangent (trigonometry), definition 
of, 147; variation of, 160; graph 


INDEX 


of, 161; line representation of, 
172; law of —s, 209. 

Taylor’s theorem, 458. 

Term, 51. 

Trace of a surface, 517. 

Transverse axis of a hyperbola, 280, 
349. ‘ 

Triangle, area of, 186; angles of, 210; 
solution of, 181 ff., 244 ff. 

Trigonometric equations, 174. 

Trigonometric functions, definitions 
of, 147, 168; graphs of, 158, 159, 
161, 167, 173, 193, 194; variation 
of, 157 ff.; computation of, 148 ff., 
152 ff.; periods of, 157, 159, 162; 
inverse, 192 ff.; formulas, 179, 180, 
181, 201, 202, 204, 205, 207, 446; 
application’. of De Mboivre’s 
theorem, to expansion of, 446; 
logarithms of, 242, 538 ff.; tables 
of, 538 ff. 

Trisection of an angle, 388. 

Two-valued function, 20, 265 ff. 


Variable, definition of, 12; independ- 
ent and dependent, 12; range of, 
Bh, 


Vector, definition of, 5, 434; addition - 


of —s, 4353 
436. 

Vectorial angle, 163. 

Versed sine, 168. 


Vertex of a conic, 109, 343, 349. 


components of, 


Zero of a function, 455. 
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TRIGONOMETRY 
BY 
ALFRED MONROE KENYON 


PROFESSOR OF MATHEMATICS IN PURDUE UNIVERSITY 


Anp LOUIS INGOLD 


ASSISTANT PROFESSOR OF MATHEMATICS IN THE UNIVERSITY OF 
Missouri 


Edited by Earte RaymMonp HeEpRICK 


Trigonometry, flexible cloth, pocket size, long r2mo (xi+ 132 pp.) with Complete 
Tables (xviti + 124 pp.) , $1.50 

Trigonometry (xt -+ 132 pp.) with Brief Tables (xviti+ re pp.), $1.20 

Macmillan Logarithmic and Trigonometric Tables, flexible cloth, pocket size, long 
r2mo (xviti+ 124 pp.), $.60 


FROM THE PREFACE 


The book contains a minimum of purely theoretical matter. Its entire 
organization is intended to give a clear view of the meaning and the imme- 
diate usefulness of Trigonometry. The proofs, however, are in a form that 
will not require essential revision in the courses that follow. .. . 

The number of exercises is very large, and the traditional monotony is 
broken by illustrations from a variety of topics. Here, as well as in the text, 
the attempt is often made to lead the student to think for himself by giving 
suggestions rather than completed solutions or demonstrations. 

The text proper is short; what is there gained in space is used to make the 
tables very complete and usable. Attention is called particularly to the com- 


- plete and handily arranged table of squares, square roots, cubes, etc.; by its 


use the Pythagorean theorem and the Cosine Law become practicable for 
actual computation. The use of the slide rule and of four-place tables is 
encouraged for problems that do not demand extreme accuracy. / 

Only a few fundamental definitions and relations in-Trigonometry need be 
memorized; these are here emphasized. The great body of principles and 
processes depends upon these fundamentals; these are presented in this book, 
as they should be retained, rather by emphasizing and dwelling upon that 
dependence. Otherwise, the subject can have no real educational value, nor 
indeed any permanent practical value. 


THE MACMILLAN COMPANY 
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THE CALCULUS 


BY 


ELLERY WILLIAMS DAVIS 


PROFESSOR OF MATHEMATICS, THE UNIVERSITY OF NEBRASKA 


Assisted by Witt1am CHARLES BRENKE, Associate Professor of 
Mathematics, the University of Nebraska 


Edited by Earte RayMonD HEDRICK 


Cloth, semi-flexible, xxi + 383 pp. + Tables (63), r2mo, $2.10 
Edition De Luxe, flexible leather binding, India paper, $2.50 


This book presents as many and as varied applications of the Calculus 
as it is possible to do without venturing into technical fields whose subject 
matter is itself unknown and incomprehensible to the student, and without 
abandoning an orderly presentation of fundamental principles. 

The same general tendency has led to the treatment of topics with a view 
toward bringing out their essential usefulness. Rigorous forms of demonstra- 
tion are not insisted upon, especially where the precisely rigorous proofs 
would be beyond the present grasp of the student. Rather the stress is laid 
upon the student’s certain comprehension of that which is done, and his con- 
viction that the results obtained are both reasonable and useful. At the 
same time, an effort has been made to avoid those grosser errors and actual 
misstatements of fact which have often offended the teacher in texts otherwise 
attractive and teachable. i 

Purely destructive criticism and abandonment of coherent arrangement 
are just as dangerous as ultra-conservatism. This book attempts to preserve 
the essential features of the Calculus, to give the student a thorough training 
in mathematical reasoning, to create in him a sure mathematical imagination, 
and to meet fairly the reasonable demand for enlivening and enriching the 
subject through applications at the expense of purely formal work that con< 
tains no essential principle. 
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GEOMETRY 


BY 
WALTER BURTON FORD 


JUNIOR PROFESSOR OF MATHEMATICS IN THE UNIVERSITY OF 
MICHIGAN 


Anp CHARLES AMMERMAN 
THe Wittiam McKintey Hicx Scuootr, Sr. Louis 


Edited by Eart— Raymonp Heprick, Professor of Mathematics 
in the University of Missouri 


Plane and Solid Geometry, cloth, r2mo, 319 pp., $1.25 
Plane Geometry, cloth, 12mo, 213 pp., $ 80 
Solid Geometry, cloth, r2mo, 106 pp., $ 80 


STRONG POINTS 


I. The authors and the editor are well qualified by training and experi- 
ence to prepare a textbook on Geometry. 

II. As treated in this book, geometry functions in the thought of the 
pupil. It means something because its practical applications are shown. 

III. The logical as well as the practical side of the subject is emphasized. 

1V. The arrangement of material is pedagogical. 

V. Basal theorems are printed in’black-face type. 

VI. The book conforms to the recommendations of the National Com- 
mittee on the Teaching of Geometry. 

VII. Typography and binding are excellent. The latter is the reénforced 
tape binding that is characteristic of Macmillan textbooks. 


“ Geometry is likely to remain primarily a cultural, rather than an informa- 
tion subject,” say the authors in the preface. ‘‘ But the intimate connection - 
of geometry with human activities is evident upon every hand, and constitutes 
fully as much an integral part of the subject as does its older logical and 
scholastic aspect.” This connection with human activities, this application 
of geometry to real human needs, is emphasized in a great variety of problems 
and constructions, so that theory and application are inseparably connected 
throughout the book. 

These illustrations and the many others contained in the book will be seen | 
to cover a wider range than is usual, even in books that emphasize practical 
applications to a questionable extent. This results in a better appreciation 
of the significance of the subject on the part of the student, in that he gains a 
truer conception of the wide scope of its application. 

The logical as well as the practical side of the subject is emphasized. 

Definitions, arrangement, and method of treatment are logical. The defi- 
nitions are particularly simple, clear, and accurate. The traditional manner 
of presentation in a logical system is preserved, with due regard for practical 
applications. Proofs, both fo.mal and informal, are strictly logical. 
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Anatie Geometry and Principles of Algebra 


ALEXANDER ZIWET 
PROFESSOR OF MATHEMATICS, THE UNIVERSITY OF MICHIGAN 


anp LOUIS ALLEN HOPKINS 
INSTRUCTOR IN MATHEMATICS, THE UNIVERSITY OF MICHIGAN 


Edited by EARLE RAYMOND HEDRICK 


Cloth, viit + 360 pp., appendix, answers, index, 12mo, $1.75 


This work combines with analytic geometry a number of topics traditionally 
treated in college algebra that depend upon or are closely associated with 
geometric sensation. Through this combination it becomes possible to show 
the student more directly the meaning and the usefulness of these subjects. 

The idea of codrdinates is so simple that it might (and perhaps should) be 
explained at the very beginning of the study of algebra and geometry. Real 
analytic geometry, however, begins only when the equation in two variables 
is interpreted as defining a locus. This idea must be introduced very gradu- 
ally, as it is difficult for the beginner to grasp. The familiar loci, straight 
line and circle, are therefore treated at great length. 

In the chapters on the conic sections only the most essential properties of 
these curves are given in the text ; thus, poles and polars are discussed only 
in connection with the circle. 

The treatment of solid analytic geometry follows the more usual lines. But, 
in view of the application to mechanics, the idea of the vector is given some 
“ prominence; and the representation of a function of two variables by contour 
lines as well as by a surface in space is explained and illustrated by practical 
examples. 

The exercises have been selected with great care in order not only to fur- 
nish sufficient material for practice in algebraic work but also to stimulate 
independent thinking and to point out the applications of the theory to con- 
crete problems. The number of exercises is sufficient to allow the instructor 
to make a choice. 

To reduce the course presented in this book to about half its extent, the 
parts of the text in small type, the chapters on solid analytic geometry, and 
the more difficult problems throughout may be omitted. 


THE MACMILLAN COMPANY 
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Elements of Analytic Geometry 
BY 


ALEXANDER ZIWET 


PROFESSOR OF MATHEMATICS, THE UNIVERSITY OF MICHIGAN 


anp LOUIS ALLEN HOPKINS 


INSTRUCTOR IN MATHEMATICS, THE UNIVERSITY OF MICHIGAN 


Edited by EARLE RAYMOND HEDRICK 


As in most colleges the course in analytic geometry is preceded by a course 
in advanced algebra, it appeared desirable to publish separately those parts 
of the authors’ “ Analytic Geometry and Principles of Algebra” which deal 
with analytic geometry, omitting the sections on algebra. This is done in the 
present work. 

In plane analytic geometry, the idea of function is introduced as early as 
possible; and curves of the form y = f(x), where f(x) is a simple polynomial, 
are discussed even before the conic sections are treated systematically. This 
makes it possible to introduce the idea of the derivative; but the sections 
dealing with the derivative may be omitted. 

In the chapters on the conic sectidns only the most essential properties of 
these curves are given in the text; thus, poles and polars are discussed only 
in connection with the circle. 

The treatment of solid analytic geometry follows more the usual lines, 
But, in view of the application to mechanics, the idea of the vector is given 
some prominence ; and the representation of a function of two variables by 
contour lines as well as by a surface in space is explained and illustrated by 
practical examples. 

The exercises have been selected with great care in order not only to fur- 
nish sufficient material for practice in algebraic work, but also to stimulate 
independent thinking and to point out the applications of the theory to con- 
crete problems, The number of exercises is sufficient to allow the instructor 
to make a choice. ¢ 
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pieces together as shown in (4) 


and (5). 
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Take three strips of heavy stiff 
these are shown in cross-section in 


may be made by the student, for 
cardboard 1”.3 wide by 6” long; 
slide of the slide-rule, 

fit in the groove in (4) 

-has been carefully done. 


temporary practice, 


: 
. 
; 
: 
J 


DE ty “* 
ee 5 


Date Due 


: 
= Ss 2 
CJ 
| 
€ 
e 
we) 


c 
. 
tf 


=i 


: | 
tt | 


a> GI 
‘a 


Demco 293-5 


mM 


3 5282 0033 


a 


2 4111 


— 


| mT 


3 5282 0033 


